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Abstract
In this paper, we introduce a new subclasses of univalent functions defined in the open unit disc involving Dziok-
Srivastava Operator . The results on modified Hadamard product ,Holder inequalities and closure properties under

integral transforms are discussed.
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1 Introduction

Denote by A the class of functions of the form
oo
f(z) :z—|—Zanz" (1)
n=2

which are analytic in the open unit disc i = {z: z € C and |z| < 1}. Further, by S we shall denote the class of all
functions in A which are normalized by f(0) = 0= f’(0) — 1 and univalent in /. Some of the important and well-
investigated subclasses of the univalent function class S include (for example) the class S*(«) of starlike functions of
order a(0 < @ < 1) in U and the class K(a) of convex functions of order a(0 < o < 1) in U satisfying the analytical

criteria R (i’:ég) > o and R (1 + Z;::;S)) > « respectively.It is of interest to note that f € K(«a) <= zf" € §*(a).

For given two functions f,g € A where f(z) = z+ > anz™, and g¢(z) =z+ > b,z". The Hadamard product

n=2 n=2
(or convolution) f(z) * g(z) is defined f(z) *xg(z) = (f xg)(z) = 2+ i apbp2™, zeU.
n=2

Also denote by 7 the subclass of S consisting of functions of the form

f(z):szanz”, an >0, zel (2)
n=2
studied extensively by Silverman[11].
For positive real values of av,...,q; and f1,...,0m (6; #0,—1,...;5 = 1,2,...,m) the generalized hypergeo-
metric function | F,(2) is defined by

o

_ (@1)n .- ()n 2"
1Fn(2) =1 F(an,. ..o 81,0 By 2) = ;M % (3)
(<m+1IlmeNy = NU{0}z€U)

where N denotes the set of all positive integers and (A)g is the Pochhammer symbol defined by

].7 n=>0
(A)"{ AA+D(A+2) ... (A +n—1), neN. Y
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The notation ; F}, is quite useful for representing many well-known functions such as the exponential, the Binomial,
the Bessel, the Laguerre polynomial (for example see [5]).
Let H(aq,...a;081,-.-,0m) : A — A be a linear operator defined by

H(o,...o561,. .., Bm)f(2) = 2z Fnloa,0o,...00561,02...,0m; 2) * f(2)

= z—l—ZFnanz" (5)
n=2
where
I — (al)n—l e (al)n—l 1 (6)
(Br)n—1--- (ﬁm)nfl (n— 1)! ’
(unless otherwise stated). For notational simplicity, we can use a shorter notation H', [a;] for H(a, ... a5 81, . - -, Bm)

in the sequel. The linear operator H., [a1] is called Dziok-Srivastava operator (see [5]), includes (as its special cases)
various other linear operators introduced and studied by Carlson and Shaffer [3], Ruscheweyh [10] and Owa-
Srivastava [9]. Motivated by earlier works of Aouf et al.,[1] and Dziok and Raina[6] we define the following new
subclass of 7 involving hypergeometric functions.

For 0 < A<1,0<3<1,-1<B<A<10<7vy< 1,welet H]-"i(a,ﬂ,A,B) denote the subclass of T
consisting of functions f(z) of the form (2) satisfying the analytic condition.

zlg;((z)) _
e ; < B, zeU (7)
zF, (z) zF\ (z)
(B —A)y { ) 0‘} - B [ Pz 1}
where
2F (2) ZHE (2) + A2HS (2)
= . 0<A<1 8
Fr(z) (1= NS+ AHT(7) ®)
and
Hf(z) =2+ ) anln2" (9)
n=2

where T', is given by (6).

In our present investigation, we discuss some interesting properties of functions f(z) € H]:,)Y‘(a, B, A, B) based
on convolution. Further we discuss certain closure properties under integral transformation.

In the following theorem we obtain necessary and sufficient conditions for functions f(z) € HF :v\ (o, B, A, B).

Theorem 1.1. A function f(z) of the form (2) is in the class H.?-'j\/(m&A,B) if and only if

> Coan < (1—a)(B—A)py (10)
where
Cn=(1+nA=N[(n-1)(1-6B)+py(B - A)(1-a)l, (11)

and Ty, is defined by (6).

