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Abstract

The main aim of this paper is to study the existence of resonance and stability of the triangular equilibrium points in the framework
of ER3BP when both the attracting bodies are sources of radiation at @ =,,a =2, o =3, in both circular and elliptical cas-

es .A practical application of this model could be seen in the case of binary systems ( Achird, Luyten, o Cen- AB, Kruger 60, Xi
Bootis). The study is carried out both analytically and numerically by considering various values of radiation pressures and around
binary systems .In both cases (CR3BP and ER3BP) it is found that «, = w, corresponds to the boundary region of the stability for the

system, whereas the other two cases @, =2w, ,@ =3w, correspond to the resonant cases. In order to investigate the stability, the Ham-

iltonian is normalized up to the fourth order by using linear canonical transformation of variables. Then KAM theorem is applied to
investigate the stability for different values of radiation pressures in general and around the binary systems in particular. Finally,
simulation technique is applied to study the correlation between radiation pressures and mass ratio in circular case; mass ratio and
eccentricity in elliptical case. It is found that all the binary systems considered are stable. Also, it is found that except for some values

of the radiation pressure parameters and for <, =0.0385209; the triangular equilibrium points are stable.
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1. Introduction

The stability of the solar system is a longstanding problem. Three-
body stability is fundamental to astrophysical processes on all
length and mass scales from planetary systems to clusters of gal-
axies. Over the centuries, mathematicians and astronomers have
spent large amount of energy providing stability theorems for
dynamical systems closely related to the solar system. The study
of the stability of an elliptical restricted three body problem of a
Hamiltonian system is generally performed by using KAM theo-
rem.

The nonlinear stability for resonance as well as for the non-
resonance cases of the triangular libration points, taking one of the
bodies as radiating was studied by Manju and Choudhary (1985).
Kumar and Choudhary (1986) investigated the stability of the
triangular libration points for non-resonance as well as resonance
case; taking both the bodies as radiating in circular restricted three
body problems in presence of the third and fourth order resonance.
Bhatnagar (1994) discussed the nonlinear stability of the triangular
equilibrium points in circular restricted three bodies, considering
bigger primary as a source of radiation. The nonlinear stability of
the triangular Lagrangian points, considering the bigger primary
as oblate spheroid in circular case was examined by Markellos
(1996).

The detailed description and the behavior of equilibrium points in
ER3BP were given by Danby (1964), Bennet (1965), Szebehely
(1967) Rabe (1970), Markeev (1978), Selaru Cucu-Dumitrescu

(1994), Halan and Rana (2001). The influence of the eccentricity
of the orbits of the primaries with or without radiation pressure (s)
on the existence and stability of the equilibrium points was studied
by Gyorgrey ( 1985), Grebenikov (1964), Kumar and Choudhary
(1990), Markeellos (1992), Conxita (1995),Shaoo and Ishwar
(2000), Roberts (2002), Floria (2004), Zimvoschikov and Thakai
(2004), Ammar (2008), Erdi (2009), Kumar and Ishwar (2011).
Singh and Umar (2012a), (2012b), Usha et. al. (2014), Narayan
and Singh (2014 a, b, c,).

The present paper deals with the stability of the triangular points
in non-resonance condition, considering both the primaries as
radiating; satisfying the
tions g+ 4, <1 p+p4,>1 & o< p <1 -The study is carried

out for both circular case and elliptical case.

This paper has been organized in various sections: section 1 de-
scribed the introduction Section 2 describes the equations of mo-
tion of the problem, section 3 deals with characteristics roots and
first order stability of the triangular equilibrium points. The exist-
ence of resonance is discussed in section 4 and 5 while Section 6
deals with normalization and higher order stability of the libration
points. Finally, section 7 summarizes the discussion and conclu-
sion of the paper.
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which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.
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2. Equations of motion He_L+9Lbg, 0L,
x o
The differential equations of the motion of the infinitesimal mass
in elliptical restricted three body problem under radiating prima- . .
ries in pulsating system is given as: =-L+pX+pyys
[Narayan and Singh (2014a)]
=L +pe (P +Y)+ Py (Py —X);
e aQ_
-2y = &1
=—L+(p+py°)+ (P —pyX) - (32)
From equation (3.1) and (3.2), the perturbed Hamiltonian function
7 rox =22 of the problem is given by:
oy
X+ o . 1
oo @) (y) G R-%7)-
17— Trecosf .
z @) [ L a- ﬂl ( L a- ﬂz)ﬂ
where +(pi+ py)"‘(piy_pyx) (3 3)
1 1-4) After further simplification the perturbed Hamiltonian functioh in
Q=( ){Eﬁ“ . . } the model of ER3BP considering the photogravitational effect of
! both the primaries having radiation pressure f3; and B, is given as:
ﬂ{ (1—/32)} 17?
2 n 2r _(pE+py) o
—#pr—y —pyX)+
(2.2) I
X+ 1
$=r=A+ecosf)™; 23) 2 1+e cosf (3.4)
. i )
|:(1—ﬂ)[r12+ (l_7ﬂ1)]
B = (K + 72 47 k
w[z+ (M;)H
=K +u-1°+y°+7° (2.4) ? g

where g, 3, is the radiation pressure andf is a true anomaly of
the primaries.

