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1. Introduction

Over the past eight decades, there has been much discussion about the stability of functional equations. S.M. Ulam [43] presented the
number of significant unresolved issues in a general address he made in front of a Mathematical Colloquium at the University of Wisconsin
in 1940. One of these, the Stability Problem, is the starting point of a new line of inquiry.

D.H. Hyers [25] presented the first result about the stability of functional equations in 1941. In the case where the groups are Banach spaces,
he has fully addressed Ulam’s query. The following theorem was proven by him.

Theorem 1.1: [25] Let X,Y be Banach spaces and let f : X — Y be a mapping satisfying

[fx+y) = fx)—f)l <e (M
forall x,y € X. Then the limit
a(x) = ,}L"L% @3

exists for all x € X and a : X — Y is the unique additive mapping satisfying

[f(x) —alx)[[ < e (©)

for all x € X. Moreover, if f(tx) is continuous in t for each fixed x € X, then the function a is linear.

This pioneer result can be expressed as ” for any pair of Banach spaces Cauchy functional equation is stable”. The approach that Hyers came
up with and the additive function that he generates will be referred to as a direct method. The most significant and effective technique for
examining the stability of different functional equations is this one. Hyers-Ulam stability of functional equations is the name given to this
stability result.

In 1951, T. Aoki [2] and in 1978 Th.M. Rassias [36] generalized the Hyers theorem in Banach spaces for approximately linear transformation,
by lowering the condition for the Cauchy difference for sum of powers of norms. The following Hyers-Ulam-Aoki-Rassias theorem for the
”sum” was demonstrated by both of them.

Theorem 1.2: [2, 36] Let X and Y be two Banach spaces. Let 0 € [0,%0) and p € [0,1). If a function f : X — Y satisfies the inequality

1 Ce+y) = f(x) = FWI < O ([P + [1y[]7) @
for all x,y € X, then there exists a unique additive mapping T : X — Y such that
20
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forall x € X. Moreover, if f(tx) is continuous in t for each fixed x € X, then the function T is linear.

J.M. Rassias [32] established the Ulam-Gavruta-Rassias theorem in 1982 by substituting the product of powers of norms in the place of sum
of powers of norms.

Theorem 1.3: [32] Let f : E — E' be a mapping from a normed vector space E into a Banach space E' subject to the inequality

£ Gety) = £ ) = O < e llx]P [Iyll” (6)
for all x,y € E, where € and p are constants with € > 0 and 0 < p < % Then the limit

_ i f(27)
1o = i 15 o

exists for all x € E and L : E — E' is the unique additive mapping which satisfies
[F() = L) <

forallx € E. If p <0, then the inequality (6) holds for x,y # 0 and (8) for x # 0.
If p> % the inequality (6) holds for x,y € E and the limit

[lx][ )

—timonr( X >
AW) = lim2°f (2 ©
exists for all x € E and A : E — E' is the unique additive mapping which satisfies
_ € 2p
1/ =A@ < 53— I (10

forall x € E. If, in addition f : E — E' is a mapping such that the transformation t — f(tx) is continuous int € R for each fixed x € E, then
L is R— linear mapping.

In 1994, P. Gavruta [22] achieved a generalization of all the stability results mentioned above and proved the following theorem.
Theorem 1.4: [22] Let E be a abelian group, F be a Banach space and let ¢ : E x E — [0,00) be a function satisfying

D(x,y) = :szkilq) (245,25) < oo an
forall x,y € E. If a function f : E — F satisfies the functional inequality

[fCe+y) = f(x) =F W < 9 (x,) (12)
for all x,y € E. Then there exists a unique additive mapping T : E — F which satisfies

1f() =T ()] < P(x,y) (13)

forall x € E. If moreover f(tx) is continuous int for fixed x € E, then T is linear.

This stability theorem is called Gavruta stabiliy via Hyers method of functional equations.

In 2008, K. Ravi et. al., [35] identified a specific instance of Gavruta’s theorem for the summation of the sum and product of two p— norms
established by J. M. Rassias. Thus, it is known as the J. M. Rassias stability of functional equations.

Theorem 1.5 : [35] Let (E, L) denote an orthogonality normed space with norm || . || and (F, || .||g) is a Banach space and f : E — F be a
mapping which satisfying the inequality

[ £ms-49) + flomx—3) =204 9) =2 (5= 9) = 200 =201 (0) + 2009 | < e { Il Il + (e3P + I1127) } (14)

for all x,y € E with xLy, where € and p are constants with €,p > 0 and either m > 1;p < 1 orm < 1;p > 1 withm # 0;m # £1;m # +v/2
and —1 # |m|P~! < 1. Then the limit

Q(x) = lim flm'x)

n—soo 2N

15)

exists for all x € E and Q : E — F is the unique orthogonally Euler-Lagrange quadratic mapping such that

€
1) =0Wllr < 57—

[iF (16)

forallx € E.

The famous Cauchy Additive functional equation is

T(vi+Vy)=T(v))+T(v2). amn
The Hyers type stability of (17) in various settings were investigated in [1, 2, 20, 25, 26, 28, 29, 37, 38]. Also, several other types of additive
functional equations in various normed spaces were discussed in [3, 4, 5, 6,7, 8,9, 10, 11, 12, 13, 14, 17, 33, 34] and references cited there
in.

In this paper, the generalized Ulam — Gavruta stability of a generalized alternate 3 dimensional additive functional equation
T(urvi+pava +u3va) + T (i vy + a Vo — puav3) + T (U1 Vi — Vo + U3 V3) + T (=i Vi + o Vo 4+ u3v3) + T (U1 Vi — Uo Vo — U3 V3)

+T (= vi +uava — u3v3) + T (=t vi — Hava +13v3) + T (Lo vi + w3 va + i v3) + T (U vy — 3 va + py v3) + T (=t vy + i3 Vo + U v3)
+T(Uavi +H3Va — U1 V3) + T (= oV — t3Va + [ V3) + T (Lo vy — U3V — 11 V3) + T (= Vi + 3 Vo — [y V3) + T (U3 vy + [ Vo + 12 V3)
+T(—p3V1 + Vo +pav3) + T (U3 v+ Vo — Hav3) + T (M3 — Wy v + o v3) +T(—p3 vy + i va — o v3) + T (—H3vi — Uy va + W v3)
+T(pavi — iva — pava) = (W1 + o+ us){T (Vi) + T (v2) + T (v3)} (18)

where U1, U, 3 are non zero constants in various Banach spaces using Hyers method.
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2. Solution of The Functional Equation (18)

In order to prove the solution of the functional equation, let us consider A and B be vector spaces.

