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Abstract

A class of nontrivial axially symmetric wave solutions to the Yang-Mills equations with SU(2) symmetry is studied. It
describes transversal non-Abelian waves propagated at constant phase velocities through axially symmetric sources of
Yang-Mills fields along their axes. In the considered case, the Yang-Mills equations are reduced to a system of six
nonlinear partial differential equations. These equations are studied for a special class of axially symmetric sources
satisfying a differential equation of charge conservation. From them partial differential equations of the first order for
only the Yang-Mills field strengths are derived. To investigate these equations, a special method is proposed. As a result,
their exact solutions are found. Using them, exact formulas for the field strengths and potentials in the non-Abelian
waves under examination are obtained.
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1 Introduction

The Yang-Mills field theory is one of the greatest achievements of the XX century, which plays a leading role in
modern quantum physics [1-3]. At the same time, the whole area of its applications can concern not only quantum
physics but also classical physics [4-6]. To explain this point of view, let us consider powerful fields caused by very big

charges and currents. In them not only photons but also massive Z° and W* bosons could be generated, which are
carriers of weak interactions. In such cases, the Maxwell equations may be incorrect since they are applicable to fields
for which only photons are their carriers. On the other hand, there are Yang-Mills equations with SU(2) symmetry
which are a nonlinear generalization of the linear Maxwell equations and play an important role in various models of

electroweak interactions caused by photons and Z° and W= bosons.
For this reason, the classical Yang-Mills equations with SU(2) symmetry can be also applicable to the case of powerful

field sources with very big charges and currents, when Z° and W* bosons may be generated, along with photons.
These equations can be represented in the form [1-3]

D, F =0, F " 1 geynF"“ AT = (4x1c)I* @)
Fluv —pupkv _gv pku _gg  AlH AT )

where A" and F*#V are potentials and strengths of a Yang-Mills field, respectively, k,I,m=12,3; 4#v=0,12,3,
and the summation over repeated indices is implied, J*" are three 4-vectors of source current densities, &, is the
antisymmetric tensor, &,3=1, ¢ is the constant of electroweak interactions, D, is the Yang-Mills covariant

derivative, 0, =8/x*, x* are space-time coordinates of the Minkowski geometry, x° =ct, x' =x, X’ =y, x* =z,
t istime, and x,y, z are spatial rectangular coordinates.
As is well known, the Yang-Mills field strengths F kv satisfy the following identity [1-3]:

D,D,F““" =0 (3)
and hence, the Yang-Mills equations (1)—(2) have the consequence
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D,I*" =0, +gend " AT =0. (4)
From here on, we will consider the field sources J*" of the form
‘]1,1/:‘11/7 JZ,V:J&V:O, (5)

where JV is a classical 4-vector of current densities.
Then from (4) with k=1 and (5), we come to the differential equation of charge conservation

8,3 =0. (6)

It should be noted that the Yang-Mills equations with SU(2) symmetry are covariant under rotations of the vectors J*”
in the three-dimensional gauge space [1-3]. That is why the considered case of field sources of form (5) can be
extended to sources of the form

J k,V — ®kvv , (7)

where ® and V" are arbitrary functions.
Indeed, field sources of form (7) can be reduced by gauge rotations to sources of form (5), where we should put

JV =0V'and (©)% = (0")? +(©%)% +(©°%)?. Therefore, sources of form (7) satisfy the differential equation (6) of
charge conservation, where JV =@QV" .

It is evident that the Yang-Mills equations (1)—(2) with field sources of form (5) have the following particular Abelian
solutions:

A2,V =A3,v =O, FZ,,uv= F3,,uv=0’ J2,v =J3,v =O,

(®)
0, F Y =(4xlc)d™, FMY =0 AY —g" AN,

where the field potentials A and strengths F#"satisfy the Maxwell equations.

At the same time, there exist classes of non-Abelian solutions to the Yang-Mills equations (1)—(2) with the field sources
of form (5) and a number of them were found in Refs. [4-6].