Proof. For |z| =1, we have

()
2F) (ZF)B\(Z) 2F, (2) < ﬁ’ zeU.
(B-Apy |75 -] - B[RE 1]

It is suffices to show that

[2F3(2) = Fa(2)| = BI(B — A)y [2Fi(2) — aFx(2)] = B[2F}(2) — Fa(2)]] (12)
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= i(l +nX =N (n—1)a,lz""!
—B{(B-A)(1—-a)y+ Z(l +nA=N[(B - A)(n—a)y— B(n—1)|Tha,z"""]
< D (A= N(n—1)(1~BB)+ (B — A)(n — a)Tna, — Bv(B — A)(1 — a)
n=2

< 0,by hypothesis.

Thus by maximum modulus theorem f € HF}(a, 5, A, B).
On the other hand suppose that

2F) (2)
NCR.

(B — A)y {ZF;(Z) _ oz} _B [ZF;(Z) _ 1}

Ex(z) Fx(2)

o y(I4+nA=X)(n—1)a,I'n2"
F)\(Z)
(B—A)'y[z(l—a)-‘rzi°=2(1+n>\—)\)(n—a)a,(zl—‘)nz"]—B[Z;’L°=2(1+n/\—>\)(n—1)anl—‘nz"] < ﬁ (13)
FA z

Since R(z) < |z| for all z, we have

Yo o(n=1)(1+nX = N)han|z" !
' ((B — A=)y = XL+ nA = N[(B ~ A)(n —a)y — B(n - 1)]Fnanz|n—1> &

Choosing the value of z on the real axis so that f’(z) is real and letting z — 17, we obtain

> (1 +nx=N)[(n—1)(1=BB)+ By(B - A)(n - a)Tnan < (B - A)(1-a)
n=2
and hence the proof is complete. O

2 Convolution properties for functions in the class H]-})‘(oz,ﬁ, A, B).

In the following section, using the techniques of Schild and Silverman[12] we discuss some convolution properties
for functions f(z) € HF) (v, B, A, B).
Let the functions f;(z) (j = 1,2) be defined by

filz)=2=> an;z" (an; >0;j=1,2) (14)
n=2
then the modified Hadamard product of f;(z) and fo(z) is given by
(oo}
(fixfo)z)=2— Zan71an7gz". (15)
n=2

Theorem 2.1. Let the function f1(z) defined by (14) be in the class H.?—':/\(fh B, A, B) and the function fo(z) defined
by (14) be in the class H]—",i‘(gg, B, A, B). If the sequence {C),} is non-decreasing then (f1* f2)(2) € Hf,i‘(a*, 06,A,B)
where

(1-&)1—-&)[1-BB+py(B—-A)By(B-4A)
(1 + )‘)A(ﬂ,’yvfla Q)A(ﬂa v, 52, Q)FQ - [/87(3 - A)]2(1 - 51)(1 - 52)’

ot =1- (16)
A(B,7,6,2) =[1—BB) + Bv(B - A)(2 - &)]

and
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Proof. In view of Theoreml.1 it is enough to show that

oo

Z (1+nXx—N)[(n—1)(1—BB) + Bv(B — A)(n — a*)]
By(B — A)(1 - a¥)

Fnan,lan,Q S 1.

where o* is defined by (16).
Since f; € 'H}'i‘(fl,ﬂ,A?B) we have

- (1 +7’l)\ - )\)A(ﬁ,%&,n)
2 py(B—A)(1-&)

Fna/ml S 1
n=2

and for fo € H‘F§\(§2’57 A, B) we have

- (1+n)‘_)‘)A(ﬁ77?£27n)
2 py(B—A)(1 - &)

Fnan72 < 1

n=2

where
A(B,v.&,n) =[(n—1)(1 = BB) + By(B — A)(n — &)
and

A(B,7,&2,n) = [(n = 1)(1 = BB) + Bv(B — A)(n — &)].
On the other hand, under the hypothesis and by the Cauchy’s-Schwarz inequality that

— [A(B,7, &, n)]V2[A(B, v, &1,n)] /2
TLZ:Q (1—=&)(1—¢&)

From (18) and (19), it follows that

(I4+nA—XNh/an16n2 <1

i 1 +7’l)\ A ZA(ﬁ Y5 517 )FnA(ﬁa’Ya€27n)Fn
[Bv(B —A))P(1 - &)1 - &)

Gn,10n,2 S 1.