Theorem 2.1: If T : A — B satisfying the functional equation (17) if and only if T : A — B satisfying the functional equation (18) for all
Vi, V2,V3 €A.

Proof. Given T : A — B satisfying the functional equation (17). Replacing (v, v2) by (0,0); (vi,—v1); (v1,V1); (v1,2vy) in (17) and for
any positive integer 7, we get

T(O) =0; T(—Vl) = —T(Vl); T(2V1) = ZT(Vl); T(3V1) = 3T(V1); T(t V]) =1 T(Vl); for all v; € A. (19)
Again replacing (v, v2) by (v, V2 + v3) in (17) and using (17), (19), we obtain
T(V] +V2+V3) =T(V1)+T(V2)+T(V3); for all vi,vp,v3 € A. (20)

Substituting (v1, V2, V3) by (L1V1, M2 V2, 13V3); (1 V1, B2 Vo, —H3V3); (1 V1, —H2Va, U3 V3)s (=l Vi, Mo Ve, U3 V)s (M1 Vi, —Ha Ve, —H3V3);
(=M1 Vi, M2V, —u3V3); (=M1 V1, — M2 V2, M3 V3) in (20) and using (19), we attain

);

)i
T(wvi+pova+usv3) = W T(vi) + 1T (v2) + 13T (v3

) —

)

( ) 21
T(mvi+ vy —p3v3) = T (Vi) + T (v2) — 3T (v3) (22)
T(mvi — Vo +u3v3) = T (Vi) — T (v2) + 13T (v3) (23)
T(—mvi+mava+u3v3) = =T (vi) + T (v2) + w3 T (v3) 24
T(vi — pova — pav3) = T (vi) — T (v2) — 13T (v3) (25)
T(—wmvi +pvy —3vs) = = T(vi) + 1T (va) — u3T(v3) (26)
T(—vi —pova +u3v3) = —u T (Vi) — T (v2) + 3T (v3);  forall vi, v, v3 €A, (1))

Again substituting (v, v2,v3) by (HaV1, 43 V2, H1V3); (M2 V1, —H3Va, 1 V3); (—H2 Vi, B3 Va, 1 V3); (M2 Vi, H3Va, —H1 V3 ); (—Ha Vi, —H3 V2, M1 V3);
(M2 V1, —H3V2, —H1V3); (—H2 V1, U3 V2, — 1 V3) in (20) and using (19), we land

T(mavi +3va +iv3) = WoT (Vi) + 13T (v2) + i T (v3) (28)
T(mavi — 3o +v3) = W T (Vi) — 3T (v2) + T (v3) (29)
T(—tmavi +psva+ 1 v3) = =T (vi) + 13T (v2) + i T(v3) (30
T(avi +M3va — iv3) = o T (Vi) + 3T (v2) — i T (v3) G
T(—pavi — pava+ 1 v3) = =T (vi) — 3T (v2) + i T(v3) (32)
T (v — WV — W vs) = T (vi) — uaT (v2) — i T (v3) (33)
T(—tavi +U3va — 1 v3) = =T (V1) + 13T (v2) — i T(v3); forall vi,va,v3 €A, (34)

Finally substituting (v1, v2,V3) by (U3 V1, 11 V2, 42 V3); (—H3 Vi, i Vo, M2 V3); (M3V1, M1 Vo, —H2V3)s (H3V1, —HiVa, o V3); (—H3 Vi, M1 Vo, —Ho V3);
(=HaVvi, =1 V2, 2 V3); (U3 V1, — 1 Vo, — 2 v3) in (20) and using (19), we reach

T(u3vi +mva+av3) = usT (Vi) + T (v2) + o T (v3) (35)
T(—p3vi+mva+mav3) = — 3T (vi) + T (v2) + wo T (v3) (36)
T(usvi + i va — uov3) = 3T (vi) + i T (v2) — T (v3) G7
T(uavi — va +pov3) = usT (vi) — i T (v2) + T (v3) (38)
T(—p3vi+ Vo —tavs) = —i3T (Vi) + i T (v2) — 2T (v3) (39
T(—m3vi — Vo + 1o v3)24 = — 3T (Vi) — i T (v2) + 12T (v3) (40)

T(u3vi —iva — ov3) = u3T(vi) = T(v2) — uaT(v3);  forall vi,va,v3 € A. 41

Adding all the equations from (21) to (41), we arrive (18) as desired.
Conversely, given T : A — B satisfying the functional equation (18). Replacing (v, V2, v3) by (0,0,0) and (v;,0,0) in (18), we get

T(0)=0 42)
Again replacing (v, V2, V3) by (v1,0,0) and (1, to, t3) by (U, iy, 11) in (18), we obtain

4T (uyvy) + 3T (—uyvi) = mT(vy); forall vi €A. (43)
Substituting v by —v; in (43), we have

AT (—pyv) +3T(uvy) = T (—vy); forall v € A. (44)
Subtracting (44) from (43), we attain

T(uvi) =T (=vi) =mT(v) = T(=vi) = T(vy) = mT(vi);T(—pvi) =T (—vy); forallv; € A. (45)
Using (45) in (43), we land

AmT(vi) +3mT(=vi) =T (vi) =3mT(—vi) = =3mT(vi) =T(-vi)=-T(vy); forallv; €A. (46)
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Substituting v3 by 0 in (18) and using (46), we reach

T(mvi+wva) + T (vt +p3v2) +T(U3vi + V) = (i + o + ps){T(v) +T(v2)};  forall vi,v; €A, (47)
Again substituting (U, Uz, U3) by (11, 11,11 ) in (47) and using (45), we achieve

3M1T(V1 +V2) =3H|{T(V1)+T(V2)}; forall vi,v, € A 48)

which gives (17) as desired.
In order to stability results, let us take our functional equation as

T(#1V17N2V27#3V3) =T (V1 + MoV +u3v3) +T (Vi +Hava — u3vs) + T (U Vi — Ro Vo + 3 V3) + T (= v + 2 Vo + U3 V3)

