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Abstract
The idea of A-statistical convergence of single sequences was studied by Alotaibi [39] and double sequences was
studied by Savas and Mohiuddine [3] in probabilistic normed spaces. The purpose of this paper is to study statis-

tical convergence of triple sequences in probabilistic normed spaces and give some important theorems.
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1 Introduction

The concept of statistical convergence play a vital role not only in pure mathematics but also in other branches
of science involving mathematics, especially in information theory, computer science, biological science, dynamical
systems, geographic information systems, population modelling, and motion planning in robotics.

The notion of statistical convergence was introduced by Fast [8] and Schoenberg [32] independently. Over
the years and under different names statistical convergence has been discussed in the theory of Fourier analysis,
ergodic theory and number theory. Later on it was further investigated by Fridy [9], Salat [31], Cakalli [5], Maio
and Kocinac [19], Miller [21], Maddox [18], Leindler [17], Mursaleen and Alotaibi [24], Mursaleen and Edely [26],
Mursaleen and Edely [28], and many others. In the recent years, generalization of statistical convergence have
appeared in the study of strong integral summability and the structure of ideals of bounded continuous functions
on Stone-Cech compactification of the natural numbers. Moreover statistical convergence is closely related to the
concept of convergence in probability, (see [6]).

The notion of statistical convergence depends on the density of subsets of N. A subset of N is said to have density
0 (F) if

Ly .
§(E) = nan;o - kz_:lXE (k) exists.

A sequence x = (zy) is said to be statistically convergent to £ if for every € > 0
S{keN: |z - >c})=0.
In this case, we write S — lima = £ or z; — £(S) and S denotes the set of all statistically convergent sequences.

The probabilistic metric space was introduced by Menger [20] which is an interesting and important general-
ization of the notion of a metric space. Karakus [14] studied the concept of statistical convergence in probabilistic
normed spaces. The theory of probabilistic normed spaces was initiated and developed in [4], [33], [34], [35], [37]
and further it was extended to random/probabilistic 2-normed spaces by Golet [11] using the concept of 2-norm
which is defined by Géhler [10], and Giirdal and Pehlivan [13] and [12] studied statistical convergence in 2-Banach
spaces.
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Let A = (\,) be non-decreasing sequence of positive numbers tending to infinity such that
)\n+1 <A, +1, A =1

The generalized de la Vallee-Pousin mean is defined by

tn(x):)\ink

" kel,

where I, = [n — A, + 1,n]. Let K C N be a set of positive integers. Then
1
(5>\(K)zlim/\—|{n—)\n+1§k§n: ke K}|
o An

is said to be A—density of K. In case A\, = n, the A—density reduces to natural density.
Mursaleen[23] introduced the A—statistical convergence as follows: A sequence x = () is said to be A—statistically
convergent or Sy—convergent to £ if for every € > 0

1
lim—[{kel,: |zx—¥ >¢e}.

The existing literature on statistical convergence and its generalizations appears to have been restricted to real
or complex sequences, but in recent years these ideas have been also extended to the sequences in fuzzy normed
[36] and intutionistic fuzzy normed spaces [15], [29], [30], and [16]. Further details on generalization of statistical
convergence can be found in [25], [26], [27] and [28].

2 Preliminaries

Definition 2.1 (/20]) A triangular norm, briefly t-norm, is a binary operation on [0,1] which is continuous,
commutative, associative, non-decreasing and has 1 as neutral element, that is, it is the continuous mapping
% :10,1] x [0,1] — [0, 1] such that for all a,b,c € [0,1] :

(1) a %1 = aq,

(2) a %b=0b xa,

(8) ¢ %d>a xbifc>aandd>b,

(4) (a%b) xc=a % (bxc).

Example 2.2 The % operations a b =max{a+b— 1,0}, a %b = a.b and a xb = min {a, b} on [0, 1] are t-norms.

Definition 2.3 (/20]) A function f : R — RY is called a distribution function if it is non-decreasing and left
continuous with inficr f(t) = 0 and sup,cp f (t) = 1. We will denote the set of all distribution functions by D.

Definition 2.4 ([33]) A triple (X,v,x) is called a probabilistic normed space or shortly PN-space if X is a real
vector space, v is a mapping from X into D (for x € X, the distribution function v(x) is denoted by v, and v, (t)
is the value of v, at t € R) and % is a t-norm satisfying the following conditions:

(PN-1) v, (0) =0,

(PN-2) vy (t) =1 for all t > 0 if and only if x =0,

(PN-3) voy () = vy (ﬁ) for all « € R\ {0},

(PN-4) Vgiy (s +1) > vy () % vy (¢) for all z,y € X and s,t € RY.