The coordinates of the triangular equilibrium points L, and Ls in
(x,y) plane are given by: [Narayan and Singh (2014)]

X =

B B
H+ 3 3,
[[ 25, Zﬁz}

.
2

217 9 9

(2.9)

3. Characteristics roots and first order stabil-
ity of the triangular equilibrium points

It may be easily verified that the system (2.1) describes the motion
of dynamical system with Lagrangian given by:

L)

2 +(yx_xy)+1+ecosfx
(1 ﬁ1) 22 (1_ﬂ2)
ool S-SR A E- 522
(3.1)
where
p7:%=x*—37 p7=%=7+x*
X ox ! y W

Now, the expression for the Hamiltonian function of the problem
is constructed using the formula given as follows:

Since the two triangular points are symmetrical, the nature of the
motion near the two points is the same. So, the motion of the in-
finitesimal near one of the equilibrium points is considered. For
this, we shift the origin at L,. Let us use the change of the varia-
bles given by:

X=5+0,, Y =n+0,,

Pe=P:+Pi; Py =P, +P; (3.5)

Where the displacement at and near L, is represented as follows:

1 B B
=——pu+22_~-
SE MR

=ﬁ[1_%
2

_%]
9 9]

pﬁ:

_ﬁ[l_m_@} :

2 9 9

b B

=T

3 3 (36)

1
p”_E_

The solutions for equation (3.6) in the new variables are given by
the equilibrium position:

0, =9,=p,=p,=0

3.7

Now expanding the Hamiltonian function given by equation (3.4)
in the powers of p; and q; as:
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=Y H, =Hy+H,+H,+H,
K=0
+H,+H +...

(3-8)
where

=H (&7.p,.p, ) =constant; H,=0. (3.9)

Now, the Hamiltonian given by equation (3.4) is expanded using
equation (3.5). The terms independent of p;, g; and those having
order more than one are neglected. Thus, the Hamiltonian is repre-
sented as follows:

2+ 2
H :%Jr(plqz*pzch)Jr
(@ +giecosf 1 N (3.10)
2(1+ecosf) 1l+ecosf

Q- wa-B)T) 7+ ul-B)70) "}

After further mathematical manipulations and using Taylor’s theo-
rem the Hamiltonian is given as follows:

o Pirpl
2

@’ +g))ecosf
2(L+ecosf)

(G5

1 138 3f 5,5
2{% [7 +ﬂz)+2q1%[ 4\/= «/:J

5 78 21 31p 3P,
+q, (4+ ﬂz)} {1(8+ 8 2 jJr

+3qlzqz[ 33 175 583, ﬂzj

+(pd, — P.0;)

8 sf 83
]

N 23[ 93 23{@ 11,[@}

24

+4qfqz[ 75 53534, 2043, ﬂzj

16 48 3
J6qq? (123 L 656, 35ﬂ2j

1 (111 854, 25ﬁ2J
6 16 2

16 16 2

4q1q2[135f 265\35, : «ﬁﬁz]

16 16
( 9 1954 45/32j
4. 16 2

_ua-p) (“&j

_ ,u(l_ﬂz) x
1+ecosf 3

1+ecosf

H,=PitPs

s g1
(a2

(30414

+q,° [%*ﬂ +7ffzj}

(2, 38_38)
6 8 4 8

-3J3 584 175,
+307q 2[ ) 83 8\/=]+
33 A 435
a2 4. )
o[98 1434 23V3p,
9| g 4 8
+ L (ﬂ_@_%j
24 6 2 16
4% 75f 20\3p, , 53543,
iz 3 48
22 (123, 356, , 655,
e

+a,03 {’fzﬁ vsiap, - 250 ﬁzj

q;(g_ 454, , 195§, ]H
16 2 16

(3.11)

Equating the coefficient of 2™, 3%, 4™ order we get:

+(p1q2 - p2q1) +

2

(a7 +qg2)e cosf 1

2(l+ecosf)  (L+ecosf )X

s oe(2]

(3.12)

AP P 3uB | 3P

4 2 4 4

. :%[%,ﬂ+%+%j

4 {9 9 9 9

K - 3302w

4 (3.13)

For sake of convenience, let us substitute:

1

Hy==+A; H,=K -B; H,, =§+A

8 8

(3.14)



International Journal of Advanced Astronomy

29

The equation (3.12) reduces to the form:

p1 +p? e cosf
H —
R 2+e cosf )
1
x(0f +03) -

2(1+e cosf )X
(H 07 +H,0,0, +H07)

where,
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4 2 4 4

I

8

|
|-
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5
H,
'8 4 2 4 4

H3:771 X
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4. Existence of resonance in circular case.