+T (v — V2 — W3v3) + T (= Vi + Vo — t3v3) + T (= vy — Vo + W3v3) + T (U V1 + paVa + g V3)

T(uvi — Vo —3v3) + T (v — wsVo + Uy v3) + T (=t vy + UsVo + Uy v3) + T (U vy + U3 Vo — U1 V3)

—M3Vi+ [ Vo + 1o v3) + T (U3 Vi + [y V2 — [ V3

T(u3vi— Vo + 1 v3) + T (—p3vy + U Vo — o V3)

(

T(—tvi —p3va+ 11 v3) + T (Uavi — U3Va — 1 v3) + T (= Vi + pava — 11 v3) + T (U3 vy + Uy Vo + o v3)
(
(

)+
—U3VI— V2 + paVv3) + T (U v — i va — pavs) = [(H1 + o + i) {T (Vi) + T (v2) + T (v3) }].

3. Stability Results : Banach Space

In this section, we provide the generalized Ulam — Gavruta stability of the functional equation (18) in Banach Space. For that let us assume

/1 be a normed space and <% be a Banach space.
Now, we present some basic definitions related to normed spaces as in [42].
Definition 3.1 Ler X be linear space. A function ||.,.|| : X x X — [0,0) is called a normed space if it satisfies to following :

(N1) ||x|| =0 if and only if x = 0;

(N2) ||x,y|| = ||y,x|| for all x,y € X;

(N3) Hlx,yH = Mle,nyorallx,yeX;

(N4) ||x+y,z|| <||x,z|| + ||y, 2]| for all x,y,z € X.

Definition 3.2 A sequence {x,} in a normed space X is called convergent if there exist x € X such that lim ||x, —x|| = 0 then lim x, = x.
n—yo0 n—yoo

Definition 3.3 A sequence {x,} in a normed space X is called Cauchy sequence if there exist{x,,} such that 1131 [|Xn — xm|| = 0.
n—so0

Definition 3.4 A normed space X is called Banach space if every Cauchy sequence is convergent.
Theorem 3.5 Assume a function T : <] — o satisfies the inequality

HT<M1V1,H2V27#3V3) H < T(vi,v2,v3);  forall vi,v2,v3 € )
where T : o/} — (0, be a function satisfying

k k k
. TV, v, ugtvs)
lim -
a—roo ‘ug

Then there exists a unique additive mapping D : ofy — <5 which satisfies (18) and the inequality

=0; with tg = (U + o +13); and k=+1; forall vi,vs,v3 € 2.

1 & TWvi,ubvi,ubv T(ugkv
ID(vi)—T(v — ) (1 17#2 LH 1); where D(vi) = lim %; forall vy € a.
3 4 p=t1 Hy aze

Proof. Replacing (v1,Vva,Vv3) by (vi, vy, Vvp) in (49) and using oddness of 7', we have

137 ([p1 + p2 4 p3]ve) =3[ + 2 + )T (V)| < T (vi, vi,vi) = 13T (Uavi) = 3usT (V1) || < T (vi,vi,v1);  forall vy € o7,

It follows from (52) that

HM_T(V”H < ZWLVeV) gy, € .

My - 3y
For any positive integer a, (53) can be generalized as
LS T (v, g vi, ugvi)

—T(vl)H < —

< ; forall v € #.
3pa j= uy

H T(ugvi)
0
Setting vy by ug vy in (54) and using (54), we arrive

T(ugvi)
ug

— 0asc — o, Vv €.

HT(uZuivl) _ T(ugvi) T
4

‘ O U A (A A CR CATAGR A DAGY)
HgHG 1y

R e T

‘_L
I

Thus the sequence {%} is a Cauchy sequence and it converges to D(V) € . So, we define as

T(ugv
D(v1) = lim W; for all v| € 7.

a—oo [.14

(49)

(50)

(51

(52)

(53)

(54)

(55)

(56)
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Letting a — oo in (54) and using (56), we reach

Z T (uhvi, ufvi, ulvy)

[D(vi) =T(v1)|l < 3
Ky

; forall vy € . (57)

Therefore (51) holds for k = 1. In order to show the existence of D(v;) satisfies (18), changing (vi, vy, v3) by (ufvi, uf vo, ugvs) in (49),
we achieve

1 1
HWT(ui‘ulvl,ui‘quz,uXu3V3) ' < Wﬂ(ui’vl,um,ui’w); for all vi,vp,v3 € ). (58)
4 4

Letting a — o in (58) and using (50), (56), we obtain that D(v;) satisfies (18) for all v, v», V3 € &7. To prove the existence of D(v;) is
unique, assume D’(V|) be a another mapping satisfies (18), (56), (57). Now,

ID(vi) D' (vy)|| < “14 ID(sv1) — T(usvy) + T(u§ve) — D' ()|

< “%{HD(HXW) — (v ||| T (u§vi) — D (v ||}

) b b b
2 y( +LV17#4+LV17H4+L )

R uyte

— 0asc — oo, VV| €.

Thus D(v;) is unique Therefore the theorem holds for k = 1.
Replacing v; by in (52), we have

Vi
3T 3 T —,—,—); forall vi € &. %59)
(Vi) —3ua H ”4 ™ ”4) 1 €9
It follows from (59) that
Vi Vi
T(v T —,—,—); forall vi € .. (60)
V1)~ H M4 Ha’ M4> ! !

For any positive integer a, (60) can be generalized as

V1 C Vi ViV
T(v; —u“ H_ /.1“7(—7—7—); for all v| € &. 61)
)= 3 =T g g g
The rest of the proof is similar lines to that of k = 1. So the theorem is true for k = —1. Hence the proof is complete.

