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Abstract

In this paper, the authors obtain the general solution and generalized Ulam - Hyers stability of n dimensional
additive quadratic functional equation

?

[f (@i + @2001) + f (220 — w2i1)] = D [2f (w20) + f (22001) + f (~w2i1)]
=0 i=0

?

in Banach spaces using direct and fixed point methods. We also investigate the stability of the above equation in
Banach algebra using direct and fixed point approach.

Keywords: Additive functional equations, Mized type AQ functional equation, quadratic functional equation, Ulam - Hyers stability.

1. Introduction

The study of stability problems for functional equations is related to a question of Ulam [28] concerning the stability
of group homomorphisms was affirmatively answered for Banach spaces by Hyers [13]. Subsequently, this result of
Hyers was generalized by Aoki [2] for additive mappings and by Rassias [23] for linear mappings by considering an
unbounded Cauchy difference.

The article of Rassias [23] has provided a lot of influence in the development of what we now call generalized
Ulam-Hyers stability of functional equations. The terminology generalized Ulam - Hyers stability originates from
these historical backgrounds. These terminologies are also applied to the case of other functional equations. For
more detailed definitions of such terminologies, one can refer to [9, 14, 17, 19] .

Over the last seven decades, the above Ulam problem was tackled by numerous authors who provided solutions
in various forms of functional equations like additive, quadratic, cubic, quartic, mixed type functional equations in-
volving only these types of functional equations were discussed. We refer the interested readers for more information
on such problems to the monographs [1, 9, 12, 14, 17, 19].
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One of the most famous functional equations is the additive functional equation

flx+y) = f@)+ f(y). (1)

In 1821, it was first solved by A.L. Cauchy in the class of continuous real-valued functions. It is often called an
additive Cauchy functional equation in honor of Cauchy (see [19]). The theory of additive functional equations is
frequently applied to the development of theories of other functional equations. Moreover, the properties of additive
functional equations are powerful tools in almost every field of natural and social sciences. The additive function
f(x) = cx is the solution of the additive functional equation (1). The stability of the above functional equation was
excellently discussed in [2, 10, 13, 21, 23, 26].

The quadratic function f(z) = cx? satisfies the functional equation

flx+y)+ flx—y) =2f(x) +2f(y), (2)

and therefore the equation (2) is called quadratic functional equation.

The Hyers - Ulam stability theorem for the quadratic functional equation (2) was proved by F.Skof [27] for
the functions f : F1 — FEs where FE; is a normed space and E5 be a Banach space. The result of Skof is still
true if the relevant domain Fj is replaced by an Abelian group and it was delt by P.W.Cholewa [7]. S.Czerwik [8]
proved the Hyers-Ulam-Rassias stability of the quadratic functional equation (2). This result further generalized
by Th.M.Rassais [25], C.Borelli, and G.L.Forti [5].

In 2006, K.W. Jun and HM. Kim [15] introduced the following generalized additive and quadratic type
functional equation

f<zxi>+(n2)2f(xi) > fleitay) (3)

1<i<j<n

in the class of function between real vector spaces. For n = 3, Pl.LKannappan proved that a function f satisfies
the functional equation (3) if and only if there exists a symmetric bi-additive function A and additive function B
such that f(z) = B(x,z) + A(z) for all  (see [18]). The Hyers-Ulam stability for the equation (3) when n = 3 was
proved by S.M. Jung [16]. The Hyers-Ulam-Rassias stability for the equation (3) when n = 4 was also investigated
by L.S. Chang et al., [6].

Recently, M. Arunkumar and S. Karthikeyan [3] introduced and established the general solution and generalized
Ulam-Hyers stability of n—dimensional mixed type additive and quadratic functional equation of the form

fl=z)+ f <2x1 —ix) +f <2ixi> +f <x1+zn:xi> - f (—xl —§x>

=2 =2 =2

in Banach spaces.
Very recently, M.J. Rassias et. al., [24] introduced the Leibniz type additive-quadratic functional equation of
the form

f(xt)+f(yt)+f(zt)_3f($+§+zt>+f<2x3yz)+f<x+§yz>+f<x§/+22>
(5)

and obtained its general solution and generalized Ulam - Hyers stability of Leibniz AQ - mixed type functional
equation in Quasi-Beta normed space using direct and fixed point methods.

In this paper, the authors obtain the general solution and generalized Ulam - Hyers stability of n dimensional
additive quadratic functional equation

[f (@i + @2001) + f (220 — w2i01)] = D [2f (220) + f (22001) + f (w2i1)] (6)
=0 i=0

?

?

in Banach spaces using direct and fixed point methods. We also investigate the stability of the above equation in
Banach algebra derivations using direct and fixed point approach.
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2. General solution

In this section, the general solution of the functional equation (6) is given. Through out this section let as assume
FE and F be real vector spaces.

Lemma 2.1 If an odd mapping f : E — F satisfies the functional equation (1) if and only if f : E — F satisfies
the functional equation (6).

Proof. Assume f : E — F satisfies the functional equation (1). Letting z =y = 0in (1), we get f(0) = 0. Replacing
y by & and 2z in (1) respectively, we arrive f(2z) = 2f(z) and f(3z) = 3f(x), respectively for all x € E. In general,
for any positive integer a, we obtain

flax) = af(z) (7)

for all z € E. Substituting = by £ in (7), we have

7(5) =15 (3)

for all # € E. Replacing (x,y) by (o, 1) in (1), we get

f(xo +21) = f(20) + f(21) (9)
for all xg,z1 € E. Again replacing (z,y) by (20, —21) in (1), we get
f(xo — 1) = f(x0) + f(—21) (10)

for all zg, 21 € E. Adding (9) and (10), we arrive
flwo+21) + flzo — x1) = 2f (wo) + f(21) + f(—21) (11)

for all xp,z1 € E. Substituting (xo,z1) by (z2,z3) in (11), we get
)+

f(za+x3) + f(x2 —23) = 2f(22) + f(23) + f(—23) (12)

for all z9, 25 € E. Again substituting (xo,z1) by (z4,25) in (11), we obtain

(
fleatas) + f(za —ws) = 2f (w4) + f(2s) + f(—2s5) (13)

for all x4, x5 € E. Continuing this process, finally replacing (xg,z1) by (%o, Z2n+1) in (11), we arrive

f(@an + T2n41) + f(T2n — T2n41) = 2f (220) + f(T2n+1) + f(=T2011) (14)
for all xo,, o,+1 € E. Adding all the n equations from (11) to (14), we desired our result.