Example 2.5 Suppose that (X, ||.]|) is a normed space p € D with 41 (0) =0 and p # h, where

0, t<0
h(t):{l t>0
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where x € X, t € R. Then (X, v, %) is a PN-space. For example if we define the functions p and o on R by

() = 0 , z<0 () = 0 , =<0
o= 1iw7$>0,ax7 ew , x>0

then we obtain the following well-known % norms:

(1) _ h (t) y L= 0 (2) _ h (t) , T = 0
Uy (t)—{ ot L @0 U (t)_{e(:) s

We recall the concepts of convergence and Cauchy sequences in a probabilistic normed space.

Definition 2.6 ([40]) Let (X, v, %) be a PN-space. Then a sequence x = (xy) is said to be convergent to l € X
with respect to the probabilistic norm v if, for every e > 0 and 6 € (0,1), there exists a positive integer k, such that
Vg1 (€) > 1 — 0 whenever k > k,. It is denoted by v —limx = L or x) — L as k — oo.

Definition 2.7 ([40]) Let (X,v,%) be a PN-space. Then a sequence x = (xy) is called a Cauchy sequence with
respect to the probabilistic norm v if, for every e > 0 and 6 € (0,1), there exists a positive integer k, such that
Vgp—a; (€) > 1 =0 for all k,1 > k,.

Definition 2.8 ([40]) Let (X, v, %) be a PN-space. Then a sequence x = (xy,) is said to be bounded in X, if there
is a r € R such that vy, (1) > 1—0, where 0 € (0,1). We denote by l%, the space of all bounded sequences in PN
space.

Definition 2.9 ([14]) Let (X, v, %) be a PN-space. Then a sequence x = (z) is said to be statistically convergent
to L € X with respect to the probabilistic norm v provided that for every e > 0 and v € (0,1)

d{keN:v,, () <1—7v1})=0,

or equivalently
o1
lim—|{k<n: v, () <1l-—7v}=0.
n n

In this case we write sty — limz = [.

In [12], Giirdal and Pehlivan studied statistical convergence in 2-normed spaces and in 2-Banach spaces in [13].
In fact, Mursaleen [22] studied the concept of statistical convergence of sequences in random 2-normed space. In
[7], Esi and Ozdemir introduced and studied the concept of generalized A™ —statistical convergence of sequences in
probabilistic normed space. Recently in [1] Savag and Esi and [2] Esi and Savag introduced and studied the concepts
of statistical convergence and lacunary statistical convergence of triple sequences on probabilistic normed space,
respectively.

In this paper we define and study A3—statistical convergence in probabilistic normed space using by A3 sequences
which is quite a new and interesting idea to work with. We show that some properties of A3—statistical convergence of
real numbers also hold for sequences in probabilistic normed spaces. We find some relations related to A3—statistical
convergent sequences in probabilistic normed spaces. Also we find out the relation between A3 —statistical convergent
and A\g—statistical Cauchy sequences in this spaces.

Definition 2.10 (/38]) A subset K of N x N x N is said to be natural density 6, if

Kn,m,p)

where K(n,m,p) denote the number of (j,k,1) in K such thatj < n,k <m andl < p.

Definition 2.11 (/38]) A real triple sequence x = (x ;1) is said to be statistically convergent to the number L if for
each e > 0

3, {(j,k,)) eENXNxN: |z —L| >¢€})=0.

In this case we write st —limx = L.
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3 Main results

First we define the concept of A3—density.

Definition 3.1 Let A = (A,), pt = (um) and w = (wy) be three non-decreasing sequences of positive real numbers
each tending to infinity and such that App1 < Ap +1, A1 =05 pippy1 < o + 1, o1 =0 and wp1 < wp +1, wy =0.
Let K C N x N x N. The number

1

HjelykedyleKy,: (jkl) €K}

nmp
is said to be \g—density of K, provided that the limit exists, where Apmp = AnAmAp and I, = [n— A, +1,n],
In=[m—An +1,m], K, =[p— A+ 1,p].

We now ready to define the triple A3—statistical convergence.

Definition 3.2 A triple sequence x = (x;51) is said to be triple \s—statistically convergent or Sx,—convergent to
L if for every e >0

1

lim
1m0 Apmp

[{j € In,k € Jm,l € K+ |ajia — L| 2 €}| = 0.