Besides, the Lagrangian and energy-momentum tensor of Yang-Mills fields are related to their strengths by the same
formulas as those of Maxwell fields. That is why the Yang-Mills equations (1)—(2) with the field sources of form (5)
can be regarded as a reasonable nonlinear generalization of the linear Maxwell equations.

One of the important problems is a search for non-Abelian wave solutions to the Yang-Mills equations. It should be
noted that in Refs. [7-15] non-Abelian plane waves and their generalizations were studied and in Refs. [16, 17] a class
of expanding non-Abelian waves propagated outside their sources was investigated.

In the present paper, we investigate non-Abelian waves propagated through axially symmetric sources of Yang-Mills

fields. Consider the Yang-Mills equations (1)—(2) in the case of axially symmetric sources J K of the following form
conforming to (5):

I =%, p), I =Xt p) I =yitmp) I =0 p)

J 2,V — J3,V :0’ (9)
n=ax’-z, p=yx?+y?, o=const,

where j are some functions of the wave phase «x® —z and the radial coordinate p .

These expressions describe waves propagated at the phase velocity wc through Yang-Mills field sources in the
direction of their axis of symmetry z .
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Let us seek axially symmetric wave solutions to the Yang-Mills equations (1)—(2) with the considered field sources,
given by expressions (9), in the form

A =uk@m, p), At =xv (. p), AP = WK p) AP =wH(n,p). (10)

Substituting expressions (10) into formula (2) for the field strengths F*#" we find

F %= xg“ (m,p) F*%=ya"(.p), F*%=5s"(n,p), ”
9 = avl + @/ puk - gegnu'v™, ¥ = ol —uk - gegau'w™,

where uf =au*/an, uf =aou*/9p, and also obtain
E k12 — O, F k,13 — th (77, p), E k,23 — yhk (77, p)’ (12)

h¥ =—(1/p)W; —v,'; —gegmV'w™.

Let us now substitute expressions (9)—(12) for the field sources, potentials, and strengths under examination into the
Yang-Mills equations (1). Then we come to the following system of equations:

Py +29° =S5 = Geym (p7Q'V" +5'W") = ~(471¢) |°5 (13)

@ty + N +geyn @'u™ +h'w™) = (47 /¢) 5, , (14)

)y + phs + 20" + geyn (s'u™ — p?h'v™) = (47 /¢) 6, (15)
where

5,=1 &,=5,=0. (16)

In section 2, we will study the obtained system of equations (13)—(16) in the case of transversal non-Abelian waves and
reduce them to a system of six nonlinear partial differential equations. In section 3, we will examine the six differential
equations and find exact formulas for the field strengths in the considered transversal non-Abelian waves. In section 4,
we will obtain exact expressions for the field potentials in such non-Abelian waves. In section 5, we will examine a
subclass of the obtained wave solutions satisfying an additional differential condition which expresses the conservation
of the intrinsic energy of a field source when Yang-Mills field quanta are created inside it.

2 Investigation of transversal non-Abelian waves

Consider the case of transversal non-Abelian waves in which the vector of energy flow is parallel to the direction z of
their propagation. Then we should put

Fk03 _gk _. (17)
From (11) and (17), we have

(w* —u*), - geymu'w™ =0. (18)

Multiplying (18) by ew* —u® and summing the product over k, we find, taking into account the antisymmetry of Exm s
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3
d S (wk —u")? =
— > (ow" —u")“ =0. (19)
dnia

Let us assume that the considered waves are absent and have zero potentials when 7 <0. Then, as follows from (19),
we have

uk = ok, (20)

From (11), (12), and (20), we obtain
< = —ah. (21)

Substituting equalities (17), (20), and (21) into equations (13)—(15), we come to the following system of equations:

0 ;3

iT=a7, (22)
phk +2h* —gp?e '™ = (47 /¢) j°5, (23)
A-?)(hy + geynh'w™) = (47 /) j*5, . (24)

