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Abstract

In the present paper, by introducing a new subclass of multivalent functions with respect to (j, k) - symmetric points, we have obtained the
integral representations and conditions for starlikeness using differential subordination.
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1. Introduction, Definitions And Preliminaries

Let 77 be the class of functions analytic in the open unit disc U= {z € C: |z] < 1}. Let J# (a,m) be the subclass of .7 consisting of
functions of the form f (z) = z4 a1 2" + apan?™ > 4.
Let 7, be the class of functions f(z), of the form

fle)=2"+ i an?’ (1)

n=p+1
which are analytic in the unit disc U= {z € C: |z| < 1}. And let &/=2.
We denote by .7, €, £ and €* the familiar subclasses of .o consisting of functions which are respectively starlike, convex, close-to-convex

and quasi-convex in U.
Let . be the subclass of o7 consisting of all functions which are univalent in U. Also, let &7 denote the class of functions of the form

pa)=1+Y cud"
n=1

which are analytic and convex in U and satisfy the condition
R(p(z)) >0, (zeU).

Let f(z) and g(z) be analytic in U. Then we say that the function f(z) is subordinate to g(z) in U, if there exists an analytic function w(z)
in U such that |w(z)| < |z| and f(z) = g(w(z)), denoted by f(z) < g(z). If g(z) is univalent in U, then the subordination is equivalent to
£(0) = g(0) and £(U) C g(U).

Motivated by the concept introduced by Sakaguchi in [8], recently several subclasses of analytic functions with respect to k-symmetric points
were introduced and studied by various authors (see [1], [2], [9], [10] and [12]). Parvatham in ([7]) introduced and investigated K, (¢, ) - so
called class of « starlike functions with respect to n symmetric points.

Let k be a positive integer and j =0, 1,2, ...(k—1). A domain D is said to be (j, k)-fold symmetric if a rotation of D about the origin
through an angle 27 j /k carries D onto itself. A function f € &7 is said to be (j, k)-symmetrical if for each z € U

flez) =€ f(2), )

where € = exp(2mi/k). The family of (j, k)-symmetrical functions will be denoted by fik/ . For every function f defined on a symmetrical
subset U of C, there exits a unique sequence of (j, k)-symmetrical functions f; ¢(z),j =0, 1, ..., k— 1 such that

k=1
=Y fix
=0
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Also let f; x(z) be defined by the following equality

1k71 v
fia@) =7 Zoféfpf), (fedpk=1,2,...5j=0,1,2,...(k—1)). ?3)
V=

where, V is an integer.

This decomposition is a generalization of the well known fact that each function defined on a symmetrical subset U of C can be uniquely
represented as the sum of an even function and an odd functions (see Theorem 1 of [5]). It is obvious that f; 4(z) is a linear operator from U
into U. The notion of (j, k)-symmetrical functions was first introduced and studied by P. Liczberski and J. Polubinski in [5].

The following identities directly follow from (3):

Fik(€¥2) =€"PIf; i(2)
fix(¥2) =PV 1l () o
Iik(e¥z) = Svmfzvfj/'/,k(z)

In [4], Karthikeyan et.al., investigated the class

(m+1)
%fk(b;a,ﬁ)z fea,: o <Re 1+l )

AWRE

—p+m <B,0<a<1<p

Motivated by the above concept, in this paper, we introduce and investigate a new subclass of multivalent functions with respect to symmetric
points. We now define the following:

/ .
Definition 1.1. The function f € .27, and F& @) #0in U is said to be in the class .} ’k(y; A, o, B) of p - valently functions of complex
Z

order y # 0 if and only if it satisfies the condition

1=z (@ +rz(zf ()
oc<9?{l+y<(1_/1)fj,k(z)+;szJ{ﬁk(Z) P>}<ﬁ7 (zeU), )

where, 0 < <1< f,0<A <1and fj(z) # 0 is defined by the equality (3). Similarly, we say that a function f € .27, is in the class
‘ﬁ,{ﬁk(y; A, o, B) if and only if
of € #P(r 2, @, B).

Remark 1.1. f A =0, j=k=p=1and o > 0, then f(z) reduces to the well-known class of starlike functions of complex order. Similarly,
ifweletA =1, j=k=p=1and a > 0, then f(z) reduces to the well-known class convex functions of complex order.