In this case we write sy, —limx = L or x5 — L (sx,) and denote the set of all triple sy,—statistically convergent
sequences by Sx,. If Apmp = nmp for all n,m,p then the set of sy, —statistically convergent sequences reduces to the
space sts.

Now we define the sy, —convergence in PN-space.

Definition 3.3 Let (X, v, ) be a PN-space. We say that a triple sequence x = (xjx;) is said to be sy, —convergence

to L in probabilistic normed space X (for short, SS\I;N) — convergent), if for everye >0 andn € (0,1),

W ({j €l kedy,le Ky vjp—r (e) <1 —77}) =0
or equivalently
s ({jelnkednle Ky vjp—r (e) >1—n}) =1.

(PN)) (PN) N)

In this case we write xj,; — L (SAS or sy, — limx = L and denote the set of all sg\f
(PN))

sequences in probabilistic normed space by (5)\3

— convergent triple

Theorem 3.4 Let (X, v,%) be a PN-space. If a sequence x = (xji1) is a triple A\g—statistical convergent in proba-
(PN)

bilistic normed space X, then sy =" —limx is unique.
(PN) . (PN) .
Proof. Suppose that s} = —limz = L; and sy, ' —limx = Lo (L1 # Lg). Let £ > 0 and ¢t > 0. Choose n € (0,1)

such that (1 —7)* (1 —n) > 1 —t. Then we define the following sets:

Ky (n.€) = {je[n,kejm,ler; Viki—1, (%) gl—n},

Ky (1,2) = {5 € Ik € Tl € Ky vy, (5) S1=n}.

Since sE\ZN) —limz = L; and S(AI;N) —lima = Lo we have 0y, (K7 (,€)) = 0 and 0, (K2 (1,€)) = 0, respectively.
Now let

KS (7755) = Kl (7775) N Kl (7775) :
It follows that dx, (K3 (n,€)) = 0 for all € > 0 which implies dy, (N x N x N\ K5 (n,¢)) = 1. If (j,k,1) € N x N x
N\ K3 (n,¢), we have
e € 5 5
VL, -1, (€) = V(L1 —zj51)+ (201 —L2) (5 + 5) 2 V(Ly—aju1) (5) *U(ajp—Lo) (5) >A=n)x(l-n)=1-t
(PN)

Since t > 0 was arbitrary, we get vy, 1, (¢) =1 for all € > 0, which gives L1 = Ly. Hence S\, ~ —limz is unique.
]
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Theorem 3.5 Let (X,v,*) be a PN-space. If a sequence x = (xji) is a triple statistically convergent to L in

probabilistic normed space X, then sE\SN) —limz =L if

A'f'7,"774
lim inf =2 > (. (1)
n,m,p NMp

Proof. Let ¢ > 0 and 7 € (0,1). Then
{J<nk<ml<p: vjpy_r(e)<l—m}o{jel,k€dnleKy: vjp_r(e) <1—n}.

Therefore,

1 . 1 .
Tmij <nk<m,l<p: vjp_p(e) <1—n} > rmpHJ €lnkeJnleKy: vjp_r(e) <1—n}

A 1 _
> (i€l k€Jn,l €Ky vjg—r(e) <1—n}.

- nmp nmp
Taking the limit as n,m,p — co and using (1), we get SE\F;N) —limz=1L. m

PN)

Theorem 3.6 Let (X, v, %) be a PN-space. If v —limx = L then s(AS —limxz = L.

Proof. Let v —lima = L. Then for every n € (0,1) and € > 0, there is a triple (jo, ko, o) € N x N x N such that
Vjki—r (€) > 1 —n for all j > j,, k > ko, | > 1,. Hence the set {j € I,,k € Jpn,l € K;p: vji—1 (¢) <1 —n} has
natural density zero and hence

(5)\3 ({j el ke Jyle Kp D UjkI—L (E) <1 —7’]}) =0,

. (PN) .
thatis sy," " —limz=L. m
The following example shows that the converse of this theorem does not hold in general.

Example 3.7 Let (R,|.|) denote the space of real numbers with the usual norm. Let a+b = ab and v, (€) = =
where x € X and € > 0. In this case, we observe that (R,v, ) is a PN-space. Now we define a sequence x = (x k)
by
U (4, k) , forn—[yn+1]<ji<n,m—-[ym+1]<k<m, andp— [\/[9—}—1] <I<p
=0 , otherwise

It is easy to see that, this sequence is sg\I;N)fconvergent to zero in PN-space but v — limx # 0.