From the above theorem, we have the following corollary regarding some stabilities of the functional equation (18).
Corollary 3.2 Assume a function T : o] — /5 satisfies the inequality

C;
(v |§ + \V2|EE+ \V3|EI)5§
C(Ivil® + [va|” 4 v3]%);
T< Vi, U Vo, v)”g orall vi,v,,v3 € 62
H U1Vi, o Vo, U3 V3 C(ViE | valE] v3|E): f 1,V2, V3 1 (62)
C(|vi[E|va| B2 |vs |55,
C(IViPE + [v2PE + v PE + (Ivi B [va B |3 |E));

where C > 0 and E # 0. Then there exists a unique additive mapping D : <] — <# which satisfies (18) and the inequality

C E
ém\’]ulf ’ E#1
E E- E
(b, ety ey g g 1
[D(vi) =T (vi)|l < Gl T Ha—ly i forall vy € o). (63)
) o
C ‘Vl ‘541 +Ey+E3
{W} Ey+E+E3#1
4C‘V1‘E
{3\#4*1145\ } SE#1

4. Stability Results : Generalized 2 - Banach Space

In this section, we provide the generalized Ulam — Gavruta stability of the functional equation (18) in Banach Space. For that let us assume
7 be a generalized 2- normed space and 2% be a generalized 2-Banach space. Now, we present some basic definitions related to Generalized
2-normed spaces given in [9, 10, 21].

Definition 4.1 Ler X be linear space. A function N(.,.) : X X X — [0,00) is called a generalized 2-normed space if it satisfies to following :

(G2N1) N(x,y) =0 ifand only if x and y are linearly independent vectors;
(G2N2) N(x,y) =N(y,x) forall x,y € X;
(G2N3) N(Ax,y) = |A|N(x,y) for all x,y € X and X = @, @ is a real or complex field;
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(G2N4) N(x+y,z) < N(x,2)+N(y,z) forall x,y,z € X.
The generalized 2-normed space is denoted by (X,N(.,.)).
Definition 4.2 A sequence {x,} in a generalized 2-normed space (X,N(.,.)) is called convergent if there exist x € X such that lgrl N(xn —
n—seo
x,y) =0 then li_r>n N(xn,y) =N(x,y) forally € X.
n—oo

Definition 4.3 A sequence {x,} in a generalized 2-normed space (X,N(.,.)) is called Cauchy sequence if there exist two linearly independent
elements y and z in X such that {N(x,,y)} and {N(x,,z)} are real Cauchy sequences.

Definition 4.4 A generalized 2-normed space (X,N(.,.)) is called generalized 2-Banach space if every Cauchy sequence is convergent.
Theorem 4.5 Assume a function T : o) — <5 satisfies the inequality

N<T<H1V17M2V2,ﬂ3v3),c) < T ((v1,v2,v3),C);  forall vi,vy,v3 € o andall C € o (64)
where T - .52{13 — (0,00] be a function satisfying

lim ‘7((“zkvl7;u'ftlkv27uzkv3)7c)
a—roo “Xk

=0; with pg = (U1 + o+ 3); and k==+1; forall vi,vs,v3 € & andall C € o). (65)

Then there exists a unique additive mapping D : /) — <5 which satisfies (18) and the inequality

WD) - T, < L 3, TV,

T ( ek
; where N(D(v;),C) = lim N (M,C> s forall vi € of) and all C € o).

3y pEt ‘u}t’ a—so0 “gk
(66)

Proof. Replacing (v1,Vva,Vv3) by (vi, vy, Vvy) in (64) and using oddness of T', we have
N (3T (ugqvy) —3usT (v1),C) < T ((v1,v1,v1),C); forall vi € o) andall Ce . 67)
It follows from (67) that
N<M7T(vl),c> §M; forall vi € &) andall C € . (68)

Ha 34
For any positive integer a, (68) can be generalized as

T(ug 7 C

N(Mfﬂv]),c> <l Z ((“4V"“4V1’“4V1) ). forall vi € o andall € e . 69)

Hy 3”4 — ,u4

The rest of the proof is similar lines to that of Theorem 3.1. Hence the proof is complete.
From the above theorem, we have the following corollary regarding some stabilities of the functional equation (18).
Corollary 4.2 Assume a function T : o] — < satisfies the inequality

(C,0);

c |v]7C|E+ |v27C‘E+|v3aC|E);

(
C(|v1,CI"1 +|v2,C|%2 + |v3,C|5);
N(T( Vi, U Vs, v),C)g ’ ] -’ YV Vi,V2,V3 € ) and all C € o,
H1Vy, Ua V2, H3V3 C(|V],C|E|V2,C|E‘V3,C|E); 1,V2,V3 1 1
C(|v1,CI"1 [va, €| vs,C5);
C(|V1,C|3E+|V27C|3E+‘V3,C|3E+(|V17C|E|V27C|E|V3,C|E));
(70
where C > 0 and E # 0. Then there exists a unique additive mapping D : <] — <# which satisfies (18) and the inequality
(C.0)
3ua—1] f°
C‘VhC‘ .
lwa—pi] §° E#1
c ‘th‘El c |V1:CEZ c ‘Vlvc‘bf% } El E2 E3 # ]
2 3 ’ b 9,
NDW)-TW),C)<{ L3—n] il 3l . forallv, € o andall C € . )
{C ‘V] C‘ 3E # 1
%C!l\ltrC\El By +E3
{3“1 LTI ; Ei+E,+Ez#1
4C |vy, C\E }
{3|u4 uil J2 SE#1
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5. Stability Results : Fuzzy Banach Space

In this section, we provide the generalized Ulam — Gavruta stability of the functional equation (18) in fuzzy Banach Space. For that let us
assume (4, F) be a fuzzy normed space and (&%, F') be a fuzzy Banach space. Now, we present some basic definitions related to fuzzy
normed spaces given in [15, 16, 19, 27, 30, 31, 39, 44].

Definition 5.1 Let X be a real linear space. A function F : X x R — [0,1] is said to be a fuzzy norm on X if for all x,y € X and all s,t € R,

(FBS1) F(x,c)=0forc<0;

(FBS2) x=0ifandonlyif F(x,c) =1 forall c > 0;

(FBS3) F(ex,t)=F <x7 ﬁ) ifc 40

(FBS4) F(x+y,s+1t)>min{F(x,s),F(y,t)};

(FBS5) F(x,-) is a non-decreasing function on R and ;]LTOF(X’ =1,
(FBS6)  forx+#0,F(x,-) is (upper semi) continuous on R.