The existence of resonance for m, =w,, @ =2w, ,0, =3w, has been

analyzed in the model of elliptical restricted three body problem
under the radiating primaries for the particular case, e=0. The
Hamiltonian for the circular problem up to the second order term
is obtained, which is expressed as follows:

+
H,= Pt 5 P: +(pd, = P0,) +

{Hzoch2 7C|1Q2H11 - Hozqs}

(4.1)
where H,,, H,, and H, are defined by the equations (3.16).

If H, is of positive definite form, then the equilibrium points are
stable for all orders as given by Liapunov’s (1956). Otherwise
stability can be investigated by Arnold’s theorem [1963(a, b)] .In
order to apply Arnold’s theorem, H2 is normalized using linear
transformation of variables as given by Markeev (1978). Restrict-
ing to H, and using the canonical transformation the characteris-
tics equation takes the following form:

A=(@1-2H,)  -24-Hy
22-H,,  A*—(1+2H,,)

(4.2)

After further calculations the characteristics equation reduces to
the form:

24422 +{27,u(l_/‘)}{1+ 2p " Zﬁz}zo
4 9 9
(4.3)

If w; and w, be the frequencies then we put A? =-w” and the equa-
tion satisfied by the frequencies is given as:

o' -’ +{727#(1_#)}{1+%+%} =0
4 9 9
(@)
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If o1, o, be the frequencies corresponding to the equation (4.4)
then o =-2%, and o} =-12,

2

1 1_27/”(1_/1)X
2__j2 _Z|q1_

1-27u(1-u)x)"

1
of =~y =5 |1+ ( +ﬂ+%j
9 9

(4.5)

We discussed the following cases:

Casel. Assuming o= 0 i.e. 1}, =42,

l.e. roots of the characteristics equation are equal. Therefore, dis-
criminant is equal to zero.i.e.

1-27u(l— )L+ 25,19+ 23, 19) =0 (4.6)
ie.
27(1+%+2—§2)y2—27(1+%+%)y+1:0 4.7

Since u s%, the positive sign is inadmissible. Hence, the region of

stability in the first approximation can be written as:

O<u<
(4.8)

Thus, the value of x responsible for stable equilibrium points is
given by:

4o, =0.03852088—0.008917 3, — 0.008917 3,
(4.9)

When g, B, vanishes, ., =0.03852088,
Case2. Assuming o,=20; i.e. 12, =412,
ie.

675(1+%+2—§2)y2—675[1+%+%jy+16=0 (4.10)

Solving for p, the resonance value is obtained as:

4o, =0.02429396 —0.00553648 3, — 0.005536483,

Case3.If o;=3m, i.e. A%, =942,

(4.11)
i.e.

675(1+%+%)y2—675(1+%+%),u+9:0 (4.12)

Solving for p, the resonance value is obtained as:

Moz =0.0135167 —0.0029629 5, —0.0029629 53,
(4.13)

The critical value 4, usually corresponds to the boundary of the

region of stability of the linear system and hence the case is not
being considered in our further investigation. Taking into consid-
eration of the range of stability, it is found that the range which we
defined for, x4, <0.0385208 the condition , =, will not be sat-

isfied .The condition of the range of stability is satisfied for
@, =w, When g >0.0385208

From equation (4.11) and (4.13) it is clear that resonance is possi-
ble for o, =2m,,, =30,

Figs.1-5 are representing the correlation between p and ©;, ®, for
e=0
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Fig. 1: Correlation between p and w;, w, for e=0 when 3,=.01, 3,=0.02.
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The correlation between B, and p for circular case for various
values of radiation pressure is shown in fig. 6-13. 2 00w
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5. Existence of resonance in elliptical case.