We observe that fora given ¢ and B (0< o <1< f), f€ <5’pj ’k(‘y; A, o, B) satisfies each of the following subordination equations

1((=2)zf (@) +A2(af (2) 1+ (1-20a)z
'y ( (1=2)fjx () +A2fj , (2) p) D
and
1 (1—/l)zf’(z)+7Lz(zf'(z))'7 1+(1-2B)z
1+y< (1=2) fjk(2) + A2}, (2) p) D P

Both superordinate functions in the above expressions maps the unit disc onto right half plane, so it is obvious that the above expression is
mapped on to a plane having real part greater than « but less than 3.
Kuroki and Owa [3], defined an analytic function p : U — C by

. (1-0)
ﬁ*(l, lfezm(ﬁ*a)z
ilog| ————=

plz)=1+
1—z2

The above function p maps U onto a convex domain A = {w: a < Re{w} < B}, conformally. Using this fact and the definition of
subordination, we can obtain the following:

Let f € o/, and 0 < & < 1 < B. Then f € .74 (y: &, &, B) if and only if

1<UM4%HAAM&W

TN @A )

- p) <p(2),
and p(z) is of the form

p(Z) =1+ Z CnZn

n=1

—o . (1-0)
and ¢, = <L> i (1 — ) )
nmw
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Lemma 1.1. [6] Let the functions q be univalent in the open unit disc U and 6 and ¢ be analytic in a domain D containing q(U) with

¢ (w) # 0 whenw € q(U). Set Q(z) = z4'(2)9(q(z)), h(z) = 6(q(z)) + O(z). Suppose that
1. Q is starlike univalent in U and

2. %(M> >0forzeU.

2(z)
1If
0(p(2)+2pP'(2)(p(z)) < 0(9(2) +24'(2)9(q(2)),
then p(z) < q(z) and q is the best dominant.

2. Main Results

In this section, we prove the integral representation of the function class Y,{ "k(y; A, a, B).

Theorem 2.1. Let f € Y[{’k(y; A,o, B)withO <o <1< fand0 <A < 1. Then we have

1_ 27rz((ﬁ a>W( VC)

1 e k=1 ruq — i
fa@ =z end L F [T o ios | I | e gt ©
V=

where f; (z) defined by (3), w(z) is analytic in U with w(0) = 0 and |w(z)| < L.

Proof. Let f € .75 (y; A, o, B) with 0 < ¢ < 1 < B and 0 < A < 1. Then we have

(=02 @+A2 @)\, B-a. [1-&FFawe)
H—7<(1 —p)l—i— p llog< ), (@)

= A) fi @)+ Azf} i (2) 1—w(z)

where w(z) is analytic in U with w(0) = 0 and |w(z)| < 1. Substituting z by €"z in (7), we have

_ Vgl (aV Vo (oVasl(aV o\ _ _ 27“‘% v

1+1 (1-2)evzf' (e¥z) +Ae z(e/zf (eV2)) =l+ﬁ ailog l—e w(€Vz) ®

y (1=2)fjk(e¥z)+Aevzf]  (eV2) T 1—w(evz)
Using the identities (4), we have

_ Vol (pV Vo (oVofl 2V )Y _ _ 27”8;1% v

1+1 (I1-21)e zf (e¥2)+AeVz(e Z.f (8/ 2)) . :1+ﬁ ailog l1—e w(e¥z) ©)

Y\ (1=2)e"Pif; i (2) + AevzeVPi=V fi, (2) 1—w(evz)
On simplifying, we get

. . s (l—a)
1((1=A)e"YPizf' (e¥2) + A VPiz(zf' (¢¥2)  \ _ B — | — 2T e w(eVz) (10)
Y (1= 2) fi.1 @)+ Azf (@) PI= 2 "% T iowey )
Letv=0,1,2,...,(k—1)in (10) respectively and summing them, we get
! ! ! L (1-a)

1 [ A=2)zf] (&) + 2z <zfj,k(z)> 1 i o 1 — 2T (e V2) an
— — i
y (1=2) fj,k (@) + A2f} 1 (2) Tk o g 1—w(evz)
From this equality , we get

) F A / ! i 1=9)
(1— )fj}k(z)*» (ijﬁk(z)) P l’f ﬁ_ailog 1—e m(ﬁ"")w(e"z) (12)

(1= fix(@+Azf; () 2 kejm @ 1—w(e¥z)

Integrating, we get

(1= i@ +22f @ yh B—a | — TS (g1
log< J - .k )_kzo/ol< - 1g< T w(e"n) dt. (13)

Simplifying (13), we have

omi 1= o v
(l—l)fﬂk(z)—i-lzf () =1z exp{k Z/ ( zlog(1 1,(ﬁ(£vt§£ t))>dt}. (14)

A simple computation in (14), gives the required conclusion of this theorem. O
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Theorem 2.2. Let f € ij'k(y; Ayo, B)withO <o <1< fand0 <A <1. Then we have
(1-a)

L [ el 1Y LB 1= w(e )
Z)—)Lz A/O/Oexp kvg’oo 7 p ilog =w(e"0) d¢

(1-a)

Zm
—a). 1— BTz
X p+y<Bn )zlog = wiz) w(2)

15)

u%+p73dndu

where w(z) is analytic in U with w(0) = 0 and |w(z)| < 1.

