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Abstract

In the present investigation we introduce some subclasses of the function class X of bi-univalent functions defined in the open unit disk U,
which are associated with the quasi-subordination. We obtain the estimates on initial coefficients |az| and |a3| for the functions in these
subclasses. Also several related subclasses are considered and connection with some known results are established.
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1. Introduction

Let o7 be the class of all analytic functions f which are : (i) nor-
malized by the conditions £(0) =0 and f (0) = 1 and (ii) defined
on the open unit disk U= {z:z € C, |z] < 1}. The Taylor’s series
expansion of f € &7 is

f@) =2+ Y ad. 1)
k=2

The class of all functions in <7 which are univalent in the open unit
disk U is denoted by .. These univalent functions are invertible but
their inverse functions may not be defined on the entire unit disk U.
The Koebe one-quarter theorem (see [4]) ensures that the image of
U under every function f € . contains a disk of radius 1/4. Thus
every function f € .# has an inverse (say ), satisfying g(f(z)) =z
forall z € Uand f(g(w)) =w, where |w| < ro(f), ro(f) > 1/4. In
fact, it can be easily verified that the inverse function g is given by

gw) =w—ayw? + (2d5 — a3)w® — (543 —5apaz +ag)w* +---. (2)

A function f € </ is said to be bi-univalent in U if both f and f~!
are univalent in U. The class of all bi-univalent functions defined in
U is denoted by X.

Lewin [8] investigated the class X of bi-univalent functions and
showed that |ay| < 1.51 for the functions in the class X. Later,
Brannan and Clunie [2] conjectured that |ap | < V2. Also, Netanyahu
[11] proved that maxscs|as| = 4/3. Still the coefficient estimate
problem is open for each |ay,|, (n =3,4,---).

Brannan and Taha [3] (see also [17]) introduced certain subclasses
of the bi-univalent function class X similar to the subclasses . (¢t)
and % () of starlike and convex functions of order & (0 < @ < 1)
respectively. Sirvastava et al.[16] introduced and investigated certain
subclasses of bi-univalent function class X and also obtained the
initial coefficient bounds.

Ma and Minda [9] introduced the classes:

749 ={re#:[of @/1@)] <9}

and

#(9)={resi[1+ (/07 )] <0},

where ¢ be an analytic function with positive real part in the unit
disk U, ¢(0) = 1, ¢'(0) > 0 and maps U onto a region which is
starlike with respect to 1 and symmetric with respect to the real axis.
These classes includes several well known subclasses of starlike and
convex functions respectively as special cases.

Robertson [15] introduced the concept of quasi-subordination in
1970. An analytic function f is quasi-subordinate to another analytic
function ¢, written as

f@)=40(2); (z€U) €)

if there are the analytic functions ¥ and w with |y(z)| < 1, w(0) =
0 and |w(z)| < I such that f(z) = w(z)¢(w(z)). Observe that if
y(z) = 1 then f(z) = ¢(w(z)), so that f(z) < ¢(z) in U. (See [10]
and [14] for work related to quasi-subordination.)

In this investigation we assumed that:

(lv@@)<1,z€U) “
and ¢ (z) is an analytic function in U with the form:

¢(z) =1+B1z+By>+---: (B >0). 5)

V() =Ag+A1z+A+-;

2. Coefficient Estimates for the Function Class
RN, 9)

Definition 2.1: A function f € X given by (1) is said to be in the
class Z¢ (., 9) if the following quasi-subordination holds:

-0 i@ 1] < 00 -1)

Z
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and
w /
(-2 2 ag - 1] = 000 -1)
where z,w € U, A > 1 and the functions g and ¢ are given by (2)

and (5) respectively.
Theorem 2.2: Let f(z) given by (1) be in the class Z%(A,9). Then,

. ] |Ao|B1 \/\AO\(31+|32—31|)
< 6
“2|—m’”{ 1+4° 1122 ©
and
f (Aol +1AiDB1 | AGBT
<
a3|_mm{ 22 +(l+l)27
7
|A1B1 +|Ao|(B1 +|B> — Bi)
1+22 '
Proof: Since f € Z¢(A,9), there exist two analytic functions

u,v: U — U with u(0) =v(0) =0, |u(z)] <1, [v(w)] <1 and a
function y defined by (4) satisfies:

1-m 22 ar @ - 1]~ v e -1 ®)
and
(12222 ) 1] = W) ot - 11 ©)

