©Science Publishing Corporation
www.sciencepubco.com/index.php/IJAMS

E'ﬁ International Journal of Advanced Mathematical Sciences, 1 (4) (2013) 199-206

On axially symmetric solutions of the Navier-Stokes equations

Alexander S. Rabinowitch

Department of Applied Mathematics, Moscow State University of Instrument Engineering and Computer Science, Moscow, Russia
E-mail: rabial@mail.ru

Abstract

In the present paper, the Navier-Stokes equations are studied in several axially symmetric cases. In them incompressible
viscous fluids rotate about their axes and can change their shape. In the considered cases, three exact solutions to the
Navier-Stokes equations are found. The first of these solutions describes rotating viscous fluids that are gradually
cooling. The second of them describes nonstationary rotations with axial motions of viscous fluids. The third of the
obtained solutions to the Navier-Stokes equations concerns rotating viscous fluids with stationary velocities. It is used
to describe the observable phenomenon of differential rotation of the visible surfaces of stars and giant gas planets.
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1 Introduction

Consider the Navier-Stokes equations describing a homogeneous incompressible viscous fluid. They can be represented
in the form [1-3]

ov ov ov ov 1
—+V—+Vy—+Vz3—=——grad p+f +1Av, 1
ot Ve tVeg Tl P v 1

divv=0, (2
where v=v(t,x,y,z) and p=p(t, x,y,z) are the vector of velocity and pressure, respectively, v;,v,,v3 are the
projections of the vector v onto the orthogonal axes x, y, z, tis time,f =f(t,x,y, z) is the force per unit mass in the
considered fluid, & is its density, and v is its kinematic viscosity.

The Navier-Stokes equations are basic equations of fluid mechanics and extensive studies are devoted to them [4].
However, because of substantial nonlinearity of these equations, only a small number of exact solutions to them were
found [5-10]. Our aim is to obtain some new exact solutions to the Navier-Stokes equations that could have interesting
applications.

Further we will study the case in which the force f is potential. Then for its potential ® we have the equality

f=—grad ®. ®)
In this case, equation (1) can be rewritten as

ov ov ov ov

—+V—+Vy—+Vg—=gradq+vAv, q=-p/O6-. 4

a it Ty, grad g+vAv, q=-p 4)

Let us study axially symmetric solutions to the Navier-Stokes equations. For this purpose, we will seek the components
V1, Vo, V3 Of the vector function v and the function g in the following form:

V].:_ay_'_@(' V2:0!X+ﬁy, V3 =7, a:a(tlp!z)r

B=Bp2), y=rtp2), q4=qtp2), p=yx*+y>.
Here the function « presents the angular velocities of points of a fluid rotating about the axis z and the functions
S and y describe changing its shape.
Substituting expressions (5) into equation (2), we find
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PBy+2B+y, =0, (6)
where B, =0p10p, y, =0yleor.
Using expressions (5), we obtain after calculations

v, v OV

Mo Ve TV, = ~(pBa, + ya, + 2aB)y +(pBB, + 1B, + B° — a®)x,

ov ov ov

Vi =2+ vy =2 +vz—2 = (pBa, + ya, + 2aP)X + (BB, + 1By + B —a?)y, )
OX oy oz
oV ov oV

V=2 v, 22 =pBYp+ 771

OX oy oz
For the components of the Laplacian Av, we find
Ay =—(a,, +3a,l p+ay)y+(Byy +3B, 1 p+ Br)X

AVZ :(app +3ap/p+azz)x+(ﬂpp +3,3p//7+ﬁzz)yv (8)
AV3:7pp +7/p/p+7221

where a ,, 5620:/8,02, Ay =0%aloz?.