Proof. From (7), we have

(1=2)2f' (@) +Az(ef (@) = ((1=2) (@) +A2f) 4 (2))
_ = (16)
) [p+7(ﬁn a)ilog(l e (@)],

k—1 ¥4 _ _ 27 1— [; v
(1—l)f/(z)ﬁ-/l(zf’(z))/:zp_lexp %Z/O; ﬁnailog<1 e]—w Tw(e t)) dt
v=0

From (14) and (16), we have

w(evr)

i an
—o) . 1—e™F 0wz

P R P st

On simplifying and integrating the above equality (17), we get (15). O
If we put A = 1, j = k = 1 in Definition 1.1 and Theorem 2.1, we get the following corollary:

Corollary 2.3. If f € @/, satisfies the analytic condition

a<9?{1+71/(1+2;:l((;)) —p)}<[3,

then the integral representation of f(z) is given by

B o k—1 ] ﬁ*(x, l—e 271:1 (VC)
f(Z)f/Ot” eXp{vao/OC< - llog< (evg) dg 3 di

Remark 2.1. ff weput A =1, j =k =1 in (5) then this result is reduced into the Corollary 2.5 in [4].
Remark 2.2. ffweput A =0, j =k=11n (14), then

(1-0)
k=l a1 (B-a 1— 2= (eVr)
— P it i1 dt
J(@) = exp YVZ::O/O t ( T 8 1—w(evt)
Take p = 1, this result was proved by K.Kuroki and S.Owa [3].
Theorem 2.4. Let the function h(z) analytic in U be defined by

( )
B—a | = 2 B-a 1(1,627“(;3 . )
h(z) =8+ (8 +x) - ¢ < +1<( )i
T T (1

ilog N
- Z) <1 _ 627[17@7&) Z>
(18)

1-a 2

2 o 1=
—a 1— ™
,K(ﬁ ) log [ L2 77z

T

where kK >0, K+ 06 > 0. If f € o with f’ A ;é 0 satisfies the condition

NGRS { F(2) 71]+ K { F(2) lr+K
Y

X F'(z)  FEF ()
Yy LFx( Fji(2)

)

Fj k() (Fj‘,k(z))2

< h(z), (19)

/)/2
where
F(z)=(1-M)zf )+ A2 (zf (2)" and Fjp(z) = (1-2) fjx (2) +Azf] 4 (2) (20)

then f € 5”{"‘(7; A a,pB).
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Proof. Let the function p(z) be defined by

p(z) =

1 ([ F(z) . .
1+’)7/(Fj7k(2)_1) (zeU;z#0; fe o), (21)

where p(z) = 1 +c12+ 222+ € P, F(z) and F; ¢ (z) defined by (20). On simplification, we get

' (z

=1 [ZF/(Z) _FEFLG)
Fix(@)  (Fi(2))?

Y

Thus by (19), we have

/
Kzp

Let

g(2)

Set

(2)+ kp*(2) + (8 — k) p(2) < h(z). (22)
Boa. (1= ()
=1+ ilog| ——~ (23)
1—-w(z)

O(w)=kw’+(8—Kk)w and  P(w) =k,

it can be easily verified that 6 is analytic in C, ¢ is analytic in C with ¢(0) # 0 in the w-plane. Also, let

and

0(z) =28'(2)9(¢(2)) = k2 (2)

h(z) = 0(g(2)) + () = k (8(2))* + (8 — K)g(2) + K28’ (2).

Since g(z) is convex univalent in U provided o > 0, it gives that Q(z) is starlike univalent in U. In view of the result proved in [3], g(z)
given by (23) is starlike for o > 0, we have

w5 ) = r (S o) rs 5} o

By the application of Lemma 1.1, we get the required assertion of this theorem. O

If we put A =0, y =1 in Theorem 2.4, we get the following corollary:

Corollary 2.5. Let the function h(z) be defined as in (18). If f € of with f’kT@ # 0 satisfies the condition

K{szn(z) - zzf/(Z)f]/-ﬁk(Z) N 2(f(2)? } Iy (Zf/(z) ) < h(z),

i@ (F40) (fix@) k(@)
then
)y By R
fik(2) T J 1—z2

Remark 2.3. If we take j = k =1 in the corollary 2.5, then this result was analogous to the result obtained by Xu et al. in [11].
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