Conversely, let f : E — F satisfies the functional equation (6). Letting o = ... = xa,4+1 = 0 in (6), we get
f(0) = 0. Replacing (xg,x1, T2, ..., Ton, Tant1) by (z,9,0,...,0,0), we get
fet+y)+ fl@—y) =2f(2)+ fy) + f(-y) (15)
for all x,y € E. Using oddness of f in (15), we have
fle+y)+ flz—y)=2f(2) (16)

for all z,y € E. By Theorem 2.1 of [4], we desired our result. Hence the proof is complete.

Lemma 2.2 If an even mapping f : E — F satisfies the functional equation (2) if and only if f : E — F salisfies
the functional equation (6).

Proof. Assume f : E — F satisfies the functional equation (2). Letting x = y = 0 in (2), we get f(0) = 0. Setting
y by x and 2z in (2) respectively, we arrive f(2z) = 4f(z) and f(3z) = 9f(z) for all z € E. In general, for any
positive integer b, we arrive

F(bx) = b*f(2) (17)
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for all 2 € E. Substituting 2 by 7 in (17), we have

7 (%)= @) (18)
for all x € E. Replacing (x,y) by (g, 1) in (2), we get
flzo + 1) + fzo — w1) = 2f(20) + 2 (21) (19)
for all zg,zq € E. With the help of evenness of f, (19) becomes
f(xo +21) + f(zo — 21) = 2f(z0) + f(21) + f(—21) (20)
for all xg, 21 € E. Substituting (xo,z1) by (z2,z3) in (20), we get
flaa+x3) + flwe — x3) = 2f (22) + f(23) + f(—3) (21)
for all zo, 25 € E. Again substituting (xo, 1) by (z4,5) in (20), we obtain
f(@a+a5) + f(zg — @5) = 2f (w4) + f(2s) + f(—xs5) (22)
for all x4, x5 € E. Continuing this process, finally replacing (xg,z1) by (%2, 2n+1) in (20), we arrive
f(x2n + 2any1) + f(@20 — T2n41) = 2f (220) + f(22011) + f(—T20+1) (23)
for all xg,, 2,41 € E. Adding all the n equations from (20) to (23), we desired our result.

Conversely, let f: E — F satisfies the functional equation (6). Letting zo = 21 = ... %2, = 2,41 = 0 in (6),
we get f(0) = 0. Replacing (xg, x1,Z2, ..., Ton, Tant1) by (z,9,0,...,0,0), we get
fle+y) + fle—y)=2f(x)+ fy) + f(-y) (24)

for all z,y € E. Using evenness of f in (24), we desired our result. Hence the proof is complete.

3. Stability results: A direct method

In section, let us take E be a normed space and F' be a Banach space. Define a mapping Df : E — F by

n n

Df(xo,x1, - ,T2n, Tont1) = Z [f (w2i + @2i41) + f (22 — 2i41)] Z 2f (@2i) + f (z2i41) + f (—z2i41)]
i=0 i=0

for all xg,z1, -, Topn, Tont1 € E.

In this section, we investigate the generalized Ulam-Hyers stability of the functional equation (6).

Theorem 3.1 Let j = +1. Let f, : E — F be an odd mapping for which there exist a function ¢ : E***1 — [0, 00)
with the condition

1 . )
lim —C(Qmjxo 2MI gy, 2™ a0, 2™ g, 1) =0 (25)

m—oo 2M

such that the functional inequality

| D fa(xo, - s Zont1) || < ((To, 21, Tan, T2ny1) (26)
forallxzg, -+ ,xonr1 € E. Then there exists a unique additive mapping A : B — I satisfying the functional equation
(6) and
J | :
lfulw) =A@ <5 3 5€@ ) (21)
k=15

for all x € E, where £(2¥x) and A(z) are defined by

. 1 . . ) .
£(2M ) = %4(2’%,2’%, oo 2kd g ORI (28)
and

_ . kj
Aw) = lim 2@ fa(2 1) (29)

forallx € E.



38 International Journal of Advanced Mathematical Sciences

Proof. Assume j = 1. Replacing (g, 21, , ZTon, Tant1) by (z,2,- -+ ,2,2) in (26) and using oddness of f,, we get

120 fa(2z) —dnfo(z)| < (2,2, @, 2) (30)

for all x € E. Tt follows from (30) that

‘fa( z)

for all z € E. Now replacing « by 2z and dividing by 2 in (31), we get

— falx )H < @ where £(z) = % C(z,x,--- ) (31)

‘ fa(2222$) B fa(22$) ‘ . 5(2229:> (32)
for all z € E. From (31) and (32), we obtain
‘ fa(2222$) B f“(“")H f29) g )H ’ fa(222296) IACLIPY {g(x) . s(zm] (33)

for all x € E. Continuing this process after m times, one can arrive

m—1 o)
fa(2™Mx) 1 €2kx) 1 £(2kx)
‘ om _fa( ) SEZ 2k Siz 2k (34)
k=0 k=0
a(27
for all x € E. In order to prove the convergence of the sequence {f(zmx)}, replace = by 2'z and dividing by 2!
n (34), for any m,l > 0, we deduce
fa@™H2)  fa@2)|| _ 1 | fa@™-2') ! - £(25 )
H | m [ a9 Sp2 gm0 mmemee

2m
for all x € E. Hence the sequence {fagmx)} is Cauchy sequence. Since F' is complete, there exists a mapping
A: E — F such that

a(2™

A(z) = lim w Vaxeck.
Letting m — oo in (34) we see that (27) holds for all x € E. To prove that A satisfies (6), replacing (xg, 1, , Ton, Tant1)
by (2mxg,2™xy, -+, 2MZop, 2™ X2, 11) and dividing by 2™ in (26), we obtain

1
27mHDfa(2ml'0, Qmmh e ,QmZL’Qn, 2mx2n+1)H S 27mc(2m1'0, 2m1'1, R ,2mx2n7 2mx2n+1)
for all g, z1, -+ ,Zopn, Ton+1 € E. Letting m — oo in the above inequality and using the definition of A(z), we see
that
DA('I07 Ty, T2n, x?n-‘,—l) - 0
Hence A satisfies (6) for all zg, 21, ,Z2n, Tant1 € E. To prove that A is unique, let B(x) be another additive
mapping satisfying (6) and (27), then
A B < L A(2™ 2m 2"y B(2™x < &l 2k Ta 0

1A(@) = B(@)ll < 5 {1AQ2"2) = fa(2™2) || + || fa(2™2) — I} Z Hm) —0 as m— o0

for all z € E. Hence A is unique.
For j = —1, we can prove a similar stability result. This completes the proof of the theorem.
The following Corollary is an immediate consequence of Theorem 3.1 concerning the stability of (6).



