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Abstract

Hirota bilinear derivative method can be used to construct the soliton solutions for nonlinear equations. In this paper we construct the soliton
solutions of a modified nonlinear Schrödinger equation by bilinear derivative method.
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1. Introduction

The study of the exact solutions of nonlinear equations plays an
important role in the research of nonlinear physical phenomena. The
exact solution can facilitate the verification of numerical solvers
and aids in the stability of solutions. In the past years, there has
been vital progression in the development of these methods such as
algebra-geometric method, Darboux transformation [3, 4], inverse
scattering method [1, 2], Hirota bilinear method [5, 6] and so on.
As is well known, the Hirota bilinear derivative method is a powerful
and direct method to construct exact solutions of nonlinear equations.
Once a nonlinear equation is written in bilinear forms by a dependent
variable transformation, then multi-soliton solutions and rational
solutions can be attained easily. In this paper, we use Hirota bilinear
method to construct the soliton solution of Schrödinger equation

iut +uxx + iλ [u2u∗]x = 0, (1)

where u = u(x, t) is a complex-valued function of x and t, the asterisk
appended to u denotes complex conjugate of u, λ is real constant
and subscripts x and t appended to u denote partial differentiations.

2. Preliminary knowledge

Suppose f (t,x) and g(t,x) are derivative complex-valued functions
of t and x. The Hirota bilinear operators Dt and Dx are defined by,

Dm
t Dn

x( f ·g) = (∂t −∂t ′)
m(∂x−∂x′)

n f (t,x)g(t ′,x′)|t ′=t,x′=x (2)

where m and n are nonnegative integers [5].
In particular,
If m = 0, n = 1, then Dt( f ·g) = ftg− f gt .
If m = n = 1, then DxDt( f ·g) = fxtg− fxgt − ftgx + f gxt .

3. The soliton solutions of the modified nonlin-
ear schrödinger equation

Firstly, substituting the transformations

u = qexp
(
− iλ

2

∫ x

−∞

qq∗dx
)
, (3)

into the system (1), we get the system

iqt +qxx + iλqq∗qx = 0, (4)

where the asterisk denotes complex conjugate. By the dependent
variable transformations

q =
g
f
, (5)

the system (4) can be transformed to the following bilinear forms

(iDt +D2
x)g · f = 0, (6)

Dx f · f ∗ =
iλ
2

gg∗, (7)

D2
x f · f ∗ =

iλ
2

Dxg ·g∗.

It follows from (5) and (7) that

− iλ
2

qq∗ =
∂

∂x
ln

f ∗

f
. (8)

Substituting (8) into (4), we can claim that the soliton solutions of
the system (1) in the form

u =
g f ∗

f 2 .
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Suppose f and g can be expanded as the following

f = 1+ f 2
ε

2 + f 4
ε

4 + f 6
ε

6 + · · ·+ f (2 j)
ε

2 j + · · · , (9)

g = g1
ε

1 +g3
ε

3 +g5
ε

5 + · · ·+g(2 j+1)
ε

2 j+1 + · · · . (10)

Substituting (9) and (10) into (6) and (7), then we compare with the
same power coefficients of ε in (7), we find that (7) can be decoupled
to a set of equations

ig1
t +g1

xx = 0, (11)

ig3
t +g3

xx =−(iDt +D2
x)g

1 · f 2, (12)

ig5
t +g5

xx =−(iDt +D2
x)(g

1 · f 4 +g3 · f 2), (13)

ig7
t +g7

xx =−(iDt +D2
x)(g

1 · f 6 +g3 · f 4 +g5 · f 2) (14)

· · · · · ·

f 2
x − f 2∗

x =
iλ
2

g1g1∗, (15)

f 4
x − f 4∗

x =−Dx f 2 · f 2∗+
iλ
2
(g1g3∗+g3g1∗), (16)

f 6
x − f 6∗

x =

−Dx f 2 · f 4∗−Dx f 4 · f 2∗+
iλ
2
(g1g5∗+g3g3∗+g1∗g5), (17)

f 8
x − f 8∗

x =−Dx f 2 · f 6∗−Dx f 4 · f 4∗

−Dx f 6 · f 2∗+
iλ
2
(g1g7∗+g3g5∗+g5∗g3 +g7∗g1), (18)

· · · · ··

We can assume that

g1 = eτ1 , τ1 = α1t +β1x+η
0
1 , β

2
1 =−iα1 (19)

is a solution of homogeneous equation (11), where α1 and η0
1 are

complex-valued constants. By solving equation (15), we can get

f 2 = eτ1+τ∗1+ϑ13 , eϑ13 =
λ

2(α2
1 −α∗21 )

, (20)

Substituting g1 and f 2 into (12), then (12) can be written to the
former homogeneous equation (11), namely g3

xx + ig3
t = 0. Hence

g3 = 0 is a solution of g3
xx + ig3

t = 0, by virtue of (16), then we can
get f 4 = 0.
The above procedure can be used to (11)− (18) again, then we can
get g5 = f 6 = · · · = 0. Then we can infer, if ε = 1, the series (9)
and (10) can be written to

f1(t,x) = 1+ eτ1+τ∗1+ϑ13 , g1(t,x) = eτ1 . (21)

So, the single soliton solution of system (1) is

u =
g1 f ∗1

f 2
1

.