The pair (X, F) is called a fuzzy normed linear space.
Example 5.2 Let (X,||-||) be a normed linear space. Then

t
—— t>0, x€X,
F (x,0)=  t+]x[l

0, 1<0, xeX
is a fuzzy norm on z.
Definition 5.3 Let (X,F) be a fuzzy normed linear space. Let x, be a sequence in X. Then x,, is said to be convergent if there exists x € X
such that lim F(x, —x,t) = 1 for all t > 0. In that case, x is called the limit of the sequence x,, and we denote it by F <lim Xp — x,t) =1.
n—oo n—oo

Definition 5.4 A sequence x,, in X is called Cauchy if for each € > 0 and each t > 0 there exists ng such that for all n > ny and all p > 0, we
have F (Xyqp —xp,t) > 1—€.

Definition 5.5 Every convergent sequence in a fuzzy normed space is Cauchy. If each Cauchy sequence is convergent, then the fuzzy norm is
said to be complete and the fuzzy normed space is called a fuzzy Banach space.

Theorem 5.6 Assume a function T : o/| — <t satisfies the inequality

F (T (ulvl,uzvz,u3V3),C> >F' (T (vi,v2,v3),C); forall vi,vs,v3 € @ andall C € o) (72)
where T : o/ — (0, be a function satisfying

F (y(ugkvl,uf"vz,uzkv3),c) >F (S“kﬂ(vhvz,w),c) . forallvi,vs,vs € o andall C € o (73)
with S >0and 0 < 2 < 1and

lim F’ (muf:"vl,uz"vwz"vs),uf" C) = 1; with iy = (t + 2 + 13); and k = £1; (74)

a—roo

Sforall vi,v,,v3 € &7 and all C € <. Then there exists a unique additive mapping D : ofy — o5 which satisfies (18) and the inequality

T ak
F(D(v;)—T(W),C) > F' (7 (v1,v1,v1),3|1s — S| C):where F(D(v{),C) = F (1131 (“‘*,f‘)c>  forall vi € A and all C € .
a—yoo “4
(75)
Proof. Replacing (vy,V2,Vv3) by (v, Vv, Vvy) in (72) and using oddness of T', we get
F(3T(,U4V1) 73/,14T(V1),C) > <7((V1,V1,V1),C); for all v| € 42{1 and all C e 42{1 (76)
It follows from (76) and (FBS3) that
F <% fT(vl),ﬁ c) >F (Z(\,vi,v1), €); forall vi € o andall C e . )
4 4
Setting v; by pf vy in (76) using (73) and (FBS3), we obtain
T(ug pavi) T(ugvi) 1 ) /
F - ; C) > F' (T (ugvi, ugvi,ugvt), C
( 1 s T (7 ki kv ©)
ZF’(Saﬂ(v],vl,v]), C)
1

=F (y(V17V17V1)7 S—aC) ; forallvy € & andall C € . (78)

Putting C by S* C in (78), we have
T a+1 T(u¢ a
F (“4+]V1) - (“‘;Vl),i.sfa C|>F (7(vi,w,n), C); forallv, € % andall C e . (79)
wy Hy 3us py
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It follows form (79) and (FBS4) that

Hy 34 =1y b=0 llffﬂ me o 3ma =g
b+1 b b
T
>m1nU ( b+1V1) _ (M4bVI)7L'Sib C
Ky Hy oo 3Ma g
EF’(y(vl,vl,vl), C); forallv; €. andall C € .. (80)

Setting v; by ufvy in (80) and using (73) and (FBS3), we arrive

p(Tugv)  Tgv) 1 &S
T = Y T

C) > F' (T (u§vi, usvi, u5vr), C)

7F/(Scy(vlvvlvvl)7 C)

1
=F' (y(vl,vhv])?§c> ; forall vi € & and all C € 7. 81)
Putting C by S¢ C in (81), we achieve
T(u¢ucy T(ucv 1 a—1 SbSL'
p T THv) 1 5SS G S b (v vow),€); forall vi € 4 andall C e . (82)
Mgty Ky 3Ha = g
Changing C by W in (82), we reach
e =6=0 piug
T(ugusv T(u5v C
F< (/J4al~L4C 1)7 (“4(. 1),C)ZF/ T (V1,v1,V1), i ; forall vi € o andall C € . (83)
My gy Hy
Aya-l S’s¢
3pa =b=0 ppug

T(ugv
By data and the Cauchy criterion for convergence, (FBSS ), implies that the sequence { (“%1) } is a Cauchy sequence in the fuzzy Banach

4
space (%, F') and this sequence converges to D(V;). So, by notation, we write
T(ugv T(ufv
F(D(vl) ~ lim [V ,C) =1; ie ,F(D(v),C)=F (lim (“4a ) ,C) ; forall v; € 7 and all C € #. (84)
a—roo My a—ree My
Letting ¢ = 0 and a — o0 in (83) and using (84), we land
F(D(v;)=T(vy), C) > F' (T (vi,v1,v1),3 (us —S)C); forall v € & andall C€ . (85)

Therefore (85) holds for k = 1. In order to show the existence of D(v;) satisfies (18), changing (vi, v, v3) by (ufvi, uf vo, ugvs) in (72),
we attain

1
F<u (T(u4 (V1 + o Vo +p3v3)) + T (g (1 vi + o Vo — a3 v3)) + T (U (Vi — taVa + 13 V3)) + T (g (—pa Vi + pa Vo + 3 v3))
4

+T (g (Vi — Hava — H3V3)) + T (U (= Vi + Hava — H3va)) + T (U (—pa vi — Mo Va + 3 v3)) + T (g (Mo Vi + 13 Va + [y V3))

+T (g (M2vi — H3Va+ 11 v3)) + T (U (—pavi + H3Va + i va)) + T (g (Mo Vi + 13 V2 — i v3)) + T (g (— o vi — H3Va + [y v3))

+T (s (Vi — 3V — 1 v3)) + T (U (—pavi + H3va — i v3)) + T (U (M3 Vi + 1 V2 + o v3)) + T (g (a3 vi + i V2 + o v3))

+T (g (Havi + i va — tava)) + T (g (U3 vi — v + pov3)) + T (14 (—pavi + 11 va — o v3)) + T (1f (a3 vi — i va + o v3))

T (g (3 Vi — by v = 2v3)) = (1 + k2 + i) {T (V1) + T (ufv2) + T (v3)} ). C)

> F (T (ufvy, 1 va, pfvs),uiC); forall vi,v,,v3 € @ andall C € . (86)
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Now,