International Journal of Advanced Mathematical Sciences 39

Corollary 3.2 Let p and s be nonnegative real numbers. Let an odd function f, : E — F satisfies the inequality

P,
2n+1
p{2|mi|s}, s<1 or s>1;
i=0
2n+1
Df o, " ,T2 1 é 35
11l =4 ST el < o 9> by )
2754:-? 2n-+1
p{ IT 1l + { ) |a:i||5}}, s<ghy o s> g
i=0 i=0
for all xg,x1,- -+ , Ton, Tans1 € E. Then there exists a unique additive function A : E — F such that
N
&
2n + 1)plz|[*
|2 — 2]
[fa(z) = A2)]| < p||z||@ntDs (36)

2n[2 — 2@n+ D3|
(n + D)p||a||*m+De
TL‘Q _ 2(2n+1)s|

forallz € X.

Theorem 3.3 Let j = £1. Let f, : E — F be an even mapping for which there exist a function ¢ : E?"+1 [0, 00)
with the condition

1 . , , ,
Jm (2™ g, 2w, - 2 20, 2 w20 41) = 0 (37)

such that the functional inequality
IDfo(wo, 21, s T2n, Tant1) || < (@0, 21, -, T2n, T2nt1) (38)
forallxg,x1, -+ 2o, Tont1 € E. Then there exists a unique quadratic mapping QQ : E — F satisfying the functional

equation (6) and

EREE o

1
k= 2

e

1fg(z) = Q)| <

for all x € E, where £(28x) and Q(x) are defined by

£(2k ) = %g@’%ﬂk]’% e 2k okig) (40)
and

Q) = Tim 2= 1,(2) (41)
forallx € E.

Proof. Assume j = 1. Replacing (zo, 21, -, Ton, T2n+1) by (2,2, -+, 2, ) in (38) and using evenness of f,, we get
120 fq(2x) = 8nfy(2)]| < ((z, 2, 2, 2) (42)

for all z € E. It follows from (42) that
fa(22) £(x) 1
_ < 2\ . — -
‘ 4 fe(@)|] < 4 where () o™ C(x,z, -+ ,x,) (43)
for all x € E. The rest of the proof is similar tracing to that of Theorem 3.1.
The following Corollary is an immediate consequence of Theorem 3.3 concerning the stability of (6).
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Corollary 3.4 Let p and s be nonnegative real numbers. Let an even function fq: E — F satisfies the inequality

P
2n+1
p{ZHIZHQ}, $<2 or s$>2;
i=0
2n+1
HDf (%0,'“ ,1’2”+1)|| S s 2 2 . (44)
q p H ||sz|| R 8<m or S>m,
27?-{:-? 2n+1
P{ L1 flill + { ) ||$i||s}}v S<@m O > @y
i=0 i=0
for all xg, x4, -+, Ton, Tont1 € E. Then there exists a unique quadratic function QQ : X — Y such that
N
e S
2n + L)p||z||
2nld — 28|
[fq(z) — Q)] < pl|z||ZntDs (45)

2n|4 _ 2(2n+1)s|
(n + 1)p|f||Zn+Ds
n‘4 _ 2(2n+1)s|

forallz € E.
Now we are ready to prove our mixed stability theorem.

Theorem 3.5 Let j = +1. Let f : E — F be a mapping for which there exist a function ¢ : E***1 — [0, 00) with
the condition (25) and (37) such that the functional inequality

IDf(xo,- -, x2n41)|| < (@0, @1, T2n, Tant1) (46)

for all xg,x1,- -+, Ton, Tant1 € E. Then there exists a unique additive mapping A : E — F and a unique quadratic
mapping Q : E — F such that

11 & 2kiy —okiy 1S ok _ ok,
2 (2 2. (E(ij & 2k )> 1 > <€(4kj ) 4 & 4k )> (47)

_1-j _1-j
k= 2 k= 2

1f(z) = A(z) = Q)|

IN

for all x € E, where {(x), A(z) and Q(z) are defined in (28), (29) and (41) respectively for all x € E.
fa(@) — fa(—2)

Proof. Let f,(x) = B E— for all x € E. Then f,(0) =0 and f,(—x) = —fo(x) for all z € X. Hence

1
D fo(zo, 21, Ton, Tang1)]] < 3 1D fa(zo, 1, Ton, Tang1) || + | D fa(o, o1, Ton, Tont1) ]

1

S 5 [C(J?O, L1, ,T2n, xQn-‘,—l) + C(_$07 L1, 5, —T2n, _-T2n+1)] (48)
for all xg,z1, -+ ,Tan, Tant1 € E. By Theorem 3.1, we have
1 & (€6(2Ma) | g(~2ba)
B e I (19)
k==5*

for all z € E. Also, let f.(z) = M for all z € E. Then f.(0) = 0 and f.(—z) = fe(z) for all z € x.
Hence

|Dfe(zo, 1, Tan, Tant1)|| < = [[|1Dfg(@o, 1, o, Tont1)|| + | Dfg(z0, 21, -+, Ton, Tant1)||]

[C(xo, 21, , Ton, Tant1) + C(—To, —Z1, -, —Tan, —Tont1)] (50)

N~ DN —
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for all xg,z1, -+ ,Topn, Tont1 € E. By Theorem 3.3, we have
£(2k ) 5(—2’”3:)
Iel) - Z (G2 G1)
for all x € E. Define
f(@) = fe(z) + fo(x) (52)

for all x € E. From (49),(51) and (52), we arrive

1f(z) — A(@) = Q@)|| = [Ife(@) + fo(z) — Az) — Q)]
||fo z) = A(@)|| + || fe(z) — Q)]

£(2% 1) f(—Zk'jx) 1 K [€(2Mx)  g(—2Ma)
4 Z ( okj okj )+8 Z]< 4kJ + 4kj )

~
k =t k==

IN

I /\

for all x € E. Hence the theorem is proved.
Using Corollaries 3.2 and 3.4 we have the following Corollary concerning the stability of (6).