Now we have to find largest o* such that,

i (1 +nA = N[(n—1)1 = BB) + fy(B — A)(n — o]
o By(B—A)(1—a*)

< i (1 +nA — )‘)[A(ﬂa s gla n)}1/2[A<ﬂ7 s 527 n)]l/QFn
J e [67(B = A)lv/(1 = &)(1 - &)

Or, equivalently that

Fnan,lan,Q

V0n,10n 2.

1—a” [AQB, v, &, )] 2[A(B, 7, &2,m)]' /2
n n — 9 — 2
Y () () e =2
where A(B,v,a*,n) = (1 —Bf)(n—1) 4+ By(B — A)(n — a*).
In view of (20) it is sufficient to find largest a* such that
[Br(B - AV - &)1 - &) o 1-a®  AGE&)] ARG 6 n)]
(1+nX = NIAB, 7, 8,0V 2IA(B, 7, &2,n)]V?Tn = /(1= &) (1 - &) [A(B, 7, a*,n)]

which yields
a*[(1+nX = MA(B,7,&,n)A(B,7,2,n)Tn — [Bv(B — A)*(1 - &) (1 - &)
< (1 +nA— )‘)A(ﬁv v glvn)A(ﬁaf%f% n)rn - n[ﬁv(B - A)]2(1 - 61)(1 - "52)
—By(n—1)(1 = BB)(B — A)(1 - &)(1 — &2).
That is ,

ey BB = A — By = BB)(B = A) + [89(B — A1 —&)(1 — &)
o (1 +nA— )‘)A(ﬂ7 Vs £1an)A(6777€27n)F” - [6’7(3 - A)]2(1 - 61)(1 - 62) .

7

(17)

(19)

(20)
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Let
[n[61(B — A)J* — (n — 1)By(1 = BB)(B — A) + [Bv(B — A)P’](1 — a1)(1 — a2)
(1 + nx — A)A(ﬂ7 v 517n)A(ﬁ7"}/7£2,TL)Fn - [BV(B - A)]2(1 - 51)(1 - 52)

Since ®(n) is non decreasing function of n(n > 2),then we have a* <1 — ®(2).
That is ,

d(n) =

o<1 (1-&)A =&)[1 = BB+ By(B - A)|py(B - A)
o (1 + )‘)A(ﬁf}@gh 2)A(ﬂ7 v, @2, 2)F2 - [ﬁ’Y(B - A)P(l - 51)(1 - 52)

and hence the proof is complete. O

Remark 2.2. When oy = a = ag, we have

a1 (1= )*[L = BB + B3(B — A)|#1(B — A)
= NI -8B+ By(B - A2 - a)PT: — [3y(B ~ AP - a)?

(22)

Theorem 2.3. Let the function f;(z)(j = 1,2) defined by (14) be in the class H]:;\(a,ﬁ,A,B). If the sequence
{Cy} is non-decreasing. Then the function

oo

h(z)=z—) (a}1 +a;,)2" (23)

n=2

belongs to the class Hf,’y\((;,/B,A, B) where

2(1— a)*[1 - BB + By(B — A))41(B - A)
(L+N[L—BB+By(B— A)(2— )Ty — 21— a)2[37(B - AP

Proof. By virtue of Theorem 1.1, it is sufficient prove that

i (1+nA—MN[n—1)(1 - BB) + By(B — A)(n—9)]I'y

n=2
Since f;(2)(j

(L4 nA=N)[(n—1)(1 = BB) + By(B— A)(n— )]l * »
Z{ Bv(B— A)(1 - ) }

(14 1A = N)[(n— 1)1 = B) + (B — A)(n — a)[Tnans \°
- nz::z{ By(B —A)(1-a) } =1 (25)

1,2) € HF) (v, 8, A, B) we have

n=2

and

Z ((1+nr—=N[(n—1)(1—8B)+By(B—Am—a)n)? 2
;::z{ By(B—A)(1-a) } an,2

[ (L nA = N)[(n— 1)1~ BB) + By(B — A)(n — a)|Tnanz )’
: Z{ (B — (1 - a) s (26)

It follows from (25) and (26) that

1 ((1+n)x=N[(n—-1)(1-3B B-—A)n—-a)Th)?,
Z {( + )[( ﬂ’)y((B _ﬁA))(:'_ﬂZég )( )} } (an71+an72)§1. (27)

2

n=2

Therefore we need to find the largest d, such that

(L+nA=XN[(n—-1)1 = BB) + By(B — A)(n —5)|l'x
pr(B - A)(1-9)