It should be noted that the following sources j°, j° can satisfy the equality (22) which are the sum of the
sources j, j7 and jJ, j3 with different signs of the charges of their carriers:
I°=i i =i+,
it =a(, p)l+oB@.p), i3 =—a@ p)l-ob 0. p)l. (25)
iL=ih 13 =-12h

where a(n, p)), B (1, p), and B, (n, p) are arbitrary functions.
First, consider the particular case @ =+1. Then from (20)—(24) and (12), we derive

uk =4wk, gf=ph*, j°=+j3 =0, =41, (26)

phy +2h* —gpPeuh'v™ = (47/¢) 5, (27)

hk = —[(1/p)W; +v,'; + gV WM. (28)
Let us put

3 1/2
h =(Z(hk)2J . (29)
k=1

Then multiplying equation (27) by h* and summing the product over k, we obtain, using (16) and the antisymmetry of

Ekim »
ph, +2h=(4x/c)j*ht/h. (30)

Besides (30), equation (27) gives the relation of the functions vk to the functions h* and j%. As to equation (28), it

relates the functions w* to the functions v and h* .
Taking into account (29), we can put
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h' =hcosg, h? =hsingcosy, h*=hsingsiny, (31)

where gand y are some differentiable functions.
Then from equation (30) we find that the function h with no singularity at o =0 has the form

4 1 .
h=—=[pi’cospdp. (32)
Co o

Thus, the sought functions h* can be found by formulas (31) and (32) in the particular case @ ==+1. In these formulas
@ and y are arbitrary differentiable functions of the arguments 7 =+x° —z and p .

Examine now the system of equations (23) and (24), describing the transversal non-Abelian waves under consideration,
for arbitrary values of the parameter o .
Let us use equalities (4)—(6). From them we readily find

2,d%" =0, J"A?=0, J"A’=0. (33)
Taking into account (9) and (10), from (33) we obtain

iy + Ay +2J" =, =0, (34)

juk —p? vk — jPwk =0, k=23. (35)

Owing to (5), we can choose a gauge rotation about the first axis in the gauge space so as to also fulfill equality (35)
whenk =1.
Then because of (20) and (22), equation (35) acquires the form

P2iIVE +A-0?) Wk =0, k=123, (36)
Using equality (22) again, we can represent equation (34) as

piy+2jt=1-0%)j). (37)
Let us denote

fX=p%n%, a=p?jtI0-w?), b=/°. (38)
Using (38), we can rewrite equalities (36) and (37) as

aov® = —bwk, (39)

a,=b,. (40)

Let us turn to equations (23) and (24). Using (38) again, we can represent them in the form

f X —gpegnf'v™ = (4x/c)s,, (41)

fo + Qe f'W" = (47/c)ad, . (42)
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3 Field strengths in transversal non-Abelian waves
Consider equations (39)—(42). From equation (39), we have

vk =bok, wk =—paO'k, (43)

where o =¥ (7, p) are some functions.

Substituting (43) into equations (41) and (42), we obtain

fX=bA, f¥=al, (44)
where

Ay =Bz 1c)Sy + gpsgn f'lo™ . (45)

Consider now the expression for the functions h¥ in formulas (12). As follows from (38), (43), and the antisymmetry of
Eam» Itacquires the form

f* = pl(pac*), - plbc™),1. (46)
Let us turn to solving equations (44). From them we easily obtain
k k
af ; —bf,’ =0. 47)

It should be noted that we can find exact solutions to the partial differential equations (47). They are given by the
following proposition.

Proposition 3.1: The partial differential equations (47), where the functions a and b are defined in (38) and satisfy
equation (40), have the following exact solutions:

P
=0k, £=[bdp, b=p’(r.p). (48)
0

Here ®* (&) are arbitrary differentiable functions which, as follows from (38), satisfy the condition

®*(0)=0. (49)

Proof. Indeed, from (48) we have, taking into account (40),
P P
&,=b, & =[bdp=a,dp=a, (50)
0 0

fX=@"@), ff=o"de)b, 1) =(@o*/do)a, (51)

where it is used that because of (38), a=0 when p=0.
From formulas (51) we easily come to equalities (47), which is what we set out to prove.

Because of the arbitrariness of the functions @, the obtained formulas (48) give the general solutions to equations (47),
since they are partial differential equations of the first order.