Corollary 3.6 Let p and s be nonnegative real numbers. Let a function f: E — F satisfies the inequality

P

2n+1
{Z||xl| } 87&1’2;

2n+1
[Df(wo, -, 2n41)|| < T
H [ ]]*

s 7 (2n1+1)’ (2n2+1) ;

2n+1 2n+1
p{ T e+ { 5 ||}} S o o
1=0 =0

for all xg,x1, -+ ,xopn, Tont1 € E. Then there exists a unique additive function A : E — F and a unique quadratic
function Q : E — F such that

1+1
P\on T 6n )

@0+ Dl ( gy + i
T PIEIN A G2 — s T mja—2s] )

1f(z) = A(z) = Q(@)|| <

‘(2n+1)s

pll| n|2 — 2@n+1)s| - n|4 — 202n+1)s| >’
1

(n+ 1)p]||| >

Tl|2 _ 2(2n+1)s‘ + TL‘4 _ 2(2n+1)s|>
forallz € E.

4. Stability results: fixed point method

In this section, we apply a fixed point method for achieving stability of the n dimensional AQ - mixed type functional
equation (6).
Now, we present the following theorem due to B. Margolis and J.B. Diaz [20] for fixed point Theory.

Theorem 4.1 [20] Suppose that for a complete generalized metric space (2,9) and a strictly contractive mapping
T : Q — Q with Lipschitz constant L. Then, for each given x € Q , either

d(T"z, T"'2) = 0o v n >0,

or there exists a natural number ng such that

(FP1) d(T"z, T" ') < co for alln > ng ;

(FP2) The sequence (T™x) is convergent to a fixed to a fized point y* of T
(FP3) y* is the unique fized point of T in the set A = {y € Q:d(T™z,y) < cc};
(FP4) d(y*,y) < 125 d(y, Ty) for ally € A.
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Using the above theorem, we now obtain the generalized Ulam - Hyers stability of (6).

Theorem 4.2 Let f, : E — F be a odd mapping for which there exist a function ( : E*"*1 — [0,00) with the
condition

1

klim —kC(mfxg, kFxy, kP T, KFTan 1) =0 (55)

—00 K’i

where

(2 if i=o0

’“_{é if i=1, (56)
such that the functional inequality

IDfa(wo, 21, T2n, Tany1) || < C(@0, T1, -+, Ton, T2ny1) (57)
for all xg,z1,- - ,Ton, Tont1 € E. If there exists L = L(i) < 1 such that the function

x
2 — (@) =¢(3).

has the property

Y(x) =L ki (ki) . (58)

for all x € E. Then there exists a unique additive mapping A : E — F satisfying the functional equation (6) and
Ll—’L

fale) = A@)] < T4 (z) (59)

forallx € E.

Proof. Consider the set
I'={p/p: E— F, p(0) =0}

and introduce the generalized metric on T,
d(p,q) = mf{K € (0,00) :|| p(x) — q(z) | < K¢(z),z € E}.

It is easy to see that (T',d) is complete.
Define T : T' — I' by

for all z € E. Now p,q € T,
d(p,q) < K = || p(z) — q(z) |< K¢ (z),x € E.

i ‘

1 1 1
—p(riz) — —q(riz)|| < —K¢(kiz),z € E,
Hip(/{ x) qu(/{ x) . U(kx),

K2

1 1
;p(niz) — ;q(mx) < LKyY(z),z € E,

(2

:> ‘

= || Tp(z) — Yq(z) |< LKyY(z),z € E,
=d(p,q) < LK.

This implies d(Tp, Tq) < Ld(p,q), for all p,q € T. ie., T is a strictly contractive mapping on I" with Lipschitz
constant L.
From (31), we arrive

fa(22) £(z)

g 5 (60)

fa(x)H <
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where )
g(fﬂ) = % C(xvl'v"' ,1'71')

for all x € E. Using (58) for the case ¢ = 0 it reduces to

229~ )| < oo
for all z € F,

e, d(Yfo,fu) < L= d(Tfufo) <L =L"< o0

Again replacing = 5 in (60), we get

|f@) =25 (5)| <€ (5) (61)
Using (58) for the case i =1 it reduces to

|fa@) =21 (5)| < v(@)

for all z € F,

Le. d(fu Tfa) S 1= d(fa,Tfa) <1=L° < oo,

From the above two cases, we arrive ‘
d(fo, Y fa) < L'

Therefore (FP1) holds.
By (FP2), it follows that there exists a fixed point A of T in I' such that

k
A(z) = lim f“(“,; Y vaeE (62)
k—oo Ky
To order to prove A : E — F is additive. Replacing (xg,- -+ ,Zon11) by (k¥z0, -+, kF22,41) in (57) and dividing

by k¥, it follows from (55) that

1 1
k k k k k k k k
;kHDfa(’fixmnixlv"' s i Ton, K x2n+1)H < ;ké(nixo,ﬂirn” s K Tan, K Tany1)
7 7

for all xg,x1, -+, xon, Tant1 € E. Letting k — oo in the above inequality and using the definition of A(x), we see
that
DA(:L'O7 L1, ,T2n, x2n+1) =0

i.e., A satisfies the functional equation (6) for all xg,z1, -+ ,Tan, Tont1 € E.
By (FP3), A is the unique fixed point of T in the set

A={AecT:d(f.,A) < o},

such that
[fa(2) = A(2)]| < K4p(x)
for all x € E and K > 0. Finally by (FP4), we obtain

1
d(faa A) S ﬁd(faa Tfa)

this implies

Ll*i
d(fa,; A) < 77
which yields
Llfi
[fa(@) — A@)] < ()

this completes the proof of the theorem.
The following Corollary is an immediate consequence of Theorem 4.2 concerning the stability of (6).
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Corollary 4.3 Let f,: X — Y be a mapping and there exists real numbers p and s such that

D fa(zo, - s 2ong1)]| <

for all xg,z1,- -+, Ton, Toant1

[fa(z) = A(z)[| <

forallz € E.
Proof. Setting

C(!Eo, T1," - ,$2n,5€2n+1) =

for all T, L1y s T2n, L2041
1
k k _
EC(@ To, s K Tang1) =
[

Thus, (55) is holds.

@ p

2n+1
(ie) p Z IEZI s<1 or s>1;
Jj=0
2n+1
(iii)) p S T ll=ll® ¢ $< G O 5> G
j=0
2n+1 2n+1
() pq IT sl + 9 D Ml ¢ s s <@y or 8> @y
j=0 j=0
€ E. Then there exists a unique additive function A : E — F such that
lpl
(n+ Dplle]l*
n|2—2s
pll 2+

TL‘Q _ 2(2n+1)s|’
(2n + 2)pl ]| " D*
n|2 _ 2(2n+1)s| ’

P,

2n+1
P > sl 5
3=0
2n+1
RS | BT
7=0
2n+1 2n+1
p S LT sl + 9 >l ¢ ¢ s
j=0 j=0

€ FE. Now,

L

rci?"
2n+1

P k s

WF E l[wiaall®

‘ =0 —0as n— oo,
41 . — 0as n— oo,

L “ ) —0as n— oo

kP ’

I RIGEA
j=0
2n+1 2n+1

LT ksl + 4 D llsfasll o o
§=0 §=0

— 0as n — oo.