1[A+nA=N[(n=1)(1~BB) + (B~ A)(n—a)Ta]*
< 5B~ A)(i - a) "=
that is
5<1- =D =BB)BYB - AL —a)® —2n[By(B — AP~ a)* +2By(B - A1 —)*

(T+nr—N)[(n—1)(1— BB) + B1(B — A)(n— 0)]°T' — 2[37(B — A)P(1 —a)?
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Since

2(n — 1)(1 = BB)AY(B — A)(1 — a)? — 2n[By(B — A)A(1 — a)? + 2Bv(B — A)*(1 — a)?
(L+nA—N)[(n— 1)(1 - BB) + B1(B — A)n — 0)°T', — 2[(B — AP (1 — a)?

P(n)=1-

is an increasing function of n, (n > 2), we readily have

B 2(1 — )*[1 = BB + By(B — A)|3(B — A)
(1 + N[ - BB+ By(B — A)(2 — a)PTs — 2(1 — a)2[B4(B — AP’

which completes the proof. O

§<W(2) =

3 Holder’s inequality

Recently, Nishiwaki, Owa and Srivastava [8] have studied some results of Holder-type inequalities for a subclass of
uniformly starlike functions. Now, we recall the generalization of the convolution due to Choi, Kim and Owa [4] as
given below,

Hy(2)=2-) (H af;j) 2" (p;>0,5=1,2,...,m). (29)

n=2 \j=1

Further for functions f;(z) € H}';\(a,ﬁ,A,B)(j = 1,2,...,m) given by (15), the familiar Holder inequality
assumes the following form

() m m [e'e) % m
) (H) <11 (Zag{j> L li=12m) e (30)
j=1 j=1 j=i

n=2

Theorem 3.1. (Holder’s Inequality:) If f;(z) € ’H}Q(fj,ﬁ,A, B),-1<B<A<1,0<f8<1,0<)A<1,5=
1,2,...,m then H,,(z) € H}'i‘(&ﬁ,A,B) with

[12(1 = &)™ —[(1 = BB) + By(B — A)][By(B - A)]°
(L + XD T = BB + By(B — A)(2 = &) — [By(B — A T}, (1 - &)Ps

where (S = 377" pj > Lip; > . L(G=1,2,..,m),q; > 1(j = 1,2,...,m); 30 qij >1).

Proof. Let f;(z) € Hfi‘(fj,ﬁ,A,B)(j =1,2,...,m). Then we have

£<1-

(14 0\ — N[(n—1)(1 = BB) + B1(B — A)(n — &)]
,; By(B—A)(1—-¢) r

nQn,j <1

which in turn, implies that
= (1A - V(- D1 — 8B+ B1(B-An—&).  \¥
(Z By(B - A)(1-¢&) Fnan,]> <1

n=2
m

(;>1 (j= 1,2,...,m);zl =1).

J=i 4

Applying the Holder inequality (30), we arrive at the following inequality

Br(B - A)(1-&)

n=2

S [Z ((1 + 1A= N[(n = 1)(1 = BB) + B+(B —A)(”—@‘)]pn)” aqu-] <1

Thus, we have to determine the largest £ such that

L (1+nA=N[(n—1)1—6B) + By(B— A)(n—¢) i
2 (B~ A1 (H )
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that is,

L (1+nA=N[(n—1)1—6B)+By(B—A)(n—¢
; By(B—A)(1-¢) (Ha )

S | §° (LA = Nln = D= 5B) + 5y (B= An = &)l ¥

Therefore, we need to find the largest £ such that

(1+n\=N[(n—1)(1 = BB) + py(B - A)(n—¢§) ﬁa]
py(B —A)(1-§) I

Tt ((L+nA = N)[(n—1)(1 — BB) + By(B — A)(n — &) %
= H( 51(B— A)(1-¢)) F")

j=1

=i

BN

Since,

ﬁ ((1 +nX—N)[(n—1)(1 - BB) + (B —A)(n—gj)]rn>w—q]

aP7 ‘11 <1( _l>0 i=1.2 m)
BB - A1 -§) >0,j =12

we see that,

Oopi-L 1

[en; ¥ < — . (31)
-:1- m ((EmA-N[(n—)(1=BB)+By(B—A)n—€)] 1 \P 7

J Hj:z( T (B-AN1-E,) =T )