Let us now substitute expressions (48) for the functions f k and formulas (51) for their derivatives into equations (44)—
(45). Then these equations acquire the form
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dDX /d& - gpey, @' o™ = (471C)S,, 8 =1 5,=05,=0, (52)
where we have taken (16) into account.

Multiplying equations (52) by @ and then summing them over k, we obtain, using the antisymmetry of Em »

Zsltbkdtbk/dfz(@z/c)(bl. (53)
k=1
Besides (53), from equations (52) we derive
o2 1 d®® %) 0 s 1 do? @) o
god'(§) dg  @'(¢) ged'(§) d5  @'(¢)

(54)

The obtained relations (11), (12), (17), (21), (38), (48), and (49) give the following formulas for the field strengths in
the considered transversal non-Abelian waves:

FAO = —(axl p1)@ (), F*% =—(ayl p?)@* (&), F =0, (55)

Fi42=0, F'3=(x/ p?)@" (&), F % =(y/p")0" (&) (56)

OO =0, £=[ai'p =@ -zp), (57)
0

where ®¥ (&) are arbitrary differentiable functions satisfying relation (53) and equal to zero when £ =0.
Let us put

ol =dcosy, ®*=dsinycosy, ®*=dsinysiny,

2 3 ky2 (58)
O=0@), r=y7(&), x=x), ®0)=0 (®)°= ()"
k=1
Then from equation (53) we find
¢
do/d& =(4rn/c)cosy (&), D= (47r/c)J’cos;/(§)d§ . (59)
0

Formulas (55)—(59) describe the Yang-Mills field strengths F“#¥for the considered class of transversal non-Abelian
waves propagated at the constant phase velocity wc through field sources in the direction of their axis of symmetry z .
This class is determined by two arbitrary differentiable functions y(&) and (&), where £ is defined by the second

formula in (57) and depends on the wave phase wx® —z and coordinate p .
4 Field potentials in transversal non-Abelian waves
Let us turn to equations (46). From them and the formula in (48) for the functions f k. we obtain

(pac"), — plbc®), = &)/ p. (60)

Using equality (40), from (60) we easily derive
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a(pc) , —b(pc*), =0 &)/ p. (61)

Consider expressions (54) and represent them in the form

ok =M¥ (&) p+N¥ (&), k=23, (62)
where
YR P S VRPN TP O (63)
gd'(&) dS gd'(&) d& (&)

Let us now prove the following property of equations (61).

Proposition 4.1: Equations (61) with k =2,3 are consequences of equation (61) with k =1 and equalities (50) and
(62)—(63).

Proof. Consider the derivatives of the functions ,002 and pa3. From (62) we derive, using equalities (50),

(b0 ), =(AM /&) b+ (AN* /d&)bpo™ +N* (po) ,,

(po"), =@M /d&)a+(dN* /dé)apo + N pol, k=2,3. o
These equalities give

a(po*), ~b(po*), = N*[a(po™) , ~blpo™), ], k=23, (65)
From equation (61) with k =1 and equalities (65), we find

a(pc), —b(pc*), =N¥®'/p, k=23, (66)

Taking into account the formula for N kin (63), from (66) we obtain equalities (61) with k =2,3, which are exactly
what we set out to prove.

Consider now equation (61) with k =1 which has the form
a(po) , —b(pot), =)/ p. (67)
First, let us note that equation (67) becomes trivial in a region where j3 =0, since in it we have b =0 and & = const ,

as follows from (48).
To solve equation (67) when j3 # 0, let us introduce the inverse function

p=p(,) (68)

for the function & = &(n, o) of form (48):
P P 3
&=[bdp=[p’mp)dp (69)
0 0

in an arbitrary domain where j*>0 or j*<0.
Then we can put
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pot =P(n,&), (o)™ =Q(n.&), (70)

where P(7,&) is an unknown function of the arguments 7 and &and the function Q(7,&) can be determined from the
expressions for £and b in (48).
From formulas (50) and the first equality in (70), we find

(po-l)p = bP§! (ml)q = Pr] +aP§ ' (71)
Therefore,
a(pot) ,, —b(pc™), =—bP, . (72)

Using this equality, we can represent equation (67) in the form

bP, =-0*(&)/ p. (73)
Equation (73) and formulas (70) give

P, = Q&P &), o =Pl p=—U p)(@*(O)[Qu.Odn + Py (&), (74)

where P, (&) is an arbitrary function.