KA

But we have ¢(z) = ¢ (%) has the property ¥(x) = L - k; ¢ (k;x) for all x € E. Hence

p

@n+1)p
f) — 22)71
(2n+1)sp

2n + 2)p ‘ |£L'| |(2n+1)s.
2(2n+1)sy,

el

]| 74D,

(64)
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Now,
P 1P
KN 7 n7
Ct P s P
lw(ﬁc-x) = Ki2? 7 — ! ° ’
P i P ||I€‘.’L’||(2n+1)s K(2n+1)571 P ||{L‘||(2n+1)s
¢ 1 2@2n41)sp 11T ? ? %(2n+1)sn
2n + 2)p (2n+1)s (2n+1)5 1 2n + 2) || ||(2n+1)s
WH i$|| . 2(2n+1)sp,

Hence the inequality (58) holds either, L = 27! for s = 0if i = 0 and L = 5

(59), we prove the following cases for condition (7).
Case:1 L=2"1fors=0ifi=0

Ifuta) = A < L)) = 2

Case:2 L = 5=

SN—
—
I
—
|
hs

o)~ A < ey = 2

45

for s =0 if 7 = 1. Now from

Also the inequality (58) holds either, L = 2°7! for s < 1if i = 0 and L = 5= for s > 1if i = 1. Now from

(59), we prove the following cases for condition (i).
Case:l L=2"1fors<1ifi=0

(26=1)' " 1 (2n+1) (2n + 1)p||z||*
_ < 7 = — S —
Ifala) — A < Sl (o) = 5 L
Case:2 L = 2; se—r fors >1ifi=1
1 N1-1 )
= Loty (2n + Dplle]l*
B < 2( )) — s __
| fa(z) — A(z)]| < 1_ 2(5171) Y(x) 95 _ 9 H II° = n(2s — 2)

Again, the inequality (58) holds either, L = 2(2*t1Ds=1 for 5 < m if i =0 and L = 5o for s > m

if i = 1. Now from (59), we prove the following cases for condition (i47).

Case:1 L = 2@n+Ds=1 f5p ¢ < m ifi =
(%@”“”1010 ! [
e (2n+1)s __ 14
Hfa(x) ( )H - 2((2n+1 s—1) ¢($) 2(2n+1 H || - TL(2

1 1 . .
Case:2 L:Wfors>m1ﬁ:l

Mzﬁ@) = ;BH'TH(QTL-Fl)S _ pllx|
1 ~ sy 2Gnts —9n

[fa(2) = Al2)|| <

Finally the inequality (58) holds either, L = 2(2»+1s=1 for 5 < (2n+1)
if i = 1. Now from (59), we prove the following cases for condition (iv).

Case:1 L = 2@n+1)s=1 ¢4 5 < m ifi=0

(2((277,-‘,—1)3 1))1 0 1

[fa(2) — Al2)|| < — 9((2nt1)s—1) () = 9 _ 9(2n+1)s

| 2n+1

1fz-0andL—Wfors>

(27’l + 2)p|‘x||(2n+1)s — (

_ 2(2n+1)s) :

(2(2n+1)5 _ 2) :

(2n+1)

2n + 2)pl|z]| " TD*

2(2n+1)s)
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1 1 P
Case:2 L:Wf0r8>mlfl:1

[fa(2) = Al2)|| <

1 1-1 n s
(o) ) oL O By e, _ (20 Dplel[®
1— 2(2n+1)s _ 9 n n(2(2n+l)s _ 2) :

1
2(@ntDs—1)

Hence the proof is complete.
The proof of the following Theorem and corollary is similar tracing to that of Theorem 4.2 and Corollary 4.3.
Hence we omit the proofs.

Theorem 4.4 Let f, : E — F be a even mapping for which there exist a function ¢ : E*"T1 — [0,00) with the
condition

. 1
kILII;O ﬁ((”?‘xm Hf‘rla T 7’{?‘%2717 ’ifon—Fl) =0 (65)
%

where k; s defined in (56) such that the functional inequality

Hqu(anx17 e 7x2n7x2n+1)|| S g(x()a'rlv e 7$2nax2n+1) (66)

for all xo,z1,- -, Top, Tont1 € E. If there exists L = L(i) < 1 such that the function

2= (@) =¢(3).

has the property
P(x) = L w7 9 (ki) . (67)
for all x € E. Then there exists a unique quadratic mapping Q : E — F satisfying the functional equation (6) and

Ll—i
1-L

1fa(2) = Q)| < ¥(x) (68)

forallx € E.

Corollary 4.5 Let f,: E — F be a even mapping and there exits real numbers p and s such that

@ p
2n+1
(1) p Z [lz;]1° ¢, §<2 or s§>2;
=0
2n+1
Df, (xg, - ,xap < s 69
H q( 0 2 +1)|| (m) p H ||$jH , s < (2n2+1) or s> (2n2+1)}. ( )
=0
2n+1 2n+1
@) pS T P+ D Nl p ¢y s< @z o 5> man
j=0 7=0
for all kg, x1, -+, Ton, Tont1 € E. Then there exists a unique quadratic function Q : E — F such that
2
(i) 2,
& :
iy G Dl
n|4 —2s|
1fle) - Q@) < ]| Ds (70)

(Zm) n|4 _ 2(2n+1)s|
) ) (2n+1)s
iy 20 2l
n‘4 _ 2(2n+1)s|

forallz € E.

Now, we are ready to prove the main fixed point stability results.
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Theorem 4.6 Let f : E — F be a mapping for which there exist a function ¢ : E*"*1 — [0, 00) with the conditions
(55) and (65) where k; is defined (56) such that the functional inequality

IDf(xo,z1,- - s Ton, Tant1)|| < (@0, @1, T2n, Tant1) (71)
for all xg,x1,- -, Top, Tont1 € E. If there exists L = L(i) < 1 such that the function
T
2= (@) = £(3).

has the properties (58) and (67) for all x € E. Then there exists a unique additive mapping A : E — F and a
unique quadratic mapping Q : E — F satisfying the functional equation (6) and

Ll—i
I () = Alz) = Q@) < T—F (¥(2) + ¥(~2)) (72)
forallx € E.
Proof. Tt follows from (48) and Theorem 4.2, we have
Ll—i

Fola) = A@)] < 57 () + (1)) (73)
for all x € E. Also, it follows from (49) and Theorem 4.4, we have

1 Ll—i
I5:(2) ~ Q) < 1 (b(a) + () (74)

for all z € E. Define

f(@) = fe(@) + folx) (75)
for all x € E. From (73),(74) and (75), we arrive

1f(z) = A(z) = Q@)I| = [fe(2) + fol(z) — A(z) — Q@)|| < [[fo(z) — A@)[| + [ fe(z) — Q)]

1L

< 57 [0@) +9(-2)) + (b(a) + v(-2))
Ll—i

< T W) + ()

for all x € X. Hence the theorem is proved.
The following Corollary is an immediate consequence of Theorem 4.6, using Corollaries 4.3 and 4.5 concerning
the stability of (6).