Considering equation (3.5) and expanding the Hamiltonian func-
tion H, in powers of ‘e’ up to the first approximation we get:

2,2
H,= Py zpz +(P1q2_qu1)+

1 5
{(g"’A)qf _(k -B )qlqz_[§+qu22i|

o et

(6.1)
The characteristics equation in this case is given by:
2 —
/14+[l+e—]/12+{727ﬂ(1 ﬂ)}x
2 4
25, | 25, -
{1+71+?2}(1+e2) =0 (5.2)

Proceeding in the same manner as in section 4, the roots of the
characteristics equation are represented as:

0)12:_112‘2
2 12
eZ
) [1+f] —27u(1-p)x (L+e?)
, 1 € 2
=3 (-%)-
x(1+%+%]
9 9
a)zzz_jsz.zt
2\2 12
€ 2
) 1+ | —27pu(1-u)x(@+e?)
, 1 [ e ] 2
wZ_E 1+— |+
x(l+%+%j
9 9 (5.3)

Again considering the three cases as follows:
Case 1.Assuming, 0= 0, i.6. 1%, = A2,

Then, solving for 1, we get:

Hoz, = 0.03852088 - 0.0089173, -
0.0089174, +e*(0.03009 -

0.006687 3, — 0.0066873,) (5.4)

This value corresponds to the boundary of the stability region.

Case2.
Let 01=20; i.e. A}, =44,

Hence, the value of 1 is given as:

Hoze =0.02429396 —0.00553648 5, —
0.0055364843, +¢“(0.0046714 —

0.0010383, —0.0010383,) (5.5)
Case3.
Assuming o= 3w, i.e. A5, =947,
Again, solving for p we get:
Moz =0.0135167 —0.0029629 3, —0.0029629 5,
+e(0.010277 — 0.002839 3, — 0.0028393,) (56)
5.

Table-1land Table-2 (see appendices) shows the values of p corre-
sponding t0 o =, @ =2m,and o, =3w, satisfying the condi-
tions g+ B, >L B, 5, <Ll.and B+, <L B, B, <lrespectively.

It is clear from Table 1 and Table2 that the corresponding values
of p are less than the critical value for every combination of the
radiation pressures taken which states that the resonance condition
exists for @, =2w,,, =3w, in both circular and elliptical cases.

Figs.14-18 show correlation between p and oy, o, for e=0.0489.
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Figs .19 -22 are depicting correlation between e and y for various ~ €=0-0489 which is shown below.
values of radiation pressure.
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6. Normalization and higher order stability of
the libration points

In order to investigate the stability of the libration point, the Ham-
iltonian H is normalized by Birkhoff’s method to the following
form and then KAM theorem is applied.

2 2
H = o —o,l, +C,I" +C N1, +Co,l, +

o(r,+1,)*
(6.1)

In this section KAM theory is applied which can be stated as fol-

lows:

If the Hamiltonian of the perturbed motion is such that:

1) The characteristics equation of the system with H has purely
imaginary roots,

2) naw+n,m, =0, where n,n, are

integers  satisfying

0< |ny|+[n,|<4,
3) D =@ +Cwm, +Copaf #0,
Then, the equilibrium points are stable.
In order to analyse further we applied KAM theorem, for which
linear canonical transformation of variations is used as given by:

(qquzvp1rp2):(q '1rqlzrp'1rplz)N (62)

Where,

& at —ac al(l_a)lz bl)
N = 8, 8,C, —8,Cy az(l_a’zzbz)
a1b1 al(l_bl) a,C;
0 -a,b, -a,(1-b,) -ac,
(6.3)
and
12 12
_if ey Y12,
&= wf-112) 7 2\ @t -1/2
l,=1+af +2H,; 1,=1+af +2H,,
blzg; bzzg
I I,
Cl=_H11;CZ _H11
I, I,
(6.4)

The transformation (6.2) reduces the Hamiltonian to the following
form:

H = (p + ofa?)-3(p? + oia?) +

‘o
Z_ ha],azrﬁ'],é'qu lqz Zpl

a+5=3

8 6,

P,

(6.5)
where, a=o+ay; 5=8,+5,.

The Hamiltonian H; can be expanded in
H ,=H ooospz3 +H ooaopl3 +H oaooqz3

the following form:

+H go000l;’ + H 530001, + (6.6)
[ PG S +H0,0,P,P,
Similarly H4 can be expanded as:
H4 = H0004p3 + Hooaopl4 + Hoaooqgl +
H ooy +-evvveeees +Hy11,0,0,P: P,
(6.7)
The coefficient of third and fourth order terms of

andh, .. .
“«%% can be given as:

Poozo = afbe 0300+

.3 2
Pageo =85 (H 3000 +€1H 2100 1 H 100

h

@ @0, 6,

+C;H gan0);
hmzo = a13b12 H 1200 +30,H 0300);
hZOlO = al3b1(H 2100 + 2C1H 1200 + &:;LZH 0300);

h0120 = alzazb12 (H 1200 +36,H 0300);

h2001 = _aizazbz (H 2100 26 H 1500
+30/H g500);

h1011 = _2a12a2b1b2 (H 1200 + &:IH 0300 );
Pisso = 2878,0,[H 5100 + (€, +C,)H 120
+ &:1(:2 H 0300];

h0021 = —3afbfb2H 03007
Pasoo =878, [8H g0 + (26, +C,)H 100 +
C1(Cy+2€,)H 0 + 3C12C2H o0’
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huges = —2,850,° (H160 +4C,H gug0);
1002 alb a? (H 1200 + 3: H 0300)
Pizor = =8,8, 0, [3H 5160 + 2(C; +2C,)H 550
0210 a132b (H 2100 +2c 2H a0 +3] Hoaoo) +3C2(201+C2)H1300 +126102H0400]v
Poorz = 33,8, b zb H oo Pgay = aiazb (H 3100 +26,H 500
hizoo = 858,[8H a0 + (€, +26,)H 516 +362H 1300 + 47 H 4100); ©8)

46, (20, +C,)H 10 + 3C1Cz H os00l;
h0111 = _Zalzazzblbz (H 1200 +3¢,H 0300);

Ry, = _Zazzalbz[H 2100 T (€1 +C)H 100
+36.L,H 00 ];

0102 a2b21(H 1200 + &: H 0300) h0201 a'zsbz (H 2100 + ZCZH 1200 + 3':ZZH 0300);

0102 aZb (H 1200 + &: H 0300) hDOOS a23b23H 0300;

_ .3 2
Nozo0 =@, (H g0 +C5H 5100 +C5H 0 +

C3H ) 0040 alb HOAOO"
2" 10300/

—_ a4 2
h4000 - a:l (H 4000 +C1H 3100 +C1 H 2200 +

C13H 1300 +C14H 0400}
hzozo = a14b12 (H 2200 +30H 1300 + 6(:12 H 0400); hoozz = GafazzbszzH 04007
Pason =878, [6H 4500 +3(C, +C;)H 5100 +

2
(Cl +4C1C'2 +CZ)H 2200 +‘?£1C2(Cl +CZ)H1300
2.2 .
+6C1C2H0400]7

hzooz = aizazzbz2 H 2200 +301H 1300 + 6C12H 0400);

0220 azb (H 2200 +3: H 1300 + &: H 0400)

h 04 :a;bz4Ho400;

haseo =85 (H 000 +C,H 5100 +C3H 5200

+€5H 1300 +C5H o400 )i
Doz =830, (H 500 +36,H 1200 +667H 0400); Doy = —42,250.0,°H 0
1300 ala [4H 4000 + (c + &: )H 3100

4eciH oa00 T 26, (€1 €, )H 50

+€5 (36, +C,)H 0 ];

Ry, = a1a23bzz[2H 2200 T3 +C;)H 1500

+12(:1C2 H 0400 ] ;

hozn = _2a231b1b2[H 2200 +3,H 1300
+6C,H gu00];

0112 3a1a2b b (H 1300 + 4C H 0400)

Again the Hamiltonian is reduced to a more convenient form
which is suitable for further investigation by using the following

canonical transformation:

A A I
qlzaq TP
@

p1=§|a)1q 1P

S
q- 2sz2pzv

—Lognip?
pa= 5 20 2 IP .
Thus, the Hamiltonian (6.5) may be written as:

H =iwg,p, +iw,p, +

S oy "y "Gy "6
Zsh wais, GGz PP

a+5=

If h = =x

60,

2,016, +1y @250, then’

1

X o030 = h0030 2 hzom ; Yooo = thZO 3 haooo;
2} @ @

1 3 _ 3@ h 1

X020 = _E h1020 - wa hsooor Y1020 = h

0030 2010 '
20

, 1 [2)
Xop0 = _?2 h0021 + a h1110 + 2760212 h2001;

,
Yoo = _E hmzo - ﬁ h1011 + 270)12 hzmo;

1 1
X1 = _a)1h0021 - hzom; Yion = “a h0120 +— hzmo;
(2} @, @,

1

1
X002 = _% h0111 - E hmoz + Ta)z hlZOO;
2 2

h +1h

@ @ .
Y == h001z + 0210 11017
2 202 22

1 1
X012 = Mooz +—5 Moo — P00
o} w0,

1 1 1
Yooz =~ h0111 - hmoz t— h1200;
@, @y @,

(6.9)

(6.10)
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_* . _ .

