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Abstract

Hirota bilinear derivative method can be used to construct the soliton solutions for nonlinear equations. In this paper we construct the soliton
solutions of a modified nonlinear Schrédinger equation by bilinear derivative method.
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1. Introduction

The study of the exact solutions of nonlinear equations plays an
important role in the research of nonlinear physical phenomena. The
exact solution can facilitate the verification of numerical solvers
and aids in the stability of solutions. In the past years, there has
been vital progression in the development of these methods such as
algebra-geometric method, Darboux transformation [3, 4], inverse
scattering method [1, 2], Hirota bilinear method [5, 6] and so on.

As is well known, the Hirota bilinear derivative method is a powerful

and direct method to construct exact solutions of nonlinear equations.

Once a nonlinear equation is written in bilinear forms by a dependent
variable transformation, then multi-soliton solutions and rational
solutions can be attained easily. In this paper, we use Hirota bilinear
method to construct the soliton solution of Schrodinger equation

iut—O—uH—O—il[uzu*]x:O, (1)
where u = u(x,t) is a complex-valued function of x and 7, the asterisk

appended to u denotes complex conjugate of u, A is real constant
and subscripts x and ¢ appended to u denote partial differentiations.

2. Preliminary knowledge

Suppose f(z,x) and g(¢,x) are derivative complex-valued functions
of ¢ and x. The Hirota bilinear operators D; and D, are defined by,

DI"D(f-g) = (0 — )" (9x = 0)" f(t,2)8(t" X )l x (@)

where m and n are nonnegative integers [5].

In particular,
Ifm=0,n=1,then D;(f-g) = fig— fa-
Ifm=n=1,then DyD;(f-8) = fug — fx& — fi8x+ f&x-

3. The soliton solutions of the modified nonlin-
ear schrodinger equation

Firstly, substituting the transformations

U= qexp (*%/ qq*dX), 3)

into the system (1), we get the system
ig: +qx +ilqq"qx =0, ©)

where the asterisk denotes complex conjugate. By the dependent
variable transformations

9= (%)
f

the system (4) can be transformed to the following bilinear forms

(iD; +D3)g - f =0, ©
e A

Dyf-f" = 588 N

Dif-fF= 5 Dxg 8"
It follows from (5) and (7) that

. e

Substituting (8) into (4), we can claim that the soliton solutions of
the system (1) in the form

af”
f2
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Suppose f and g can be expanded as the following

F=1+fF2e2+ fret 4+ O+ 4 fRN2 4. 9)

g:glel+g383+g585+~~~+g(2j+1)82j+1+~~~. (10)

Substituting (9) and (10) into (6) and (7), then we compare with the
same power coefficients of € in (7), we find that (7) can be decoupled
to a set of equations

g+t =0, (1)
ig; + g5 = —(iD, +D7)g" - 1, (12)
ig] +gv=—(D+D7)(g" - f1+g - 1), (13)
ig/ +2l,=—(D+D)(¢" - O+ - f1+g 1) (14)
== %glgl*, (15)
[ 1 =-D.f? f2*+%(g1g3*+g3g'*)7 (16)
ot =

—Dxf2-f4*—Dxf4-fz*+%(glg5*+g3g3*+gl*gs)7 (17)

¥ =D Dot M

il
fDfo~f2*+E(glg”+g3g5*+g5*g3+g7*g')7 (18)

We can assume that
gh=e" u=ogt+Pix+ny, B = —iay (19)

is a solution of homogeneous equation (11), where @; and n? are
complex-valued constants. By solving equation (15), we can get

A

2 _ T+t 0%
fr=eTRTUB oV = —

2 AN
2(o — o)

(20)

Substituting g' and f2 into (12), then (12) can be written to the
former homogeneous equation (11), namely g3 +ig? = 0. Hence
g> = 0is a solution of g3 +ig? = 0, by virtue of (16), then we can
get f4=0.

The above procedure can be used to (11) — (18) again, then we can
get g% = f® = ... = 0. Then we can infer, if € = I, the series (9)
and (10) can be written to

Filt,x) = 140700 gy (1,x) = €. Q1)

So, the single soliton solution of system (1) is

ey
u= 5 -
fi

Since the equation (11) is homogeneous, we can assume

gh=e"+e?, ti=ajt+Bix+n), ff =—iaj, j=12, (22

is a solution of (11), where o; and n;) are complex-valued constants.
Substitute g! into (15), by Mathematica4.0 we can get

f2 — e‘L']+‘Cl +V3 +eT]+T2+19|4 +eTz+Tf+‘L923 +eT2+Tz+7§247 (23)

where

A

2(0F —og?)

eViril = , =12

Substituting g! and f2 into (12), we can get

g3 — e+ +0n+di+0 +eTl+‘FzJrl'z*+1912+1914+19247 (24)
where
ilojog
ePr= T2 (25)
o +op
Substituting g!, g> and f2 into (16), we can get
f4 _ eT[+Tz+T1*+T2*+13]2+1913+1914+1323+1324+1934
b
where
e% = i, (26)

Substituting ¢!, g3, f2 and f* into into (13), then (13) can be
written to the former homogeneous equation (11), namely g2, +
igg =0. Then g =0 is a solution of g)scx + igi =0, by virtue of
(17), then we can get f© = 0.

The above procedure can be used to (11) — (18) again. So we can
get g’ = 8 =... =0. Hence we can infer, if £ = 1, (9) and (10)
can be truncated to

f2([ x) _ 1+e‘51+‘rl*+1913 +€‘£'1+T§+1914 +eTz+‘Cf+1923 +e‘lfz+f§+1924
bl

+eT1+Tz+Ti +12.+1912+1913+1914+1923+1924+19347 27

82(t7x) =el ten

4T TR +O+03+01 4Nt +O2+ 014+ : (28)

So, the double soliton solution of (1) is

_af
U= "=
5
Generally, if the solution of (11) is
gl=e+eP 4. tem, (29)
and

T = Otjl‘+Bjx+TI§-), BJZ = *iOlj, j=12,---n,

where o, n?, j=1,2,---n, are complex constants. Then, the
n-soliton solutions of nonlinear Schrodinger equation of (1) are

"y gnjz‘n* ’
i
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where
[ 2n 2n 1
L) =Y Awexp | Y witi+ Y wimdl|,
u=0,1 Lj=1 1<j<l 1

2n 2n
go(t,x) =Y As(wexp | Y witi+ Y, wjmd;
Li=1 15541

Tn+j:Tj7(j:1727"'>n)7 (30)

7(jul:1727"'7n)7 (31)

ilajo)f
oy MUK a3 32
aj+al7(] 7 ) 7n)7 ( )
et = — %1 (j<1=23,--n), (33)

Ap(u) and Ay () satisfy

A](H): 17 if Z;!:1Nj:z,7:1ﬂn+j>
0, others,

Lot Y =Y My j+1
A — j=157 j=1 J ’
2(1) {07 others,

the notation )., ; denotes the summation over all possible com-
bination of u; =0,1,u, =0,1,---,u, = 0,1, and (30) — (33) are
calculated by Mathematica 4.0.
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