Let us now substitute formulas (5), (7), and (8) into the Navier-Stokes equations (4). Then we come to the following
three nonlinear partial differential equations:

o + Blpay, +2a)+ ya, —v(a,, +3a,l p+az;)=0, o =oaldt, 9)
B+ BBy + B+ 18, = —V(By +3B,1 p+ Br) =0, p, (10)
NnEPBY T VW +7pl PH72) =0, (11)

In the second section, we will investigate the obtained four partial differential equations (6) and (9)-(11) for the
unknown functions «, 5, y and g. In the third section, we will consider rotating viscous fluids that are gradually cooling
and obtain a class of exact solutions to the Navier-Stokes equations. In the fourth section, we will find their exact
solution for nonstationary rotations with axial motions of viscous fluids. In the fifth section, an exact solution to the
Navier-Stokes equations will be found which corresponds to a rotating viscous fluid with stationary velocities. This
solution can be applied to describe the observable phenomenon of differential rotation of the visible surfaces of stars
and gas giant planets in which their angular velocity decreases with increased latitude [11-14].

2 Investigation of the Navier-Stokes equations in the case of axial symmetry

Consider the obtained equations (9)-(11). First, let us eliminate the function g in them. For this purpose, differentiating
equations (10) and (11) with respect to z and p , respectively, and using the evident equality oq,, / &z = 6q, / 6p , we find

Ll 8oty 4 -0 B + 38,1 0+ )]

(12)
—iib +PBYp+ 1V 7 pl Py )]
o ap t P z PP P 2z))"
After identity transformations, this equation can be represented in the form
Be + Py (pﬁp +2p)+ pﬂﬂpz +7:B7 + 1By —2a0; — V(ﬂppz + 3ﬂpz 1p+ PBz)
=l P+ (PBy +2B) 1 I P)+PB o P) p+7:(r p I P)+ 7 (¥ 1 P)2 (13)

_V[(yp /p)pp +(3/p)(7p /p)p + (7p /p)ZZ]'
Let us eliminate y, by using equality (6): y, =—p8, —2/. Then equation (13) acquires the following form:
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2O'IO'IZ :(,Bz _7p/p)t +pﬂ(ﬂz _7p/p)p+7(ﬂz_7p/p)z

(14)
V(B =71 P) o + Bl ) B =71 P)p+ (B =7 p 1 P)zz ]
The obtained equations (6), (9), and (14) can be rewritten as
Y2 ==PBp 2P,
—20f =y + pPa, +ya; —v(ay, +3a,l p+ag), (15)

200, =g+ pBe, + 10 V(P +30, P+ 9y) 0=P—7,1 P
In order to determine the functionq=—p/6—® and hence the pressure p, let us turn to equations (10) and (11). From
them we have

4, =Kt p.2), a,=L(t p2)

K =plB; + B(oB, + B) + 1B, —® =v(B,, +3B,1 p+ Pa)], (16)

L=n+oByp+172 VW pp 7o P+72)
From (16) we derive the following equality which is equivalent to equality (12):

oKloz=0L/op. @an
This gives that in any singly connected region the expression Kdp + Ldz is a total differential and the function g can be
determined as follows:

(p.2)
a= [(Kdp+Ldz)+qo(t) (18)
(Po:20)

where the integral is taken along an arbitrary line connecting a fixed point (p,,2,) and point (p,z) and gg(t) is some
function which gives values of q at the point (pg,zg) .

Thus, the problem under consideration consists in finding solutions to the system of three equations (15) which will be
further examined.

3 Rotation of a cooling viscous fluid

Let us apply the obtained system of equations (15) to a rotating axially symmetric viscous fluid that is gradually
cooling. In this case, the following equation of heat conduction should be added to equations (15) [2]:

2
3 : oV
AT = AT+ > (ﬁ+—1] , (19)
ot Cp ij=1 8xj aXi

where T is temperature, X; =X, X =Y, X3=2, X, Y,z are orthogonal spatial coordinates, y =x/éc,, x is heat
conductivity, 6 is mass density, and c, is specific heat at constant pressure.
This equation has the following particular solution describing a gradually cooling fluid:

Vi =V;j(x,y,z)exp(-Kot), T =To(X,Y,z)exp(-2kgt), ko =const>0, (20)
where V; and Ty are some functions of the spatial coordinates X, y,z which are related by the equation

2
OV,
N, X J . (21)

3
—2KgTy + VVTy = #ATy +ﬁi2 (& =
j=1 J !