Xom =~ hmoz + hlZOD' Yo = *wzhomz T hozml
@ 0, )

-, 3 3w? 1
Xoz1 = 42 Pt — 2 Posoos Y ooon = 42 Pogos +Z Poaoa;
W,
-1 1
Xooos =~ howz +— hoaoov
a)Z a}Z

1
Y o003 = *hoooa +— hozmv
a)Z

(6.11)

The other coefficients of third order terms are obtained by the
formula:

h WS, (y wass, TIX ajaza;zsz)
-y Sy
—, ,
« T4 D
2 2

Using Birkhoff’s  transformation (q;,p;) —(a;,p;) , all the third

order terms from the Hamiltonian (6.10) is nullified provided the
third order resonance does not occur. This transformation is intro-
duced by means of the generating function which is given as fol-
lows:

$=0; Py +Q,P, +S3+S,;

(6.12)
. 0S, 05
where, g, =q; 24
g =q; + o, +8pi
w08y 0S, . .
T=pl 2424 (i =12
P =P +6qi +aqi (i=12)
(6.13)

Using equation (6.4) and (6.6), expanding and equating the terms
of the same degree on the two sides, we obtain:

H',@,.0,, 0, . P, ) =H,(@, .93 P, P;)

S| _Osg0H 5 05 OH, |,
= ap| ap|I ) 6q| apl

H;(0,.9;, P, P;) =H (.95, P;, P;) =0;

g man, moan] o
Gl oop; oa;  oq; op; t
o g o oMy Bs o]

‘Gl opea) ogqep|
_KA;

(6.14)

where, K, is the term other than the homogeneous ones in q; p;
and @y, p2. In equation (6.14) the new variables g,and p, can be

replaced by g,and p, by implicit function theorem.

Since our system is autonomous we have: % = % =0

Again, if we put

~ o s s
Ha= 3 N, 00000 PP ™0 S0= 2 040000002 “Py P,
a+d=.

a+0=

Using (6.14), we get:

ih "tjvﬂzaivﬁz
(o, =6, +(a, = 6,) 0,

Yoy as0, =

With the help of the third equation of (6.14), the new Hamiltonian

inclusive of the fourth order terms is given as:

where,
Ke=H,@ 9 P P ) —h'ay 2ps °

(@ P)@2 P2 )~ o8z 7P,
(6.15)

-
Cyp = -h zozo_%(x 02030 + ygoso) -
3 1
a (X 12020 + y12020) + E (X 12011 + y12011)

2

2

@ 2 2
(X2t +
20,20, ) (X120 + Y o120)
a)za)
m (X 5021 +y (?021)
, 20?
Cy=Nuyy— — (x 12002 +y 12002)
0)1(0)1 - 2(02)
2
w, .
m (X + Y o12)
2
@, 0,
- m * (X021 T Y 021
20}

2 2
- 2o —w)o (X 0120 + Y 0120)
Y

+ Z(X Olllx 1020 + y Ollly 1020)

4
- (X 0201y1011 +X 1011y 02017 )
@,
3w?
_h' 2 (v 2 2
c02 - h 0202+ 8 (X 0003 + y0003) +

6, 2 2
— (Xoa01+ Y go0n) —
a)2
2
a)z

D g2y
Za}l(a)l _20)2)( 1002 y1002)

1
- E (X 02111 +y 02111)

2
00,

OO (g2 g2 oy
8(a)1+2a)2)( 0012 yOOlZ)

, 3 3 1 .
h 2020 = _E a’lzhoozto - Twlz h4000 - E hzozov

. @
h 111 = wla)zhoozz + hzzoo +— huzzo
100, @,

+&h
@

2002
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N 00 = — @, Mooy = =5 Nosoo = = Nozoas
0202 2 0004 0400 02027
2 2w,° 2

(6.16)

Now, KAM theorem is applied where the values of
D =C,,@’ +Cymm, +Cpaf #0 is calculated. Tables 3 and 4 show

different values of D satisfying p;+B,<1 and B;+f,>1 respectively.
Table 5 shows the values of D for the binary systems ( Achird,
Luyten, o Cen- AB, Kruger 60, Xi Bootis) .It is found that D#0, in
all the cases of radiation pressures taken in general and in binary
systems in particular. (See Appendices for table)

7. Discussion and conclusion

The existence of resonance and stability of the Lagrangian trian-
gular equilibrium points in ER3BP is investigated considering
both the body as radiating; under the non-resonance case using
KAM theory in circular as well as elliptical cases. This work is
generalization of the work of [Narayan and Singh (2014)] by con-
sidering the third and fourth order resonance for different values
of radiation pressures satisfying both the conditions

B+B>L B +B<1,8,5 <1 in general and binary systems in

particular. It is noticed that the system experiences resonance at
@, =2w,, @, =3w, for different values of radiation pressures in cir-

cular and elliptical case. The case « =, corresponds to the

boundary region of the stability for the system both in circular and
elliptical cases .It is observed that resonance of the third and
fourth order exists in ER3BP under the radiating primaries for all
values of x, B, 5, taken.