From formulas (62), (63), and (74), we find expressions for the functions k. Using these expressions and formulas

(10), (20), (38), (43), and (48), we can determine the Yang-Mills field potentials A% for the considered class of
transversal non-Abelian waves.

5 Transversal wave solutions of the Yang-Mills equations with an additional
condition

As is seen from formulas (55)—(59), the obtained Yang-Mills field strengths generated by given field sources of form
(9) are not determined uniquely. This can be explained by the fact that the Yang-Mills equations (1)—(2) with field
sources of form (5), and in particular of form (9), are not independent. Namely, as follows from formulas (3) and (5)—
(6), they are related by the differential identity

D, (D,F**" —(4x/c)J*)=0 when k =1. (75)

That is why we should find an additional equation to uniquely determine the field strengths FX“Y  For this purpose let
us introduce the following expressions:

347 = 3% —(cg 1 4m) g F VAT (76)
Then the Yang-Mills equations (1) can be represented as

0,F " =(aric)d*. (77)

Since F*#” =—F*" and hence avaﬂFk""”=0, from (77) we obtain the following differential equations of

conservation for the expressions j kv

o,d% =0, (78)
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As follows from (76)—(78), the expressions jk"” can be interpreted as full field sources which include not only the
classical field sources J*" but also Yang-Mills field quanta.

Considerjk'vjkvv. This value should be proportional to the density of the full energy of interactions of the charged
particles in a field source and for it the following additional equation was suggested in Refs. [4-6, 17]:

jk,vjkyv :Jk’v\]kvv, (79)

where 5” — 3% and I, =35,

This equation can be interpreted as a differential condition expressing the conservation of the intrinsic energy of a field
source when Yang-Mills field quanta are created inside it [4-6, 17].

Consider now transversal non-Abelian wave solutions satisfying not only the Yang-Mills equations (1)—(2) but also the

additional differential condition (79). For this purpose, let us turn to expressions (55)—(56) for the strengths F*#" in the
transversal non-Abelian waves under examination.
From formulas (55), (56), (50), and (38), we find

0,F " = ai’do¥ 1d&, o, F“" =x'do* /d¢,

(80)
ka2 ilymk k,u3 _ :34mk
0,F" =yjrd®* /d&, 0,F™ = j°dDd" /d&.
Formulas (77) and (80) give
Jerd >
(4z1c)? 3% 3, =[(@® -1)(i%)% - p?(i*)?1D (do* /d&)? (81)
k=1
and from formulas (9) and (22), we obtain
33, =@ =1(1%)? - p2 (11 (82)
Substituting now expressions (81) and (82) into equation (79), we come to the equation
3
> (dd* 1d&)? = (4x/c)? . (83)
k=1

This equation should be added to formulas (58) and (59) for the functions o~ &).

Let us choose the gauge y = /4 in expressions (58) for d)k(ef), taking into account the equality J%" =J3" =0 in
(9) and hence, the equivalence of the second and third axes in the gauge space. Then substituting formulas (58) for
@ (&) into equation (83), we find

(@) +(@7)? =(@rl0)®, ®=1), y=y(). x=nl4. : (84)
From equations (59) and (84), we obtain

@' =(4rx/c)cosy, @y’ ==x(4x/c)siny. (85)
The two equations (85) give

O'/d=+cotyy' . (86)

Let us integrate this equation. Then we get
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In|®| = +In|siny|+ const . (87)

Choosing the sign ‘“+’ in (87) and hence in the second equation in (85), in order to have their nonsingular solution, we
find
@® =Dysiny, D, =const. (88)

Then substituting expression (88) for the function ®(&) into equations (85) and taking into account that the sign ‘+” has
been chosen in the second of them, we obtain

Ar

7'(6) = Dy’

A
=——&+D;, D,=const. 89
Y cD, g 1 1 (89)
As follows from (59), ®(0) =0. That is why we set D, =0 and from (88) and (89), we get

y:%; @ =Dgysiny, Dy =const. (90)
0

Substituting now the obtained formulas (90) into expressions (58) for @ (&), using expression (57) for &, and taking
into account that the gauge 7 =z /4 was above chosen, we obtain

®1=£sinl, Dzﬁzconst, ®2=®3=@ 1—cos| = ==, (91)
c D 4 c D 4
P 3
| =27[ pi* (. p)dp, (92)
0
where | =1(7, p) is the source current passing along the axis z through the circle x2+y?< p2 orthogonal to it.