Consider a cooling axially symmetric fluid with velocities vq,v,,v3 that are described by formulas (5). From (5) and
(20) we obtain

a = A(p,7)exp(—kot), B =B(p,2)exp(—Kot), 7 =C(p,z)exp(—Kot), (22)
where A(p, z), B(p, z),and C(p, z) are some functions.
Substituting formulas (22) into equations (15), we obtain

C,=-pB,-2B, (23)
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—2AB = pBA, +CA;, KoA+v(A,, +3A,1p+A;)=0, (24)

2AA, = pBD, +CD,, koD+v(D,, +3D,/p+D;)=0, D=B,-C,/p. (25)
Let us seek a solution to equations (23)-(25) in the following form:

D=B,-C,/p=kA B=—1/k)A,, C=(1/K)(pA,+2A), Ky =const. (26)

Then equation (23) and the first equations in (24) and (25) are identically satisfied and the second equations in (24) and
(25) become coinciding.
As to the second equation in (24), it gives

K2A+ A, +3A, 1 p+ A, =0, k=\lkg/v. @7)
Consider now equalities (26). From them we obtain

D=kA=-1/k)(Ay +3A,/ p+A;). (28)
Comparing equations (27) and (28), we find

k| =k =/ko /v (29)

and the two equations become coinciding.
Let us turn to equation (27) and represent the function A in the form

A= f(r,2z), r:\/p2+22:\/x2+y2+22. (30)
Then we find

A, =(fInp, A =(fInNz+f, f =oflor, f,=0f oz,

(31)

Ay = (feI0) pPIr+ £ ir, Ay =(f 1) 2% 1+ f I+ £y
and equation (27) can be rewritten as

k2f + fp +4f, 1+ f,, =0. (32)
Let us seek particular solutions to equation (32) in the form

f =sin(az +b)F(r), a,b=const. (33)
Then from (32) we derive

F"(r)+4F'(r)/r + (k% —a?)F(r) =0. (34)
Let us put

f=rk2-a%, F(r)=¢76(). (35)
Then equation (34) acquires the form

£2G"(£)+ G'(9) +(£2 -9/ 4)G() =0. (36)
As is well known, this equation has the following solution with no singularity atr =0 :

G=GgJs(&), Gp=const, J3(&)= \/Z[ﬂ —C0S 5} . 37)

2 2 mE\ &

From here on, Jg(x) denotes the Bessel functions of the first kind which satisfy the equation
szg + xJg +(x? —sZ)JS =0.
From formulas (33), (35), and (37) we obtain the following solutions to equation (32) having no singularity atr =0:

fo 2J-Pl(a)sm(az)JrQl(a)cos(az)[sm(r\/k2 2) _ cos(r /kz—az)Jda

2 r\/kz—

a

0 . . 2 2

+i2jPz(a)sm(azg+Qg(a)cos(az) sinh(rva“ -k )—cosh(r /az—kz) da, (38)
rx a® -k r\/az—k2

where P, (8), @, (@) and P,(a),Q,(a) are arbitrary absolutely integrable functions of the argument a in the domains

0<a<k and k <a<oo, respectively.

Formulas (22), (26), (30), and (38) give a class of exact solutions to the Navier-Stokes equations describing cooling
axially symmetric fluids.

Consider now the Navier-Stokes equation (4) in the case of a cooling fluid that is not axially symmetric. As is well
known, after excluding the function g in this equation by applying the operator rot, it acquires the following form [2]:
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%rot v =rot[vxrot v]+vArot v. (39)
Using formula (20) for the vector v, from this equation we obtain

rot[V xrot V]=0, kgrotV+1ArotV =0, (40)
where V is the vector with the components Vy,V,, V3.
Examine the following case:

rotV=kV, kq =const=0 (41)
and use the well-known equalities

divrot V=0, rotrotV =graddivV—-AV. (42)
From (41) and (42) we find

divV =(1/k)divrot V=0, rotrotV =-AV =kjrotV = k12V . (43)
Therefore, from equality (41) we derive

divV =0, AV+kZV=0. (44)