Define the functions p and ¢ such that:

1
p@) =D iyt
1—u(z)
and
1
q(w) = +V(W):1+d1w+d2w2+m
1—v(w)
equivalently,
plz)—1 1 A\,
= = 1 1
u(z) o1 2 ciz+ | e 2 “+ (10)
and
v(w):q(w) L dyw+ dfd—12 w4 (11)
gw)+1 2| 2 '

Clearly p and ¢ are analytic in U with p(0) = ¢(0) = 1 and have
their positive real part in U. Hence |¢;| <2 and |d;| < 2 (see [12]).
Using (10) and (11) together with (4) and (5) in the RHS of (8) and
9), we get

VD) ~1] = JA0Biz+

1 1 (;2 A032 2 2
{2A13161+2AOB1 <c221> +TC1 24

and

12)

1
v(w)[#(v(w)) = 1] = SAoBidiw+
13)
1 1 d?\ A¢B (
{AlBldl + EAOBI <d2 — l) + 042d12} w4

2 2

Since the function f and its inverse g are given by (1) and (2) respec-
tively, we have

[(171)@+1f/(2)71} = (14+A)arz+ (1+20)azz® + -
(14)
and
g(w) ' _ o
{(171)7+lg (w)fl} =—(1+A)aw+ 15)

(1421) (243 —az)w* +---.

Using (12) to (15) in (8) and (9) and then comparing the coefficients

of z,z2,w and w?; we get
1
(1+A)az = yA0Bict, (16)
1 1 )  AoB; ,
(1+2}{)a3:§A131C1+§A031 Cz_i +TC'17 (17)
1
—(1+21)ay = yA0B1d) (18)
and
1 1 d?\ AoB
(1421)(2a3 —a3) = ~A\Bydy + =AgB; | dy — L | + 222242
2 2 2 4
(19)
From (16) and (18), it follows that
c1 = —d (20)
and
8(1+1)%a3 = A3B3(c +d}). 1)
Also by adding (17) in (19) in light of (20), we get
8(1421)a3 = 2AB (cy +dy) +Ag(By — By ) (3 +d?). (22)

Applying |¢;| <2 and |d;| <2 in (21) and (22), we get the desired
result (6).
Next, for the bound on |as|, by subtracting (19) from (17), we obtain

2. 2A1Bic1 +AgBi(cr — da)

= 23
B=a 4(1+22) @3)
Using (21) with |¢;| <2 and |d;| < 2 in (23), we get

(lAol+|A1))B,  AGB}
< . 24
o3l = =) T arar @
Also, using (22) with |¢;| < 2 and |d;| <2 in (23), we get
A1 |B Aol|(B B, —B
‘a3|§| 1B1 + |Ao|(B1 + B2 — Bu|). 25)

1427

From (24) and (25), we get the desired result (7).

This completes the proof of Theorem 2.2.

Observe that, if we set y(z) = 1 in Definition 2.1, then the quasi-
subordination reduces to subordination and the subclass ,%’g(l, 9)
reduces to Zx (A, ¢). Hence we get the following corollary:
Corollary 2.3: Let the function f(z) given by (1) be in the class
Ry (A,0). Then,

laz| < min By 1/ Bi+ B2~ By
- 1+4° 1421
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and

B Bi  Bi+|B,—B|
< mi .
“3|m’”{1+2z+(1+1)2’ 1422

If we set y(z) =1 and A =1 in Theorem 2.2, then we get the
following corollary:

Corollary 2.4: Let the function f(z) given by (1) be in the class
Xy (9). Then,

lax < min B \/7B1+|327B1‘
2> 7 3

and

[ By B} Bi+|B,—B
< — 4L T T
a3|_mm{3 +4, 3
Remark 2.5: Corollaries (2.3) and (2.4) are the improvements of
the estimates obtained in Theorem 2.1 given by Kumar et al. [7] and
Theorem 2.1 given by Ali et al. [1], respectively.
Remark 2.6: If we set

_ 1+ (1-2p)z
S r—
=142(1-B)z+2(1-B) +---;

¢(2)
O<p<1)

in Corollaries (2.3) and (2.4) then we get the improvements of the
estimates obtained in Theorem 3.2 given by Frasin and Aouf [5] and
Theorem 2 given by Srivastava et al. [16], respectively.