F<D(ﬂ1V1 +Ua Vo + U3 V3) +D(Ug Vi + o Vo — U3 V3) +D(U Vi — o Vo 4+ U3 Vv3) +D(—p v + o Vo 4+ U3 v3) + Dy vi — o Vo — U3 V)
H1V1+ 2 Vo — W3V3) +D(—p Vi — ta Vo + U3 Va) + D(Up vy + U3 Vo + 1 v3) + D(Ua vy — U3V + py v3) + D(—a vy + 3 va + 1y v3)
HoVi + U3 Vy — W V3) +D(— vy — Vo + 1 v3) + D(Up vy — Vo — fyv3) + D(—pa Vi + U3 Vo — 1y v3) + D(U3 vy + g Vo + 1z v3)
BaVi+piva + o vs) + D(U3 vy + [ Vo — W V3) +D(pa Vi — i Vo + o vs) + D(—pavi + i Vo — o va) + D(—pa vy — i Vo + pa v3)
HaVi = p1 Vs = i2v3) = (1 + o + ) {D(v1) + D(v2) + D(v3)},€)
C

. 1 1
> min F{(D(Ml Vi+ U vy + U3V3) — m T (uf (vt + tava + U3 vs)), 5) ( (M1 Vi + Hovo — u3v3) — I T (uf (U vi + Uavo — u3vs)),
4 4

D(-
D(
D(-
D(

1 C 1
D(Uvi — U vy + U3 vs) — e T(ug (11 vy — Vo + 13v3)), 23> ( (_H1V1+H2V2+I~13V3)_E T(ug(—m1vi + Mo Va + 13V3)),
4 4

1 a 1 a
<D M1V — 2 V2 — U3 V3) — e T(H4(H1V1—szz—#ava)%%),(D(—M1V1+u2V2—M3V3)—ET(u4(—N1V1+N2V2—N3V3))
4 4

1 a
D(—py V1 — Vo +1i3v3) — — T(ug (= vi — Vo + Uavs)),

)(D(uzvl+u3Vz+u1V3) L T(uf (Uovi + H3Vva + [ v3)),
Hy 2 ug

1 C 1
(Dﬂzvl U3Va+ U v3) — 1 (#f(M2V1*M3V2+M1V3))g (Vi +u3va + Uy v3) — T T (g (—Havi + H3Va + 11 v3)),
4 4
c
2

1
D(—avy — pava + 1 v3) — —; T(uf (—avi — pa3va + 1 v3)),

1
(D HoVi +H3Va — [ V3) — m T (uf (Hovi +U3Va — 1 V3)), m
4

4

uy My

Bla Bla Bla Rlaa Ba e 2l

\_/\_/\_/\_/\_/v\_/\/

1 a
D(—pi3 Vi + i Vo + 2 V3) — m T(ug(—u3vi + W va+ 12 v3)),

1
<DI~L3V1+.U1V2+H2V3) e T (U (U3v) + 11 va+ 12 v3)),
4

3
(p
(
(D( MaVi + U3V — 11 V3) — la T (i (— Vi + H3Va — H1V3)),
; (
(

)
)
(Duzw V2 — V) — o T( (v — psva — pvs)), %)
)
)

1 C
, D(M3V1—#1V2+#2V3)—ET(Hff(ﬂs\ﬁ HiVa+ o V3)), 23>

1
(Du3V1+u1V2—qu3) — T(ug(M3vi+H1v2 — o v3)),
Ky 23 4

1
D( usvl+u1Vz—qu3)—‘7T(u4( U3 Vi + M1 Vo — [ V3)),
4

1 C 1 C
<D H3vi — Vo + o v3) — — T(Uf (—3vi + V2 — o v3)), (D(M3V1 — Vo —av3) — — T(ug (U3vi — V2 — 2 V3)), )
uy 23 uy 23

) — (1 +I~li+ﬂs)

T ) £ Tk T ).

(= (1 + 2+ ) {D(v1) + D(v2) + D(v;
F

1
(g (70 v g s va)) T (R v v = 3 V) 4 T a1 — v+ 0573)) 4 T (0 (v + v o ps )
4
a
7\

+ T (U (v — Hava — H3v3)) + T (g (= vy 4+ pava — p3v3)) + T (g (— v — o va + u3v3)) + T (U (Havi -+ H3 Va2 + 11 v3))

+T (g (p2vi — u3Va + 1 va)) + T (g (—pavi + M3 Vo + 1 va)) + T (g (Mo Vi + 3V — i v3)) + T (1 (o vi — H3va + i v3))

+ T (14 (Vi — H3va — U1 v3)) + T (g (—pavi + pave — i va)) + T (14 (M3 v+ i Vo + pav3)) + T (g (= pavi + i va + o va))

+ T (4 (M3 v+ V2 — 2v3)) + T (g (H3vi — i va + 1o v3)) + T (g (=3 Vi + i Vo — o Vv3)) + T (g (—pavi — i va + o va))
C

+ T (g (u3vi — i va — movs)) — (t + o+ p3){T (ugve) + T (ugv2) +T(I~lffV3)}) 23} forall vi,v2,v3 € # and all C € .

37
Letting a — oo in (87) and using (84), (86), (74), we obtain that

F(D(M ViU Va + U3V3) + DUy Vi + Mo vy — U3V3) +D(1 Vi — HaVa + H3V3) + D(—py vi + o Vo + U3 v3) +D(Uy v — Mo Vo — U3 V3)

Vi + o Ve — U3 v3) +D(— vy — o Vo + U3Vv3) + D(Up vy + p3va + fyv3) + D(Up vy — pava + (1 v3) + D(—pa Vi + H3 Vo + 1y v3)
HoVi+H3Vo — U1 V3) +D(—ovi — U3Vvo + U1 v3) + D(Uovi — 3 Vs — Uy v3) + D(— o Vi 4+ U3 Vo — 1 v3) +D(U3 vy + f Vo + ta v3)
H3V1+ U1 Vo + aV3) + D(U3 Vi + [ Vo — o V3) + D(U3 Vi — W Vo + U V3) + D(— U3 Vi + W V2 — U v3) + D(— U3V — Vo + o v3)

D(—
+D(
+D(—
D(usvy — pyvo — tpv3) — (g + o + p3){D(vi) + D(v2) +D(V3)},C)