Since the equation (11) is homogeneous, we can assume

g1 = eτ1 + eτ2 , τ j = α jt +β jx+η
0
j , β

2
j =−iα j, j = 1,2, (22)

is a solution of (11), where α j and η0
j are complex-valued constants.

Substitute g1 into (15), by Mathematica4.0 we can get

f 2 = eτ1+τ∗1+ϑ13 + eτ1+τ∗2+ϑ14 + eτ2+τ∗1+ϑ23 + eτ2+τ∗2+ϑ24 , (23)

where

eϑ j,2+l =
λ

2(α2
j −α∗2l )

, j, l = 1,2.

Substituting g1 and f 2 into (12), we can get

g3 = eτ1+τ2+τ∗1+ϑ12+ϑ13+ϑ14 + eτ1+τ2+τ∗2+ϑ12+ϑ14+ϑ24 , (24)

where

eϑ12 =−
iλα1α∗2
α∗1 +α2

. (25)

Substituting g1, g3 and f 2 into (16), we can get

f 4 = eτ1+τ2+τ∗1+τ∗2+ϑ12+ϑ13+ϑ14+ϑ23+ϑ24+ϑ34 ,

where

eϑ34 =−eϑ ∗12 . (26)

Substituting g1, g3, f 2 and f 4 into into (13), then (13) can be
written to the former homogeneous equation (11), namely g5

xx +
ig5

x = 0. Then g5 = 0 is a solution of g5
xx + ig5

x = 0, by virtue of
(17), then we can get f 6 = 0.
The above procedure can be used to (11)− (18) again. So we can
get g7 = f 8 = · · · = 0. Hence we can infer, if ε = 1, (9) and (10)
can be truncated to

f2(t,x) = 1+ eτ1+τ∗1+ϑ13 + eτ1+τ∗2+ϑ14 + eτ2+τ∗1+ϑ23 + eτ2+τ∗2+ϑ24

+eτ1+τ2+τ∗1+τ∗2+ϑ12+ϑ13+ϑ14+ϑ23+ϑ24+ϑ34 , (27)

g2(t,x) = eτ1 + eτ2

+eτ1+τ2+τ∗1+ϑ12+ϑ13+ϑ14 + eτ1+τ2+τ∗2+ϑ12+ϑ14+ϑ24 , (28)

So, the double soliton solution of (1) is

u =
g2 f ∗2

f 2
2

.

Generally, if the solution of (11) is

g1 = eτ1 + eτ2 + · · ·+ eτn , (29)

and

τ j = α jt +β jx+η
0
j , β

2
j =−iα j, j = 1,2, · · ·n,

where α j, η0
j , j = 1,2, · · ·n, are complex constants. Then, the

n-soliton solutions of nonlinear Schrödinger equation of (1) are

u =
gn f ∗n

f 2
n

,
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where

fn(t,x) = ∑
µ=0,1

A1(µ)exp

[
2n

∑
j=1

µ jτ j +
2n

∑
1≤ j<l

µ jµlϑ jl

]
,

gn(t,x) = ∑
µ=0,1

A2(µ)exp

[
2n

∑
j=1

µ jτ j +
2n

∑
1≤ j<l

µ jµlϑ jl

]
,

τn+ j = τ
∗
j ,( j = 1,2, · · ·,n), (30)

eϑ j(n+l) =
λ

2(α2
j −α∗2l )

,( j, l = 1,2, · · ·,n), (31)

eϑ jl =−
iλα jα

∗
l

α∗j +αl
,( j < l = 2,3, · · ·,n), (32)

eϑ(n+ j)(n+l) =−eϑ ∗jl ,( j < l = 2,3, · · ·,n), (33)

A1(µ) and A2(µ) satisfy

A1(µ) =

{
1, if ∑

n
j=1 µ j = ∑

n
j=1 µn+ j,

0, others,

A2(µ) =

{
1, if ∑

n
j=1 µ j = ∑

n
j=1 µn+ j +1,

0, others,

the notation ∑µ=0,1 denotes the summation over all possible com-
bination of µ1 = 0,1,µ2 = 0,1, · · · ,µn = 0,1, and (30)− (33) are
calculated by Mathematica 4.0.
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