Theorem 3.8 Let (X,v,*) be a PN-space. Then SE\I;N) —limzx = L if and only if there exists a subset K =
{(, k. 1) j k1 =1,2,3,..} C NXN XN such that 6x, (K) =1 and v — lim; ;00 Zjr = L.

(4, k,DEK

Proof. We first assume that sE\I:N) —limx = L. Now, for any € > 0 and r € N, let

1
K(’r‘,é‘) = {] el ke dnl EKpi Vjkl—L (6) < 17“}

and

1
M (r,e) = {je[n,kEJm,leKP: Vjki—r (€) >1—T}.

Then &y, (K (r,e)) =0 and

M(1l,e) D M(2,e) D ... D> M(i,e) D M(i+1,¢) D ...

6x, (M (re)) =1, r=1,2,3,... (2)

Now we have to show that for (j,k,1) € M (r,e), x = (z;p) is v—convergent to L. Suppose that z = (z;x) is
not v—convergent to L. Therefore there is 7 > 0 such that v,g—r, (¢) <1 —n for finitely many terms. Let

1
M@me)={jel,ke€dnleK,: vju_r () >1—n} and X > P
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Then dy, (M (n,€)) = 0 which contradicts (2). Therefore @ = (x;1;) is v—convergent to L.
Conversely, suppose that there exists a subset K = {(j,k,1) : j,k,l = 1,2,3,...} € N x N x N such that
Ors (K) =1 and v — lim; g 100 jir = L, that is there exists k, € N such that for every n € (0,1) and ¢ > 0

(J,k,1)EK

Viki—r (€) > 1 —mn, forall j,k,1 > k,. Now

M (n,e) ={j € In,k € Jm,l € Ky : vjig—r (6) <1 —n} C NXNXN—{ (k41 Kkot1s lhors ) > (Jhot2s Krot2s lhoss) » e -

Therefore 05, (M (n,¢)) <1—1= 0. Hence, we conclude that sg\fN) —limz = L.

This completes the proof. m
In the next we now define triple A—statistically Cauchy sequence in probabilistic normed space.

Definition 3.9 Let (X,v,*) be a PN-space. A triple sequence x = (1) is said to be S&PN)— Cauchy in PN-space

X if for every e > 0 and n € (0,1), there exist N = N (), M = M (¢) and Z = Z (¢) such that for all j,p > N,
k,gq>M andl,u>Z

5)\3 ({j el ke J,le Kp D Ujkl—pqu (E) <1- 77}) =0.

Theorem 3.10 Let (X,v,*) be a PN-space and x = (z;51) € X. Then x = (z;x1) is sg\l:N)fconvergent if and only
if it s S&ZN)—C'auchy in X.

Proof. Let z = (x) be S&I;N)fconvergent to L, i.e., sE\ZN) —limz = L. Then for a given € > 0 and 7 € (0, 1),

choose t > 0 such that (1 —7) % (1 —n) > 1 —t. Then, we have

3

O (M (n,€)) = dx, ({j €l k€ Jn,l €Kyt Vi1, (5) <1- 77}) =0 (3)

which implies that

Oxg (MC (n,2)) =0, ({j €l k€ JnleK,: vjp—1 (g) >1 —n}) =1.

Let (p,q,u) € MY (n,e). Then vygu—r (5) > 1 — 1. Now let
K(t,e)={jelnkednleK,: Vjgpgu(e) <1—t}.
We need to show that K (n,e) C M (n,¢). Let (j, k,1) € K (n,e) — M (n,¢) . Then we have vjx—pqu (6) <1 —t and

Vjki—L (%) > 1 —mn, in particular vpgy—r (%) > 1—mn. Then

€ €
L =12 Vjki—pqu (€) = Vjki-1L (5) * Upqu—L (5) >(A=n)*(1-n)>1-t

which is not possible. Hence K (n,e) C M (n,¢e). Therefore, by (3), dx, (K (n,€)) = 0. Hence z = (xj) is
(PN) .
sy, ~—Cauchy in X.

(PN) _ (PN)

Conversely, = (z;x1) is sy, Cauchy in X but it is not s}~ ’—convergent. Now

£ €
Vjkl—pqu (6) > Vjkl—L (5) * Upqu—L (5) > (1 - 7]) * (1 - T]) >1—14,

since © = (z;x) is not S&I;N)fconvergent. Therefore 6y, (K¢ (t,€)) = 0 and so 8y, (K (t,€)) = 1, which is con-

tradiction, since x = (z,5;) was sg\ZN)fCauchy in X. Hence z = (zk) must be SE\I;N)

completes the proof. m

—convergent in X . This
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