3. Coefficient Estimates for the Function Class

3 1(9)

Definition 3.1: A function f € X given by (1) is said to be in the
class y; 4(¢) if the following quasi-subordination holds:

</ (2)

I f(Z) - ]} =g (¢(Z) - l)
and

[wg'(w) B

I g(w) ‘<q (¢(W) 1)

where z,w € U and the functions g and ¢ are given by (2) and (5)
respectively.
Theorem 3.2: Let f(z) given by (1) be in the class .5 (¢). Then,

laz| < min{L,M,N} (26)
where,
L= TRl 182~ B, M = o/ S MIGE)
_ |40]B1v/[40|B1
VATBT+HAo|B1 B
and
laz| < min{P,Q,R} 27

where,

A |B
P =B 1A0(B) + By~ By)).
0= ASBTH|Ao|(Bi+[B2—B1[) 2|44 |By
_ 5 ,

B, —4B
R =14 (Aol +2/A41))B1 + 3[40 By - max {1, | Bt

j

Proof: Since f € yz*’q(gb), there exist two analytic functions u,v :
U — U with u(0) = v(0) =0, |u(z)| < 1, [v(w)| < 1 and a function
y defined by (4) satisfies:

[2f (2) _

) =1 =y(2)[¢(u(z) —1] (28)
and

_wg/(w)_ =y(w v(iw)) —

e L =wy(w)[o(v(w))—1]. (29)

Define the functions p and ¢ analytic in U as in (10) and (11) and
then proceed similarly up to (13). Also on expanding LHS of (28)
and (29) using (1) and (2), we get

_ZJ{(S) B 1} =t (23— a3) - (30)
and
_ng(v(vv;) 1] = —ayw+ (3a3 —2a3)w* 4 - 31

Using (12), (13), (30) and (31) in (28) and (29) and then equating
the coefficients of z,72, w, w?; we get

1
ay = EAOB 1€15 (32)

1 1 1 ) 1 5
2a3 = 5A031C1a2+7AlB]C]+§AQB] ) — —— +*A03201»

2 2 4
(33)
1
—a, = EAOBldl (34)
and
5 1 1
4a5 —2a3 = — EAOBldlaz + EAlBldH-
35)
1 2\ 1 (
—AoB — L)+ -AgByd?
201<d 2>+402d1
Using (32) and (34), we get
cp =—dy, (36)
8a3 = (1 +d})A5B? (37)
and
day = (¢ —dq)AoB1. (38)
Adding (33) and (35) and then using (38), we get
8a% = Ag [2(ca +da)By + (3 +d2) (B, 731)] , (39)

Adding (33) and (35) and then using (32) and (36), we get

16a3 = 2A%B3d? +2(cy +dy)AoB) +Aq(c} +d?)(By —By).  (40)
Adding (33) and (35) and then using (37) and (38), we get
4(A3B? + AgB| — AgBa)a3 = (cy +dy)A}B;. 1)

Now, (39), (40) and (41) along with |c;| <2 and |d;| < 2, gives the
desired estimate on a, as asserted in (26).
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Next, for estimate on |a3| subtracting (33) from (35) and then using
(36), we get

1
—4az = —4a3 +A\Bic) + 5 (da—c2)AoBy. (42)
Using (40) in (42), we get

16(13 = ZA%B%d% +4A031(:2 +A0(C% +d%)(32 731) 74A131(;1.
(43)

Subtracting (35) from (33) and then using (39), we get
1
4az = 3 (3¢ +dy)AoBy +c2Ag(By—B))+ABcy (44)

or

1 3A0B 2(By—B
4a3:§AoBld2+ 071 |:sz ( L 2) 2

> 3B, C1:| +ABjcy. 45)

On applying the result given by Keogh and Merkes [6] (see also [13]),
that is for any complex number z, |3 — ze?| < 2-max{1,[2z — 1]},
along with |dp| <2 in (45), we obtain

} . (46)

Equations (43), (44) and (46) along with |¢;| <2 and |d;| < 2, gives
the desired estimate on a3 as asserted in (27) .

This completes the proof of Theorem 3.2.

