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Abstract

It is proved that if a smooth function u(x), x € R3, such that infycg |ux (s)| > 0, where uy is the normal derivative of u on S, has a closed
smooth surface S of zeros, then the function u(x) 4 €v(x) has also a closed smooth surface S¢ of zeros. Here v is a smooth function and

€ > 0 is a sufficiently small number.
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1. Introduction

Let D C R? be a bounded domain containing inside a connected
closed C? —smooth surface S, which is the set of zeros of a function
u € C3(D), so that

uls = 0. M

Let N = N; be the unit normal to S, such that uy = |Vu(s)|, where uy
is the normal derivative of u on S. Let ue := u+ €v, where v € C3(D)
and € > 0 is sufficiently small. Assume that

ing [Vu(s)| > 2¢; >0, ¢y = const > 0. 2)
NS

The purpose of this paper is to prove Theorem 1.

Theorem 1. Under the above assumptions there exists a smooth
closed surface Sg such that ug =0 on Sg.

In Section 2 Theorem 1 is proved.

Although there are many various results on perturbation theory, see
[21, [3], the result formulated in Theorem 1 is new.

2. Proof of Theorem 1

Consider the following equation for #:
u(s+tN)+ev(s+tN)=0, (3)

where N = N(s) is the normal to S at the point s and # is a parameter.
Using the Taylor’s formula and relation (1), one gets from (3)

t(Vu(s) -N+€Vv(s) ~N> +ev(s)+1%29 =0, 4)

where 12¢ is the Lagrange remainder in the Taylor’s formula and

3
¢ =Y [uxy,(s+ OIN) + vy, (s+ OIN)|NiN,
ij=1

0c(0,1). (5

Since the functions u and v belong to C3(D), the function ¢ =
¢(1,s,€) has a bounded derivative with respect to # uniformly with
respect to s € S and € € (0, 1].

Consider equation (4) as an equation for r = ¢(s) in the space C(S).
Rewrite (4) as

-1
t=— S(Vu(s) -N+€Vy(s) -N) v(s)— ©

—1%¢ <Vu(s) -N+¢€Vy(s) -N) ‘= Bt.

Let us check that the operator B satisfies the contraction mapping
theorem in the set

M :={t : maxscglt(s) —S(Vu(s) -N+€Vv(s)-N>_lV(S)| <6}, (1)

where 8 > 0 is a small number, and M C C(S).
First, one should check that B maps M into itself. One has

maxses|Bi(s) — € (Va(s) N+ eVv(s) -N) ()| <

19|
(s)-N+eVy(s) N’

(3

< maxseg Vi

We have chosen N so that Vu(s) - N = |Vu(s)|. This is possible
because equation (1) implies that Vu(s) is orthogonal to S at the
point s € S. Assumption (2) implies that for sufficiently small € one
has

inf |Vug(s)] > ¢y. )
ses

Since ¢ is continuously differentiable, one has

sup |o(z,5,€)| < cp. (10)
s€8,r€(0,1)
Therefore, if
l(s)| < 6, (11)
then

POl _eap g -

|Vu(s)|+€Vv(s)-N ~ ¢

Copyright © 2017 Author. This is an open access article distributed under the Creative Commons Attribution License, which permits unrestricted
use, distribution, and reproduction in any medium, provided the original work is properly cited.




28

Global Journal of Mathematical Analysis

provided that

“5<1. (13)
C1

Thus, if (13) holds then B maps M into itself.

Let us check that B is a contraction mapping on M. One has

|Bt; — Bta| < ¢ V139 (11,5,8) — 139 (12,5,€)| < 3]t — 12, (14)

where c3 € (0,1) if & is sufficiently small. Indeed,

9
¢3 = maxes <5 (210 (1,5.)] +r2|a—? )<as <1, (15)

if & is sufficiently small. Here c4 is a constant.

Thus, B is a contraction on M. By the contraction mapping principle,
equation (6) is uniquely solvable for 7. Its solution ¢ = #(s) allows
one to construct the zero surface S¢ of the function ue by the equation
r=s+1(s)N, where r = r(s) is the radius vector of the points on Se.
Theorem 1 is proved. O
Remark 1. Condition (2) is a sufficient condition for the validity
of Theorem 1. Although this condition is not necessary, if it does
not hold one can construct counterexamples to the conclusion of
Theorem 1. For example, assume that «(x) > 0 in R? and u(x) = 0
on S, letv > 0in R3 and € > 0. Then the function ug = u—+ €v does
not have zeros in R3.

Remark 2. In scattering theory the following question is of in-
terest: assume that u(x) is an entire function of exponential type,
u(x) = [ B f(B)dB, where f € L*(S?), $? is the unit sphere in
R3. Assume that u = 0 on S, where S is a bounded closed smooth
connected surface in R3.

The question of interest is:

Is there a bounded closed smooth connected surface of zeros of
an entire function ug of exponential type, ug = [ e*Bx[F(B) +
€g(B)]dB, where g € L*(S?) and & > 0 is a small parameter?

We will not use Theorem 1 since assumption (2) may not hold, but
sketch an argument, based on the fact that S in the above question is
the intersection of an analytic set with R3, see, for example, [1] for
the definition and properties of analytic sets. The functions u and ug
in Remark 2 solve the differential equation

VZu+kKu=0 in R3 k*=const>0. (16)

The function uy may vanish on S at most on the closed set ¢ C §
which is of the surface measure zero (by the uniqueness of the
solution to the Cauchy problem for equation (16)). For every point
s € S\ o the argument given in the proof of Theorem 1 yields the
existence of #(s), the unique solution to (6). Since S is real analytic,
the set §g, defined in the proof of Theorem 1, is analytic and Se
is a part of the analytic set defined by the equation ue = 0. In our
problem S is a bounded closed real analytic surface. We guess that
the set S¢ can be continued analytically to an analytic set which
intersects the real space R> over a real analytic surface Sg. It is still
an open problem to prove (or disprove) that the analytic continuation
of the sgt S¢ intersects R3 over a bounded closed real analytic surface
Se € R,

References

[1] B. Fuks, Theory of analytic functions of several complex variables,
AMS, Providence RI, 1963.

[2] T. Kato, Perturbation theory for linear operators, Springer Verlag,
New York, 1984.

[3]1 A.G. Ramm, Inverse problems, Springer, New York, 2005.



	Introduction
	 Proof of Theorem 1