Corollary 4.7 Let f: E — F be a mapping and there exists real numbers p and s such that

Ps
2n+1
p{Z||xl|é}7 87&172;
i=0
2n+1
|Df(zo, s 2n41)] < 1 2 . (76)
" p 3 T Nl ¢ § 7 Gnl): EngD)
27:4:r? 2n+1
ATt o {3 v 4 e
i=0 i=0
for all xg,x1,- -+ ,xopn, Tonr1 € E. Then there exists a unique additive function A : E — F and a unique quadratic

function Q : E — F such that

11
P\% " 30 )
(2n + 1)pl|x||* 1 + !
P nj2—2s] " nld—27] )’

2n+1)s

1f(z) = A(z) - Q2)|| <

(
pllzl| nj2 — 2(2n+1)s| + nl4 — 2(2n+1)s\ )’
1

(2n + 2)pl|]| >V

n|2 _ 2(2n+1)s| + TL|4 _ 2(2n+1)s|)
forallz € E.
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5. Basic results in Banach algebra

Here after, through out this paper, let us consider X and Y to be a normed Algebra and a Banach Algebra,
respectively.

Definition 5.1 A C'—linear mapping A : X — X is called Additive Derivation on X if A satisfies

A(zy) = A(z)y + zA(y) (78)
forall x,y € X.

Definition 5.2 A C—linear mapping A : X — X is called Generalized Additive Derivation on X if A satisfies
A(z1zo - xp) = Alxy) (2 2p) + -+ + (x129 Y1) Aly) (79)
for all x1,x9, - x, € X.

Definition 5.3 A C'—linear mapping Q : X — X is called Quadratic Derivation on X if Q) satisfies

Q(zy) = Qx)y* +2°Q(y) (80)
forall x,y € X.

Definition 5.4 A C—linear mapping Q : X — X is called Generalized Quadratic Derivation on X if Q
satisfies

Qz1wa -+ wn) = Qar) (@3- ay) + oo + (2w ah 1)Qan) (81)

for all x1,z9, - x, € X.

6. Stability results: direct method

In this section, we investigate the generalized Ulam-Hyers stability of the functional equation (6).

Theorem 6.1 Letj = +1. Let f, : X — Y be an odd mapping for which there exists a function ¢ : X*"*1 — [0, 00)
with the conditions

1 B . ) )
lim (270, 2", 200, 2 020 1) = O (82)

7nl£noo Wp(27n]x07 2m]$17 T 72mJ$2n7 Qme2ﬂ+1) =0 (83)

satisfying the functional inequalities

|Dfa(xo, 1, s Ton, Tont1)|ly < C(@o, 21, s Ton, Tony1) (84)

and

fa(zox1 - Ton®ont1) — fal(xo)(@1 - TanTopy1) — -
- (foxl te f%)fa(@nﬂ)”y < p(x()vxla ce ,$2n,$2n+1) (85)

for all xg,x1,- -, Ton,Tan+1 € X. Then there exists a unique additive derivation mapping A : X — Y satisfying
the functional equation (6) and

o) =A@y <5 Y 556() (56)
k=

for all x € X, where {(x) and A(x) are defined in (28) and (29) respectively for all x € X.
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Proof. By Theorem 3.1, A(x) is a unique additive mapping which satisfies (6) for all zg, z1, - - -

follows form (85) and (83),

HA(:z:oxl o @onTant1) — Azo)(1

: '332n$2n+1) - - ($0$1 T $27L)A(562n+1)HY
= 2(2”%)7” fa(@M@o2Mmy -+ 2" 2002 @on 1) — fa(220)(2M @y -+ - 2" 202 op 1) —
— (27202 @+ 2" 2) fo 2" @20 |
< Q(Q,L%)mp@’"rco, 2Mx1, 2™ 29, 2" Xop y1)

—0 as m —

Thus the mapping A : X — Y is a unique additive derivation mapping satisfying (6).

49

, Lon, Toant1 € X. It

Corollary 6.2 Let p and s be nonnegative real numbers. Let an odd function f, : X — Y satisfies the functional

inequalities
HDfa($07I1, te ,Izn,$2n+1)||y
P,
2n+1
p{ZHxZHfX}, s<1l or s>1;
i=0
< 2n+1
o P { H |Iz||§(}7 s < (2n1+1) or s> (2n];i-1)’.
2n+1 2n+1
{ H | I% + { Z ||9Cz||X}} s < (2n1+1) or s> (2n1+1)7'
‘ fa(xoz1 -+ TopToni1) — fal@o)(@1 - - Ton®ont1) — -+ — (Toxy - '$2n)fa(9€2n+1)H
P
2n+1
p{ZHxZH}}, s<1l or s>1;
< et 1 1
H [EZIES S< @ ° 52 @arn’
2n+1 2n+1
p{ 1T Ml + { > ||$i||i§<}}v $< @y O 5> @arny
i=0 i=0

for all xg,x1,- -

p
& :
@n+ Dpllz][5
2n|2 — 25& ’
Ia(e) = Ay < ¢ plla &
2n|2 — 2@2n+1)s|
(n+ Dpllal| g
n|2 — 2@n+1)s|
forallxz € X.

Theorem 6.3 Letj = +1. Let f,: X — Y be an even mapping for which there exists a function ¢ : X2 +1

with the conditions

1 ) )
Jim (220, 2™, 22, 2 2 0) = 0

(87)

(83)

s Ton, Topt1 € X. Then there exists a unique additive derivation function A : X — Y such that

(89)

— [0, 00)

(90)
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’ﬂlgnoo Wp(2m]x07 2m]x17 e 72m]x2n7 2mjx2n+1) =0 (91)

satisfying the functional inequalities
| D fq(xo, 21, T2n, Tant1)lly < C(To, @1, s Ton, Tont1) (92)

and

Fo(@omy -+ wanon 1) = fo(wo) (21 - 3,25, 41) — -+

— (ot a3 ) fooznrn) | < plwo,@1, -+ @on,@2041) (93)

for all xg,x1, -+ ,xop, Tonr1 € X. Then there exists a unique quadratic derivation mapping Q : X — Y satisfying
the functional equation (6) and

1120~ Q@)lly < 7 > 56@9a) (94)
2

_1-J
)

for all x € X, where £(x) and Q(z) are defined in (28) and (41) respectively for all v € X.