This last inequality (31) implies that
(1+nA=N)[(n—1)(1 - BB) + py(B - A)(n - §)]
By(B = A)(1-¢)
< i +nd =Pl — 1)1 - BB) + By(B — A)(n — &)L
- [1;2:8v(B — A)(1 - &)

FTL

which implies

[(n=1)(1 = BB) + By(B = A)(n = ] [[184(B = A~ (1 = )™

<JJ+nX = NP5 (0 = 1)(1 = BB) + By(B — A)(n — )P (1 — )P

J=i

T+ T — (n = 1)1 - BBIIT[67(B — AP (1 - &)™
H}L(l +nA— )\)p,-—lrgj—l[(n —1)(1=BB)+ py(B—A)(n—¢&)Pi =1,

and T; = [[/L,[Bv(B — A)P7 (1 - &)P.
Let

P+ Y — (= V1= BBTIL[1(B — AP (1 - &)

d(n)<1- —
[T72, (1 +nA = NP0 " (= 1)(1 = BB) + By(B — A)(n — &)|P = 1

which is an increasing function in n, hence we have

[1;2(1 = )P = [(1 = 8B) + By(B - A)|[By(B — A)°
(1 + X)L = BB + By(B — A)(2 = &)l — [By(B — A T, (1 - &)Ps

This completes the proof of the theorem. O

E<p2)=1-
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4 Closure properties under integral transforms

Integral transform of the class H]-'i‘(oz, 8, A,B). For f €S, we define the integral transform

1
tz
we = [ ol
0
where A is a real valued, non-negative weight function normalized so that fo t)dt = 1. Since special cases of \(t)
are particularly interesting such as A\(t) = (1 + ¢)t¢,¢ > —1, for which V) is known as Bernardi Operator [2], and
5—1
(c+1)° 1
At) = t° [ log= >-1,6>0
(t) o) 095 e 0>

which gives the Komatu operator[7].
Theorem 4.1. Let f(z) € HF) (o, 3, A, B). Then Vi(f(2)) € HF) (o, 3, A, B).
Proof. By definition, we have

c ) 1
) = o [ tetiogn- [Z_Zan . ]

0

_1)0—1 c 5 (%S)
W(f)(z) = (I)F(é)—i_l)rl_i)norh l/ t°( logt [z — Zan nyn— 1] dt]

By simple computation, we get

We need to prove that V) (f(2)) € H}"i‘(oz, B8, A, B), it is enough to prove

i (141X — N)[(n—1)(1 — BB) + fv(B — A)(n — )] <c+1

6
Ov(B —A)(1—a) C+TL) Ipa, <1 (32)

n=2

on the other hand by Theorem 1.1, f(z) € HF) (e, 3, A, B) if and only if

i (1+nA—M[n—-1)1 - BB)+ y(B - A)(n—a)]

By(B = A)(1 - ) Fnan < 1.

n=2

Hence EI}L < 1. Therefore (32) holds and the proof is complete.
The above theorem yields the following two special cases. O

Theorem 4.2. 1)If f(2) is starlike of order v then V) f(z) is also starlike of order c.
2) If f(z) is convex of order ~ then V) f(z) is also convex of order «.

Theorem 4.3. Let f € H}"jy\(a,ﬁ,A,B). Then V) f(z) is starlike of order 0 < & < 1 in |z| < Ry, where

=in (1=8)Ch "
= nf{m—s)(B myy T a)ﬁv}

where C,, is defined by (11).

(33)

Proof. 1t is sufficient to prove

2(Waf(2))
Vaf(2)

1’<1§ for |z| < Ry,
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where R; is given by (33)

4
LUNICIR Soaln = 1) (E7) anlal
Vaf(2) oy (51:1)5%'2'”71

Thus

VA f(2) cvn) \1—¢

But by Theorem 1.1, we have

W ey () (1)< (34)

[e%e] Cn
2 G A —am = (3)

)
Comparing (34) and (35), we have (C'H) (%_g) |z|n71 < (B_A)C(YW.ThuS

c+n
s 1
< (20) (-6Cn
T \et1l) (n=(B—-A)(1-a)by '
Therefore, the proof is complete.We state the following theorem without proof. O

Theorem 4.4. Let f € H]-"fy\(a,ﬂ,A,B). Then V) f(z) is convex of order 0 < & < 1 in |z| < Ra, where

el (Y (1-9)C, ﬁ
2= nf{(cﬂ) n(n—f)(B—A)(l—a)ﬁv} (36)
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