It should be noted that the first equality in (44) is equation (2) for incompressible fluids.
Substitute now equality (41) into equations (40). Then the first of them is identically satisfied and from the second
equation in (40), we obtain

(kg /V)V+AV =0. (45)
It is evident that equation (45) coincides with the second equality in (44) in the case
kZ=ko/v. (46)

Therefore, we come to the following result: Vector functions V' fulfilling the differential equation (41), where the
parameter k; is determined by formula (46), satisfy the differential equations (40) under consideration and equation (2)
for incompressible fluids. Thus, solving the differential equation (41) of the first order, we can obtain a class of
solutions to the Navier-Stokes equations.

It should be noted that in the axially symmetric case, the differential equation (41) for the vector V acquires the form of
equations (26), taking into account formulas (5) and (22). As to equations (26), their exact solutions are given by
formulas (30) and (38).

Further, we will consider two other cases in which exact solutions to the Navier-Stokes equations can be found.

4 Nonstationary rotation with axial motion of a viscous fluid

Consider the system of equations (15), describing incompressible axially symmetric viscous fluids, in the following
case:

a=at,p), =0, y=ytp). (47)
Then from equations (15) we obtain
oy —v(a,, +3a,1p) =0, (48)
o —V(@p +30,1p) =0, @==y,/p. (49)
Let us seek particular solutions to equation (48) in the form
a =exp(-bt)h(p), b=const >0, (50)

where h(p) is some differentiable function.
Then equation (48) gives

h"(p) +30'(p)/ p+(b/v)h(p) =0. (51)
Let us put

s=blvp, h(p)=H()/s. (52)
Then equation (51) acquires the form

$PH"(6)+eH'(6) + (s> ~DH () =0. (53)

As is well known, this equation has the following solution with no singularity at o =0':
H= HO‘Jl(g)' HO =const . (54)
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It should be noted that the Bessel function J;(¢) is zero atg =0.
Using (50), (52), and (54), we find the following solutions to equation (48) having no singularity at p=0:

o= %TM (b) exp(-bt) Ju(pblv) db, (55)
0

vblv

where M (b) is an arbitrary absolutely integrable function.
Since equations (48) and (49) are of the same form, from (49) we analogously derive

E_y_pzioo b —b Jl(pm)db
p=— pgm)exp( t)—m : (56)

where N(b) is an arbitrary absolutely integrable function.
As is well known, Jj(x) =-J1(X) and J5(0) =1. Therefore, from (56) we obtain the following expression for the
function y(t, p) :

Jo(pvb/v)-1
b/v

7= [ N (o) exp(-bt) db+ o (t), (57)
0

where yq (t) is some differentiable function which can be arbitrary.

The obtained formulas (55) and (57) give a class of exact solutions of form (47) to the differential equations (15) under
consideration.

5 Differential rotation of stars and gas giants

Examine equations (15) in the following case:
a=at,p), =0 r=240), (58)
where a, B, 4 are some differentiable functions. In this case, the stress tensor components oy, and o, are zero.

Substituting expressions (58) into equations (15) and taking into account thatp = 8, —y,,/ p =0, we obtain

A1) =-25(), (59)

BW)(pa, +2a)=v(a,, +3a,/ p)—a. (60)
Consider now the following stationary case:

p=py=const, 1=-25,, a=a(p). (61)
In this case, from equation (60) we obtain

Lo(pa' +2a)=v(a"+3a'l p), a=a(p), Py=const. (62)
Equation (62) can be represented as follows:

Pop(pa' +2a) =v(pa'+2a) . (63)
This gives

ulu=foplv, u=pa +2cx. (64)
Therefore,

U= pa’ +2a=uUy exp(,Bo,o2 /2v), ug=const. (65)
This equation has the following solution nonsingular at p =0:

a = (ag/ p*)exp(fop® 1 2v)-1], ag=wig/ By =const . (66)

As is seen from formulas (5), the value « is the angular velocity of a rotating viscous fluid. Therefore, in the obtained

solution (66) the angular velocity depends on the distance p = ,/xz + y2 from the axis z.