Proof. By Theorem 3.3, Q(x) is a unique quadratic derivation mapping which satisfies (6) for all xg, z1, -+ , Tan, Zant1 €
X. It follows form (93) and (91),

|@@ors - -wanrani) = Qao)(at - adadn) = - = (e - -a3)Qwans) |
1
= 9@nt)m qu(meOszl < 292" a4 1) — fq(2m$0)(2m$% T 2m$§n2ngn+1) -
— (2"af2"ad 270, £y (2 )|
Y
1

< mp@mﬁo, 2"y, 2Ty, 2" Ton11)

—0 as m —

Thus the mapping @ : X — Y is a unique quadratic derivation mapping satisfying (6).

Corollary 6.4 Let p and s be nonnegative real numbers. Let an even function f,: X — Y satisfies the inequality

Hqu(waxh e 7$2n7x2n+1)”y

P,
2n+1

p{ZHleﬁ(}, §<2 or s§>2;
i=0
2n+1

< 95

p { H lzill% ¢ 5 < (2n2+1) or s> (2n2+1)" (%)
277%—?? 2n+1

R o | R
i=0 i=0

| fa@ows - w2n@anir) = falao) @3+ a3, 1) = - = (afad - ad) fa@anrn) |

P,
2n-+1

p{ZHxinfx}, §<2 or §>2;
n+

< 96

P { H zill% ¢ s < (2n2+1) or s> (2n2+1); (56)
2;?? 2n+1

P{ I Nalls + { > ||5Ui||§(}}v S<@an O > man)
i=0 i=0
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for all xg,x1,- -+, Ton, Tant1 € X. Then there exists a unique quadratic derivation function @ : X — Y such that

L

& ;
2n + 1)p||z||%
2n|4 — 2SL ’
Ifo(@) = Q@)lly < 9§ pllaf|Z*+D"
2n|4 _ 2(2n+1)s|
(n+1)p||z|| "
’I’L|4 _ 2(2n+1)s|

(97)

forallz € X.

Theorem 6.5 Let j = +1. Let f: X — Y be a mapping for which there exist a function ¢ : X?"1 — [0, 00) with
the conditions (82), (83), (90)and (91) such that the functional inequalities

HDf(anxla e 7$2n7x2n+1)”Y S C(x()axla e 7$2n7x2n+1) (98)

and (84), (85), (92)and (93) for all xo, 1, ,Ton,Tant1 € X. Then there exists a unique additive derivation
mapping A : X — Y and a unique quadratic derivation mapping Q : X — Y such that

o0 ki ki oo ki ki
5@ - a@ - @@y <3 |5 3 (G2 + 8552 ) v & (G2 +552) (99)
k=151 k=151

for all x € X, where £(x), A(z) and Q(x) are defined in (28), (29) and (41) respectively for all x € X.
Proof. The proof is similar to that of Theorem 3.5.

Corollary 6.6 Let p and s be nonnegative real numbers. Let a function f: X — Y satisfies the inequality

HDf(warlv e vx2n7m2n+1)”y
0,
2n-+1
p{z ||x7«||X} 57&1;27
2n+1
< 1 2 . (100)
H |f”z||x} S F @arD) @)
2n+1 2n+1
i=0 i=0
forall xg,x1,- -+ ,xopn, Tant1 € X. Then there exists a unique additive derivation function A : X — Y and a unique
quadratic derivation function @Q : X — 'Y such that
1 n 1
P\on " 6n )
@0+ ol (o551 + =)
n pllz ( ,
1£(2) — A@) — Q) < 2nf2 2] 2nlt -2 (101)

(2n+1)s

pHSCH 2n|2 _ 2(2n+1)s| + 2n|4 _ 2(2n+1)s|)’
1

(2n + 2)p| |||

n\? _ 2(2n+1)3| + n|4 — 2(2n+1)s|)
forallz € X.

7. Stability results: fixed point method

Theorem 7.1 Let f, : X — Y be a odd mapping for which there exist a function ¢ : X?"*t1 — [0,00) with the
conditions

1
khrgo 7<(’% Lo, Hkxly ) Hfl‘an /ff.fg,H_l) =0 (102)
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1
: k k k k
e (R 2o, K1, e K T i T2nt1) = 0 (103)
K>
K3

where k; is defined in (56) satisfying the functional inequalities

|Dfa(xo, 1, s Ton, Tont1)|ly < C(@o, 21, s o, Tang1) (104)

and

fa(xoxl tee x2n$2n+l) - fa(xO)(xl te $2nx2n+1) -

— (zoz1 - "wzn)fa(a?an)HY < p(xo, @1, Ton, Tant1) (105)
for all xg,z1,- -, Top, Tony1 € X. If there exists L = L(i) < 1 such that the function
T
o= v = £(3).

has the property
v(x) =L ki ¥ (KkiT) . (106)

for all s € X. Then there exists a unique additive derivation mapping A : X — Y satisfying the functional equation

(6) and

Llfi
1-L

[fa(2) = Al2)]ly < () (107)

forallx € X.

Proof. By Theorem 4.2, A(x) is a unique additive derivation mapping which satisfies (6) for all x € X. It follows
form (105) and (103),

HA($0$1 ce $2n$2n+1) - A(xo)(xl ce $2n$2n+1) - (1'05[51 ce wzn)A($2n+1)HY

1
= m“f(”fxoﬁfxl S Ko Tang1) — f(R0) (R - - K Ton k] Tont1) — -+
K

i
- (’inEOH?Il s fozn)f(ﬂfmzn-u)uy
1

< Pl
HZ(_ZnJrl)m

m m m m
2Mx0,2Mx, -+, 2" @, 2" Tont1)
—0 as m —

Thus the mapping A : X — Y is a unique additive derivation mapping satisfying (6).