> min F{l,l,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1}:1;fora11 Vi,V2,v3 € & and all C € . (88)

By (FBS2), we see that D(vy) satisfies (18) for all vy, v,, V3 € . To prove the existence of D(V;) is unique, assume D’(v;) be a another
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mapping satisfies (18), (84), (85). Now, using (73), (FBS3), (FBS5) and (FBS2), we arrive that
F(Dv)=D'(v1), ) F(D(ugv1) = D(§v1) + T (1 v1) = D' (1§ wi). 15C)
c ”4 C c /(€ ,Lli C
= min{ (D) - D). B5E).F (1) - D/, B

3y —S)usC 3y — S)USC
>F' (ﬂuﬁvl,uivl,uivl),w) >F' (ﬂv],vl,vl),%)

N F(D(vl) —D’(vl),C) —1

Thus D(vy) is unique Therefore the theorem holds for k = 1.
Replacing v, by in (76) , we get

Vi Vi Vi Vi
F|3T(vi)—-3wT|(—),C|>7((—,—,—),C); forallv; € & andall C <€ <. 89
( SORE (#4> ) ((M Ha M4> ) ! ! ! ®9)
It follows from (89) and (FBS3) that
Vi 1 ) ,( Vi Vi V1 )
F|\T(v))—wT(—),=C|>F | J((—,—,—),C),C]); forallv) € @ andall C€ . 90
< (Vi) — s <H4>’3 > <(H4 m H4) ) 1 € 1 (90)

Setting v by in (90) using (73) and (FBS3), we obtain

(v ) —“f“%ﬁtz)vfi )= (7 G i iz) ©)

1
>F' (S“ T (V1,V1,V1), C)
=F'(T(v,v1,v1),8°C); forall v €.o4 andall C¢€ .. 91)
Putting C by Sga in (91), we have
a+1 Vi 1 ,u4 / .
uiT M T —C | >F (Z(vi,vi,v1), C); forall v € &/; andall C€ 4. (92)
“4 Hy '3°S
The rest of the proof is similar lines to that of k = 1. So the theorem is true for k = —1. Hence the proof is complete.

From the above theorem, we have the following corollary regarding some stabilities of the functional equation (18) .
Corollary 5.7 Assume a function T : &y — < satisfies the inequality

F’(C C);
C(|vi lg + \vzlEE+ \v3|E1>E, C) ;)
C(Ivi|™ + w22 +1v3]™),C) ;
>
F<T<H1V17M2V27M3V3>7C> > C(vilE[va[E]va ). C) 93)
C(|V1|E‘\VzlEz\V3|E3)7C);
F/ (C(IviPE + [vaE + [v3 PE + (Ivi [E [va B |3 [E)), C) 5

Sforall vi,vy,v3 € o] and all C € o). Then there exists a unique additive mapping D : ofy — /5 which satisfies (18) and the inequality

AA/—\/—\

F(C.3ly~ 11O
F'(C|vi[F,3|pua — pf | €); E#1
F(D(v)—T().C) > F’(C|V1\E‘+C|V1|EZ+C\V1|E373{\H4—I~‘f]|+|M4—Hfz\+|ﬂ4—#53|}C); Ey,E,E5 # 1 o)
TOE F(C I PE 3l — i C); 3E#1
7 (C|VI‘E1+E2+E; 3|y — ufl+Ez+Es|C); E\+Ey+E; #1
F'(C w1 3|ua — ud®| C) 5 3E#1

forall vi € @y and all C € <A,.

6. Stability Results : Random Banach Space

In this section, we provide the generalized Ulam — Gavruta stability of the functional equation (18) in Ramdom Banach Space. For that let us
assume &7 be a linear space and (2%, R, T) be a Random Banach space. Now, we present some basic definitions related to Random normed
spaces given in [18, 23, 24, 40, 41].

Hereafter, in this section, AT is the space of distribution functions, that is, the space of all mappings F : RU {—oco, 40} — [0,1] such that
F is leftcontinuous and nondecreasing on R, F(0) = 0 and F(+o) = 1 DT is a subset of AT consisting of all functions F € A" for which
I~ F(+4o0) =1 where [~ f(x) denotes the left limit of the function f at the point x, /™ f(x) = }Ln% f(¢). The space AT is partially ordered by

the usual point-wise ordering of functions, i.e., F < G if and only if F(¢) < G(t) for all t € R. The maximal element for A" in this order is
if t<0,

1, if t>0.

Definition 6.1 A mapping T : [0,1] x [0,1] — [0, 1] is called a continuous triangular norm (briefly, a continuous t—norm) if T satisfies the

following conditions:

the d.f. given by: & (1) =
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(a) T is commutative and associative;

(b) T is continuous;

(c) T(a,1) =aforallac|0,1];

(d) T(a,b) < T(c,d) whenever a < candb <d forall a,b,c,d € [0,1].

Definition 6.2 A random normed space (briefly, RN-space) is a triple (X,R,T), where X is a vector space, T is a continuous t—norm and R
is a mapping from X into DT satisfying the following conditions:

(RBN1) R((t) = £(t) for allt > 0 if and only if x = 0;
(RBN2) R () =Ry (t/||) for all x € X, and o € R with o # 0;
(RBN3) Ryyy(t+5) > T (Rx(t),Ry(s)) forall x,y € X and t,s > 0.

Example 6.3 Every normed spaces (X,||-||) defines a random normed space (X,R,Tyr), where Ry(t) = and Ty is the minimum

'
||
t—norm. This space is called the induced random normed space. a
Definition 6.4 Let (X,R,T) be a RN-space. A sequence {x,} in X is said to be convergent to a point x € X if, for any € > 0 and A > 0,
there exists a positive integer N such that Ry, _.(€) > 1—A foralln > N.

Definition 6.5 Let (X,R,T) be a RN-space. A sequence {x,} in X is called a Cauchy sequence if, for any € > 0 and A > 0, there exists a
positive integer N such that Ry, _x, (€) > 1—A foralln>m > N.

Definition 6.6 A RN-space (X,R,T) is said to be complete if every Cauchy sequence in X is convergent to a point in X.