Thus, the considered rotation about the axis z of a viscous fluid can differ from that of a solid. This phenomenon is
called differential rotation. As is well known, the phenomenon of differential rotation is observed at the visible surfaces
of stars and gas giant planets [11-14].

As follows from (66), when 5 >0, the function |a(p)| is increasing and when Sy <O it is decreasing. When p =0,
formula (66) gives
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a(0)=agfy/2v=uy/2. (67)
Let us apply formula (66) for the angular velocity of a rotating fluid to the surfaces of stars and gas giant planets. It is
well known that typically at their surfaces the angular velocity |a(p)| decreases with increased latitude [11-14] and
hence it is an increasing function of the argument p . Therefore, as a rule, at the surfaces of stars and gas giants the
value of £, should be positive. Below we will give an explanation for this property of rotating surfaces of stars and gas

planets.
Using formulas (5), (58), (61), and (66), we come to the following solution to the Navier-Stokes equations:

vi=—a(p)y+ PoX, Vo =a(p)x+fyy, V3=-2pz,

(68)
a(p) = (a9 p*)exp(Bop® 12v) -1, 8, o =const, p=y/x*+y?,

where vy,V,,V3 are the projections of the vector of velocity v onto the axes x, y, z, respectively.

Consider now the gas giant planets of the solar system and apply formulas (68) to their surfaces. As is well known, the
gas giant planets have systems of rings in their equatorial planes. The velocities of particles of the rings of a gas planet
are substantially larger than those of particles of the planet surface. That is why particles leaving the rings and falling on
the planet should accelerate its surface mainly in the equatorial region. In this case, the value of the parameter /g, in

formulas (68) is positive and formulas (68) describe a differential rotation of the gas planet.

It should be stressed that up to now, there is no explanation for the phenomenon of differential rotation of the visible
surfaces of stars and gas giant planets that is based only on their intrinsic forces. Therefore, the idea of the influence on
their differential rotation of external forces looks quite attractive. Relying on this idea, we can suppose that not only gas
giant planets but also the Sun and many other stars having differential rotations are surrounded by rings in their
equatorial regions. This hypothesis allows one to give the following interpretation of differential rotations of the
surfaces of stars and gas giant planets: The differential rotations could be regarded as results of accelerating actions of
continuous streams of particles leaving the rings of stars and gas giants and falling on their surfaces.

It should be noted that formulas (68) describe not only a differential rotation of the surface of a viscous fluid but also a
change of its shape. However, for a star or a gas giant planet, this change should proceed very slowly since, as follows

from (68), for it the value of 3y is ~v/ R?, where R is its radius. For example, consider the Sun. At its surface, the

010

value of v is ~2-103cm?/sec and the radius R of the Sun is ~7-1 cm. Therefore, in this case,

Po~v/ R?~4.109sect ~1.26-1071* year‘l. That is why substantial changes of the Sun dimensions that could be
caused by formulas (68) might take place only after billions of years.

6 Conclusion

In the paper, we have considered the Navier-Stokes equations for incompressible viscous fluids in the case of axially
symmetry and reduced them to the system of nonlinear partial differential equations (15) for components of the vector
of velocity v. After studying them, we found three exact solutions to the Navier-Stokes equations. One of them obtained
in section 3 describes the case in which a rotating fluid is gradually cooling. In section 4, we found an exact solution
corresponding to nonstationary rotations with axial motions of viscous fluids. In section 5, an exact solution to the
Navier-Stokes equations was obtained which could describe a differential rotation of a viscous fluid in which points of
its surface have different angular velocities. This solution was applied to explain the well-known phenomenon of
differential rotation of the visible surfaces of stars and gas giant planets. It was shown that streams of particles leaving
the rings of gas giant planets and falling on their surfaces could play an important role to maintain their differential
rotation. This led us to the hypothesis that not only gas giant planets but also the Sun and many other stars having
substantial differential rotations could be surrounded by systems of rings in their equatorial planes. Because of their
great luminosity, it is very difficult to observe such rings. However, it could be supposed that the hypothetical rings of
the Sun maintaining its differential rotation will be detected in the future.
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