Also it is found that in case of binary systems «, =w, occurs
since x> 0.0385209

It is clear from table 4 that
for 1=0.025,4=0.1 B, =0.5D =-5803.5 ; and

for 4=0.02543 =0.1, 3,=0.05D =8846.7 there is change in the

sign of D for both circular and elliptical cases. This change in sign
suggests that for x=0.025and B =0.1 there exists 0.05<3,<0.5

such that D vanishes. Similarly, it is observed that for
#=0.025, 3 =0.1, there exists B, such that 0.04< s, <0.4 for which

D=0 in both the circular and elliptical cases. It is noticed that,
expect for the two cases discussed, KAM theorem is applicable,
hence showing that the triangular equilibrium points are stable.

It is seen that the binary systems (Achird, Luyten, o Cen- AB,
Kruger 60, and Xi Bootis) are stable as D#0. It is also found that
except for some cases for all values of the radiation pressures and
for 4<0.0385209 the triangular equilibrium points are stable.
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092 019 00301 00190 00106 00268  0.0183  0.0059 e T Py
070 040 00307 00194 00108 00287  0.0184  0.0059 : : : : s : :
070 050 00301 00191 00106 00278 0.0179  0.0052 0005 092 019  -24571x10 ~2.2368x10
0.90 009 00313 00198 00111 00297  0.0190  0.0067 0.005 092 079  -14705x10° -1.3442x10°
090 019 00308 00195 00109 00288  0.0184  0.0060 0.005 092 089 -1.5015x10° -1.3737x10°
030 080 00307 00194 00108 00287  0.0184  0.0059 0010 072 049 -3.4213 x10° -1.4939x10°
0.30 0.90 0.0301 0.0191 0.0106 0.0278 0.0179 0.0052 0.010 0.72 0.59 -3.3800 x10* -1.4107x10*
0.30 0.80 0.0307 0.0194 0.0100 0.0287 0.0184 0.0059 0.010 0.72 0.89 -3.9107 x10* -3.6163x10%
050 060 00307 00194 0.0108 0.0287 00184  0.0059 0010 072 099  -43317 x10° -4.0109%10°
050 070 00301 00191 00106 00278  0.0179  0.0052 e 06 00 6wl Py
0.60 050 00296 00187 00105 00287 00184  0.0059 : : : : A : .
060 060 0030l 00191 00106 00278 00179 00052 0010 082 089  -3.7221x10 -3.4341x10
070 040 00307 00194 00108 00287  0.0184  0.0059 0010 082 099 -4.0951x10* -3.7835x10"
070 050 00301 00191 00106 00278 00179  0.0052 0.010 092 0.09 -5.2180 x10* -4.7519x10*
020 070 00319 00202 00112 00260  0.0168  0.0038 0015 070 040 -2.0233 x10* -1.8562x10*
0.20 0.81 0.0313 0.0198 0.0110 0.0295 0.0189 0.0065 0.015 0.70 0.50 -2.1860 x10* -1.8523x10*
0.80 080 00281 00178 00099 00243  0.0157  0.0025 0015 080 030 -2.1816x10* -1.9943x10*
0.80 090 00276 00175  0.0098  0.0234 00152  0.0018 0015 090 019  -25133x10° -2.2915x10°
090 070 00281 00178 00099 00243  0.0157  0.0025 s 08 O el el
090 080 00276 00175 00098 00234 00152  0.0018 : : : : . : .
0015 030 090 -3.1119x10 -2.9130%10
0015 030 080 -2.7543x10* -2.5753x10*
Table 2: Values of p at w1=w,, 01=20,, w1=3m, When B;+B,<1. 0025 050 060 -3.8796x10° 3.7364x10°
] ; ‘;:0 . . 320'0489 . " 0025 050 070 -50133x10° -4.8078x10°
1 2 1 02 03 0le 02e 3e 3 3
003843 0.024238 001348 0038 0024 0013 025 050 050  -22754x10 LB
001 0 1 6 5 4 2 4 0.025 060 0.60 -3.2053x10° -3.0871x10°
0oy 00 003834 0024183 001345 0038 0024 0013 0025 070 040 -1.0171x10° -1.0183x10°

: 1 3 6 5 3 2 4 0.025 070 050 -1.8149x10° -1.7656x10°
00y 00 003825 0024128 001342 0038 0024 0013 0.025 070 070  -3.4763x10° -3.3318x10°

’ 2 5 9 5 3 il 3 0.025 070 0.80 -4.4176x10° -4.2228x10°
0.01 g.o 2.03816 2.024074 2.01339 2.038 2.024 2.013 0.025 0.80 0.80 -3.6712x10° -3.5071x10°