Remark 3.3: If weset w(z) =1 and ¢(z) = [1+ (1 —2B)z]/(1 —
7);(0 < B < 1) in Theorem 3.2, then we have B; = B, =2(1 —f3)
and the class .5 (¢) reduce to the class .%5 () studied by Brannan
and Taha [3]. Note that in the estimate of a; for the class .75 (B) we
get an improvement in Theorem 3.1 given by Brannan and Taha [3].
Remark 3.4: If weset y(z) =1and ¢(z) =[(1+2)/(1-2)]% (0<
o < 1) in Theorem 3.2, then we have B| =2, B, = 20% and the
class .y () reduce to the class .%; , studied by Brannan and
Taha [3]. Note that for the class Yga we get the same estimate

|az| <20/+/1+ o as in Theorem 2.1 given by Brannan and Taha
[3].

B; —4B,

4|a3|§|AQ\Bl+2\A||B1+3|A0|B]-max{l, 3B
1

4. Coefficient Estimates for the Function Class
Hy ()

Definition 4.1: A function f € X given by (1) is said to be in the
class %/Eq(q)) if the following quasi-subordination holds:

[ 2f (2)
_<1+ o) ) 1} <4 (0(x)—1)

and

L U B YO
I gw)
where z,w € U and the functions g and ¢ are given by (2) and (5)

respectively.
Theorem 4.2: Let f(z) given by (1) be in the class 5 (¢). Then,

A2B% +|Ao|(B1 +|B> —B1|) |Ao|B
4o < min \/01 |Ao|(B1 + |B2 1|)7\0|1 47

6 2

and

m<m4%ﬁ+%@ﬁwrﬂﬁﬂm&

6
(43)

M@%ﬂm+ww}
12 ’

Proof: Since f € ;! (¢), there exist two analytic functions u, v :
U — U with u(0) =v(0) =0, |u(z)| < 1, |[v(w)| < 1 and a function
v defined by (4) satisfies:

of (z
2 D) ] <y o) - 1) 9)
I [
and
wg' (w
8 0Dy () 1. (50)
I gw)
Proceeding similarly as in Theorem 2.2 and Theorem 3.2, we get
2y 2 1
2apz+ (6az —4ay)z"+- -+ = 5140310114‘
51)
1 1 2\ AB, (
{2A131C1+2A031 <022]>+ 1 C%}Zz+"'
and
1
—2a,w + (Sa% - 6613)w2 +ee= 5A0B1d1w+
52)
1 1 &\ AoBy 5| » (
{2A131d1 + EA()Bl <d2 - 2) + le 1 R

Equating the coefficients of z, Zin (51)and w, w? in (52), we get

1
2(12 = EA()B]C], (53)

1 1 2\ AoB
6a3 = AoBjciaz + ~A Bici + ~AoB) (cz— 1) + 20722 (54

2 2 2 4
1
—2ap) = EAOBldl (55)
and
1
(12a% — 6a3) = —AoBid1ay + §A131d1+
56)
1 d*>\  AyB» (
—AoB R P e
540 1<d2 2>+ 7 4
From (53) and (55), we get
¢ = —dj, (57)
8ay = (c1 —d1)AoB1 (58)
and
32a3 = (¢} +d})A3BI. (59)
Adding (54) in (56) and then using (58) and (59), we get
48a3 = 2A5B3cT +2(cy +da)AgB) +Ag(c] +d3)(By —By).  (60)

Clearly, (58), (59) and (60) along with |¢;| <2 and |d;| < 2, yields
the desired result (47).
Next, subtracting (54) from (56) and then using (57), we get

1 1
—12a3:—12a%+5(d1—cl)A1B1+5(d2—c2)AoBl. (61)
Using (60) and (61), we get
48a3 = 2A%B2c? + 4A0B ca+

3 0P1¢1 0Db1C2 (62)

Ao(C%*Fd%)(Bz*B])*Z(d] 7C])A]B].
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Using (58) in (61), we get

1
—12a3 = = (dr — c2)A9B1 +
2 63)
3(c1 —dy)?A3B3
16 '

Clearly, (62) and (63) along with |c;| <2 and |d;| < 2, yields the
desired result (48).

This completes the proof of Theorem 4.2.

Remark 4.3: If we set w(z) =1 and ¢(z) = [1+ (1 —2B)z]/(1—
2);(0 < B < 1) in Theorem 4.2, then we have By = B, =2(1 — )
and the class .5 (¢) reduce to the class %5 () studied by Brannan
and Taha [3]. Note that we get [a;| <1—f and |a3| < (1-B)(3—
2f3)/3 for the functions in the class % (), which is an improvement
in Theorem 4.1 given by Brannan and Taha [3].

1
E(dl —c1)A1B1 —
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