From formulas (55)-(57) and (91), we find the following expressions for the field strengths FX“" in the transversal
non-Abelian waves under consideration:

Fl,01:_2a)|eff X Fl,ozz_za’leff Lz FL103 _q,

et ©r (93)
F112 F1,13:2|eff iz F1,23:2|eff Lz
cC p C p
where
Iy =Dsin -], 12 22] pi*(@x® -2, p)d 94
en =Dsin| = |, 1=27] pi*(x° -2, p)dp, (94)
0

and
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201 _ p301_ _ V20D {1_ COS(LH%’

c

F202 _ p302 _ _@{1_COS(LHL F203 _ E303 _
D 2 1 l

c P
(95)
F212 _p312 _ o p213 _ 313 _ V2D 1—COS(LJ RS
1 C D pz )
F223 _ 32 :—‘/ED 1-cos Lj ¥
C D p2
Here D is some constant.
Below we will use the terms ‘actual’ and ‘effective’ for the currents | = I(a)XO—Z,p) and I =Dsin(l/D) ,

respectively, along the axis z through the circle x? +y? < p? orthogonal to it.
It should be noted that when |I|<<|D|, the effective current . practically coincides with the actual current 1 and we

have the Maxwell field expressions for the strengths components F>#"*. The value |D| should be a sufficiently large

constant. Then the obtained formulas (93)—(95) for the Yang-Mills field strengths F**“"can be regarded as a nonlinear
generalization of the corresponding Maxwell field expressions when the actual current 1 is sufficiently large.

Consider equation (77) with k =1 and v = 3. Substituting the formulas in (93) for F*#3 into this equation, we obtain

P
O off /6p=2ﬂp31’3, et (7, p) = 2ﬂjp31‘3(n.p)dp, n=ax’-z. (96)
0

Formulas (96), (76), and (92) signify that the effective current | (77, p) with the density j 13 can be interpreted as the
full current passing along the axis z through the circle x? + y2 < ,o2 orthogonal to it, which includes not only the actual
current 1(r, p) with the density J%3 = j® but also the current of Yang-Mills field quanta.

6 Conclusion

We have studied solutions to the Yang-Mills equations with SU(2) symmetry which describe transversal non-Abelian
waves propagated at constant phase velocities through axially symmetric field sources. Our investigation of such waves
showed that in the case under examination, the Yang-Mills equations could be reduced to a system of six nonlinear
partial differential equations. These equations were studied for a special class of field sources satisfying a differential
equation of charge conservation.

First, we considered transversal waves propagated at the speed of light in which only three differential equations
remained to be solved. After that we studied transversal waves propagated through field sources at arbitrary constant
phase velocities. Investigating the six nonlinear partial differential equations describing transversal non-Abelian waves,
we found their consequences that were equations for only the Yang-Mills field strengths. It was shown that the found
equations for the field strengths had exact solutions. Using them, we obtained formulas for the field strengths in the
examined transversal non-Abelian waves. The further analysis allowed us to find expressions for the field potentials in
such waves.

The obtained wave solutions to the Yang-Mills equations were not uniquely determined, since they contained an
unknown function which could be arbitrary. In order to find unique expressions for the field strengths in the considered
waves, an additional equation was suggested. This equation was regarded as a differential condition expressing the
conservation of the intrinsic energy of a field source when Yang-Mills field quanta are created inside it. Using the
additional condition, we found the unknown function and determined unambiguous expressions for the field strengths in
the transversal non-Abelian waves under consideration.
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