0.030 050 0.60 -4.100x10° -3.9019x10°
il 2.0 8.03808 2.024020 2.01336 (1).038 8.024 2.013 0TEn 06D 075 G [P
00 003799 0023966 001333 0038 0024 0013 0030 050 080  -58530x10° -5.5678x10° +64.951i
001 ¢ 3 1 5 0 0 1 0030 050 090 -6.8962x10° -6.5618x10%+83.781i
001 00 003790 0020124 001333 0037 0023 0013 0030 060 070 -4.2184x10° -4.008x10° +80.513i

: 6 6 3 0 9 9 0 0.035 040 080 -5.8297x10° -5.5488x10° +1.064x107 i
001 0.0 0.03782 0.023858 0.01327 0.037 0.023 0.013 0.035 0.40 0.70 -4.9641x10° -4.7236x10° +1.275%10%

' 7 0 9 0 8 9 0 0035 040 080 -5829x10° -5.5488x10° +1.1064x10%
il g.o 2.03773 2.023805 3.01324 3.037 g.ozs 3.012 0035 080 090  -68488x10° -3.3612x10° +1.2392x10%
0.00 00 003842 0024233 001348 0038 0024 0013
1 1 3 1 2 4 2 4
0.00 00 003833 0024178 001345 0038 0024 0013
1 2 4 1 2 3 2 4
0.00 00 003842 0024123 001342 0038 0024 0013
1 3 6 4 2 2 1 3
0.00 00 003815 0.024069  0.01339 0038 0024 0013
1 4 8 0 2 2 1 2
0.00 00 003807 0.024010 001336 0038 0024 0013
1 5 1 1 2 1 0 2

0.00 0.0 0.03798 0.023960 0.13332 0.038 0.024 0.013
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Table 4: Values of D when B1+f,<1

i By B Values of D at e=0.0489 Values of D at e =0

0.001  0.01 0.02 -2.2480x107 -2.0457x107

0.001  0.01 0.03 -2.2083x107 -2.0097x107

0.001  0.01 0.04 -2.1696x107 -1.9744x107

0.001  0.01 0.05 -2.1317x107 -1.9400x10"

0.005  0.01 0.002  -2.4321x10° -2.2218x107

0.005  0.01 0.003  -2.4321x10° -2.2187x107

0.005  0.01 0.004  -2.4253x10° -2.2156x10"

0.005  0.01 0.005  -2.4218x10° -2.2125%107

0.010  0.001  0.002  -2.4269x10° -4.2750x10*

0.010 0.001  0.003  -2.4235x10° -4.2715x10*

0.010  0.001  0.004  -2.4200x10° -4.2680x10*

0.010  0.001  0.005  -2.4166x10° -4.2645x10*

0.015 0.10 0.20 -2.0880x10" -1.9354x10*

0.015 0.10 0.30 -2.1141x10* -1.9657x10*

0.015 0.10 0.40 -2.1961x10" -2.0437x10*

0.015 0.10 0.50 -2.3345x10" -2.1777x10*

0.025  0.01 0.02 1.9584x10* 1.7642x10*

0.025  0.01 0.03 1.7619x10" 1.5852x10*

0.025  0.01 0.04 1.5882x10" 1. .4268x10"

0.025  0.01 0.05 1.4330x10* 1.2856x10*

0.025  0.10 0.50 -5.8035x10° -6.4762x10°

0.025 0.0 0.05 8.8467x10° 7.8920%10°

0.025  0.10 0.005 1.3043x10° 1.1721x10°

0.025  0.10 0.40 -3.8410x10° -3.7766x10°

0.025 0.0 0.04 9.6539x10° 8.6290x10°

0.030 0.10 0.50 -6.4125x10° -6.1125x10°

0.030 0.10 0.05 -2.1105x10° -2.0514x10°

0.030 0.10 0.40 -5.3322x10° -5.0878x10°

0.030 0.0 0.04 -2.0190x10° -1.9659x10°

0.035 0.10 0.04 -2.6500x10° -2.5216x10°

0.035 0.10 0.004  -2.4638x10° -2.3454x10°

0.035 0.0 0.20 -3.5610x10° -3.3861x10°

0.035 0.10 0.02 -2.5459x10° -2.4231x10°
Table 5: Values of D for Binary Systems

SB;:ta;rr:]es B1 B2 eccentricity Values of D

Achird 0.3949  0.0029 0.0003 0.4970 136.7-298.2i

Luyten 0.5 0.00002  0.000001  0.6200 9.4138-4.2464i

den 04519 00029  0.15 0.5179 -62.9098-3.8063i

GKOr UGEr" 03937 000008 0.00004  0.4100 -1311.6-2624i

XL 0.4231  0.0012 0.0012 0.5117 -99.4820-3.3311i

bootis