Theorem 6.7 Assume a function T : &7y — <t satisfies the inequality

Ry C)>R), ., (C): forallvi,vy,v3 €4 andall C € (95)

HiVifaVa,li3V3) (
where T : o/ — (0, be a function satisfying

lim I‘;;O—OR;J'aI(b akby, akby, (uffkb ) =1= L}gr:}oRu:"v] kv, sy (uffk C) s with gy = (U + U + U3); and k= £1; (96)

a—o0 7T VisHy

for all vi € @71 and all C € <7). Then there exists a unique additive mapping D : o/ — o5 which satisfies (18) and the inequality

Ro(v)-7(n) (€)= T5oR sy, oy, i, (3,u4 b c)  Rp(y,) (C) = lim R 1, gt 1 (C); forall v € o and all C € . ©7)
1y

Proof. Replacing (vi,V2,Vv3) by (vq, v, Vvy) in (95) and using oddness of T', we get

Ra7 (v -3 (v) (C) = R/\,l v (C); forallvy € @ andall C€ .#. (98)
It follows from (98) and (RBS2) that
C
RT(’:QV‘)—T(W) (m) >R, y,y, (C); forallv; € andall Ce <. (99)
Setting vy by ugfvy in (99) using (RBS2), we obtain
C
Rr(ﬂgawl) ,W, (3ﬂ T ) > R’le VLV, (C); forallv, € &/ andall Ce€ 4. (100)
My by 4

It follows from (100) and (RBS3) that

c <l -
Ry =R
) 1)’ (3u4 bzom) i) ) 1) (3 Z )

g

1
>TZ oR /;+1 u4v1> <3‘u4 ”4>

> T4 IRL by it oy, (€)1 forall vy € A andall C € . (101)
21 21
T(ugv
In order to prove the convergence of the sequence {@ }, replace v; by pgv; in (101) for any ¢ > a > 0, we arrive
4
C a—1 1 e/
a— .
RTWS‘;YLT(,?]), ﬂz;oﬁ > Ty oRypicy, ypiey, gy, (C); forallvi €. andall C € . (102)
g 4 =

It follows from (102), (RBS2), (RBS3) and (96) that

a—1p/
Rr(ug*"m T(u§ vm(c) L oR e

g uy

1<3/.L4 ”b-u ) — 1 as a to o; forallvi€e .o andall C€.«. (103)

btc

b+
VLTV Y

T(ugv
M} is a Cauchy sequence in the Random Banach space (2%, R, T) and this sequence converges to

This implies that the sequence {
4

D(vy). So, by notation, we write

Rp(y,) (C) = lim Riygw) (C); forall vi € o/ and all C € 4. (104)

[
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Letting ¢ = 0 and a — 0 in (103) and using (104), we land

Rp () 1(v) (C) = Ty_oR, <3u4 ub c) . forall v, € o andall C € o). (105)

b b b
I‘l4 Vi vﬂ4 Vi vﬂ4 Vi

Therefore (105) holds for k = 1. In order to show the existence of D(v;) satisfies (18), changing (v, v2,Vv3) by (ufvi,ufvo, ufvs) in (95),
we attain

Ry (v papgv mspgvs) (€) 2 R, (C); forallv),v,, vz € & andall Ce & (106)

LGV Vo, UG Vs
Letting a — oo in (106) and using (104), (96), we see that D(v;) satisfies (18) for all vi,v,,Vv3 € /. To prove the existence of D(v;) is
unique, assume D’ (Vv}) be a another mapping satisfies (18), (104), (105). Now, using (96), (RBS3), (RBS2), (RBS1), we arrive that
Rp(vi)-0(vi) (20) = R (ugvi)-D(ugv) + (i)~ (uswi) (ZC)
T{Ro(ugv)pu) (15 €) Ry (15 C) |
oo btc oo btec
>T {Tb:QRl”b+c brey, ybtey, (31-14 'IJ4+L C) ’Tb:OR;lﬁ’“Vl,/-Lf“Vl ey, (3ﬂ4 : .U4+L C) }

Vi My TV Yy

1 as ¢ — o

= Rp(u)-p(w) (2€) = 1

1

Thus D(v;) is unique. Therefore the theorem holds for k = 1. Replacing v; by ﬁ in (98), we get

R (C)>Ry v v (C); forallvi € o4 andall C€ . (107)
3T(vl)73u4T<f7;> Ry Ty

It follows from (107) and (RBS2) that

Mg Ry 7 pg

1
R ) (7 C) >Ry, v v (C); forallvi € & andall C€ . (108)
rov-wr (31) \3 o

Setting v; by X—A}‘, in (108) using (RBS2), we obtain

a
R e (”—4 C) >Ry v v (C); forallv, €. andall Ce .. (109)
ﬂ§T<*£«>—liZ'+ T(Jﬂ) 3 g
The rest of the proof is similar lines to that of K = 1. So the theorem is true for k = —1. Hence the proof is complete. From the above

theorem, we have the following corollary regarding some stabilities of the functional equation (18) .
Corollary 6.8 Assume a function T : of) — <f5 satisfies the inequality

R, (C);
R
/

C
/

( (C)3
(

(il fElvspe) (€)3
(
(

[Vi[E+[valE+]vs|F)

=

Vi [E1 s 2+ 2 (€)5

) > (110)

=

R
T (ﬂl Vi,H2 V2, U3 Vs)

=

C
/

OB+ a4 vs PE+ (i v s ) (€)'

s e (€

~

Sforall vi,vy,v3 € @] and all C € <. Then there exists a unique additive mapping D : ofy — o5 which satisfies (18) and the inequality

RE(3\M4*1|C);E
RIC vy [E (3\#4*M4|C); E#1
, E E, E; .
R © > RC\vllEI+C\v1\Ez+C3£/]\Es (3{|H4—M4'|+\H4—#4 |+|u4—u4‘\}C), Ey,Ey,E3 # 1 i
D(v1)—T(v1) = R’c e (3|u4—u4 |c); 3E+#1
Ry ooty (3l — 1 755 )5 E\+Ey+E#1
RIC\VIPE (3|[.L47[.12E|C); 3E7é1

forall vi € &) and all C € ).

7. Conclusion
This article gives a new type of additive functional equation which yet now not introduced. Also, the generalized Ulam — Gavruta stability

theorems of this additive functional equation in Banach space, Generalized 2 Banach space, Fuzzy Banach Space and Random Banach space
using Hyers method are proved.
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