Corollary 7.2 Let f,: X — Y be a odd mapping and there exists real numbers p and s such that

HDfa($07331,"' a$2n71‘2n+1)”y
@ p
2n+1
(i) p Z lz;ll% ¢ s s<1l or s>1;
j=0
2n+1
< 108
=) (iiid) p H 255 ¢ 5 < 7(%14_1) or s> 4(%1“); (108)
j=0
2n+1 2n+1
() pq IT il +3 D Nzl p ¢ s< @y o 5> @ornys
j=0 j=0
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‘ fa(iﬁofvl ce I2n172n+1) - fa(xo)(xl e 'IQnIQnH) - (Iofl?l e 'Izn)fa(l”an)HY
@ p
2n+1
(i) p Z IEZIA s<1l or s>1;
j=0
< 2n+1
= Giii)) p <[] Hasll® g $< G O 5> Gy
j=0
2n+1 2n+1
@) o TL sl 3 Dl p ¢y s< ey or s> iy
j=0 j=0

for all xg,x1,---

s Ton, Topt+1 € X. Then there exists a unique additive derivation A : X — Y such that

, p
(/L) %n7 .
n|2 —2s] 7

| fa(z) — A(2)[ly < pl|z||@n+Ds

(i)
(iv)

n|2 _ 2(2n+1)s|
(20 + 2)pla] G+
Tl‘2 _ 2(2n+1)s|

53

(109)

(110)

(111)

(112)

forallz € X.
Theorem 7.3 Let f;: X — Y be a even mapping for which there exists a function ¢ : X*" 1 — [0, 00) with the
conditions
. 1
lim —p (ki o, w1, K T2n, K T2nt1) = 0
k—o0 Ky
hm WP(KLIEZI)O’ K:;Cxl) e aﬂfz2n7 H§x2n+1> - 0
k—o0 Ky

where k; is defined in (56) satisfying the functional inequalities

Hqu(J?o,ﬂCla"'

and

s Zon, Tant1)|ly < C(To, @1, -+ Ton, Tany1)

fa(zomy - Tap@ony1) — folwo)(ad - a3,25,,1) —

2

— (ot -+ a3 folwznrn) | < plao,@1, o @on,@2001)

for all xg,x1,- -

has the property

, Ton, Tant1 € X. If there exists L = L(i) < 1 such that the function

z— ()= £(3).

V(@) =L &7 ¢ (riz).

(113)

(114)

(115)

for all x € X. Then there exists a unique quadratic derivation mapping @ : X — Y satisfying the functional
equation (6) and

Ll—i

1fg(z) = Q)lly < =7 (=)

forallx € X.

1-L

(116)
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Proof. By Theorem 4.4, Q(x) is a unique quadratic derivation mapping which satisfies (6) for all z € X. It follows
form (114) and (112),

|Q@ow -+ 2anwansn) = Qo) (@t - -ad,08,00) = -+ = (afat - 23,)Qeznrn)|

1
_ 2k, . 2k 2k 2k 2k 2k 2 2k, 2 2k 2
= (2n+1)meq(K’i Tok; T1 Ky Tonky T2nt1) — fq(K] o) (K] Ty -+ Ky @5, K7 T ) — -
K
(3
2k 2, 2k, 2 2k .2 2k
— (ki agRi @y - K7V ag,) fo (K3 $2n+1)HY
2k 2k 2k 2k
< (2n+1)mp(/€¢ To, Kj 1,0 5 Ky Tan, K Tant1)
K>
K3

—0 as m —

Thus the mapping @ : X — Y is a unique quadratic derivation mapping satisfying (6).

Corollary 7.4 Let f,: X — Y be a even mapping and there exists real numbers p and s such that

Hqu(-/L‘Oaxlv e 7x2n7x2n+1)||y
@ p
2n—+1
() p Z lz;ll% ¢ s §<2 or s§>2;
j=0
2n+1
< 117
-] (i) p H |lzjll% ¢ > s < (2n2+1) or s> (2n2+1)? (1
j=0
2n+1 2n+1
(iv) p H |lz;lI% + Z ;1 I% » 8< (2n2+1) or s> (2n2+1);
§=0 =0
| fa@ows - wn@anir) = falao) @} - a3ad, ) = o = (afad - -ad) fa@anrn) |
@ p
2n+1
(i) p Z EARE §<2 or s§>2;
§=0
2n+1
< X 118
i) p 3 I] loslli b S< gk or s> s
j=0
2n+1 2n+1
@) pq T lesllx+9 D llwslik ¢ ¢ s<@amy o s> @omi
§=0 =0
for all xg,x1,- -+, Ton, Tant1 € X. Then there exists a unique quadratic derivation Q : X — Y such that
O
I ESVIIES
n|4 — 25| 7
1f4(z) — Q2)]ly < p||z||@n+Ds (119)

(iid)
(iv)

n|4 _ 2(2n+1)s|
(n + Dpll||n+1
n|4 _ 2(2n+1)s‘

forallz € X.

Theorem 7.5 Let f: X — Y be a mapping for which there exist a function ¢ : X2+t — [0, 00) with the conditions
(102), (103), (111) and (112) where k; is defined in (56) such that the functional inequality

HDf(anxlv e a$2nam2n+1)”Y S C(x()axlv e ,m2n7x2n+1) (120)
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and (105), (114) for all xg,x1,- - ,Ton, Tont1 € X. If there exists L = L(i) < 1 such that the function
x
z—u()=¢(3).
has the properties (106) and (115) for all x € X. Then there exists a unique additive derivation mapping A : X —Y
and a unique quadratic derivation mapping Q : X — Y satisfying the functional equation (6) and
Ll—i
17(2) — Ale) = Q@)lly < T (b(a) +i(~2) (121)
forallz € X.

Corollary 7.6 Let f: X — Y be a mapping and there exists real numbers p and s such that

HDf(anxlv e 7x2n7$2n+1)”y
P,
2n+1
p{z ||‘r1|s}’ 53&1727
i=0
2n+1
< . 122
) p{H”xi” : 7 Gy @ 122)
bl 2n+1
s s 2 .
P{ |24 +{Z|x1| }}a #@T{&-U’m’
i=0 i=0
and (105), (114) for all xo,z1, - ,Ton, Tant1 € X. Then there exists a unique additive derivation function A :
X —Y and a unique quadratic derivation function Q : X — 'Y such that
1f (@) = A(z) = Q(2)lly
1 n 1
P\2n T 6n )
@0+ Dpllell (g + e
n Pl s )
. n|2 — 2%  nld4— 25| (123)
o (2n+1)s
p||xH n|2_2(2n+1)s| + n4_2(2n+1)s|>’
1
(2n+1)s
(2n + 2)p] ||| n|2 — 2@n+Dys| + nld — 2(2n+1)s>
forallz € X.
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