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Abstract

There is a link between the representation of the permutation group G (p>5and p a prime) and the combinatorial object called Young

tableaux. In this paper, we describe the representation of T', - non deranged permutation group via the Young tableaux, and we establish

that every Young tableaux of this permutation group is not standard.
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1. Introduction

Gauss in the early 19th century introduced an idea that has opened
up the study of groups, he worked on the characters of finite abelian
group, this idea was later extended to non finite abelina group. Rep-
resentations of permutation groups is not limited to the beautiful
results of the group characters alone; Alfred Young a mathemati-
cian from Cambridge University introduced a combinatoric dia-
gram called Young tableaux [12], this diagrams has provided a con-
venient way to describe the representations of the symmetric group,
general linear groups and to study their properties. This theory was
then applied to the study of the symmetric group by [13] and was
further developed by many other mathematicians. In recent years,
it has been used by several other researchers to showcase the beauty
of representation theory.

[15] explored an intimate connection between two seemingly unre-
lated objects: on one hand is the representations of S, ; on the other
hand is the combinatorial objects called Young tableaux, he de-
scribed the construction of Specht modules which are irreducible
representations of S , he also introduced tabloids which he used to
construct a representation of symmetric group known as the permu-
tation module, some interesting results such as the branching rule
and Young’s rule were also established. [11] Described symmetric
groups to be of great value in tensor analysis as a means to describe
the tensor space in terms of symmetries under permutations of in-
dices. He further develop a diagrammatic approach using Young
tableaux to determine the irreducible representations of S . [9]

studied and established some interesting results, from his studies of
Young’s Natural Representations of S, . He calculated all inequiv-

alent irreducible representations of S, by specifying the matrices
for adjacent transpositions and indicated how to obtain general per-
mutations in S, from these transpositions. He also employed stand-
ard Young tableaux methods as found in [2] to pictorially represent
S, . Another approach to representation through Young tableaux

was used by [8], they presented a different description of finite-di-
mensional complex irreducible representations of the symmetric
groups. In their work they established an alternative construction to
the combinatorial objects, which uses tabloids, polytabloids, and
Specht modules, they were able to show how the combinatorial ob-
jects of the theory (Young diagrams and tableaux) arose from the
internal structure of the symmetric group. this field of mathematics
was also extended to graphs, this is clear in the work of [4] who
showed the connection between the combinatorial objects to webs,
a type of planar graph that occur naturally in knot theory and repre-
sentation theory.

Over time through further studies other form of permutation pat-
terns and groups has been discovered and established, for instance,
The Poincaré group, named after Henri Poincaré was first defined
by [7] being the group of Minkowski spacetime isometries. It is a
ten-generator non-abelian Lie group which has a fundamental ap-
plications in physics; [14] through an extensive group-theoretical
treatment of linear wave equations on Minkowski spacetime of ar-

bitrary dimension D >3 were able to use the induced representa-
tions to reduces the problem of classifying the representations of
the Poincar’e group to a classification and representations the sta-
bility subgroups only. Similarly, the application of algebra to all
works of life cannot be over emphasized; example of such applica-
tions is the group theoretical interpretation of Bara'at Model by [6]
that gave birth to a new phase in algebra. This interpretation has
lead to the discovery of a new permutation pattern called the Aunu
numbers. The Aunu permutation patterns first arose, out of attempts
to provide some combinatorial interpretations of some succession
schemes and today series of results ranging from its avoiding class
to its properties which have also been studied. More recently the
Catalan numbers were used by [3] to develop the scheme for prime

numbers P >5 and Q< N which generate the cycles of permuta-
tion patterns using @ = ((M@A+i),, (1+2i),,..A+(p-Di),,) to deter-
mine the arrangements.

This permutation pattern was further studied by [10] to establish a
permutation group, this they achieved by embedding an identity el-
ement {1} in the collection of &y = @)@ +i),, @+2i),,...A+(p—-D)i),,

Ot
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Besides the general representations of groups and symmetric
groups, Researchers have over time looked also at permutation

groups with some certain properties; one that comes to mind is the
permutation patterns that have any of the element fixed or the ones
that has no fixed element, here the idea of deranged and non-de-
ranged permutations surfaces. It is in line with this understanding
that [1] extended the Aunu permutation pattern of [3] to a two line
notation and to establish a different permutation group (T, - non de-

ranged permutation group g ), this enabled them a further study

on the theoretical and algebraic properties of this two lines struc-
ture. Besides the representations of this permutation group g have

also been studied by [5]; in their work they established g asa Fg,

- module and revealed some interesting results about the character
of each element of g" . However, in this paper, we will study the

Young tableaux of this T, - non deranged permutation group g .

2. PRELIMINARIES

In this section before we outline the main results in this research,
we attempt to define some basic concepts and notations that will
help in further understanding of this work;

Definition 2.1: A partition of a positive integer n is a sequence of
positive integers A=(4,4,..,4) satisfying A >4 >..>4 >0 and
n=A4+4 +..+1.Wewrite A-n todenotethat 2 is a partition of
n . For instance, the number 5 has seven partitions: (5), (4,1),

(3,1,1), 3,2), (2,1,1,1), (2,2,1), (1,1,1,1,1). We can also represent
partitions pictorially using Young diagrams as follows.

Definition 2.2: The Young diagram is a finite collection of boxes
arranged in left-justified rows, with the row sizes weakly decreas-
ing number of boxes in each row. The Young diagram associated to
the partition 2=(4,4,,..,4) is the one that has | rows, and 2

boxes on the ith row.
For instance, some of the Young diagrams corresponding to the par-

titions of 5 are
(5)

(4.1

(2,2,1)

Definition 2.3: A Young tableau is obtained by filling in the boxes
of the Young diagram with symbols taken from ordered set, it is a
Young diagram in which the n boxes have been filled with the num-
bers 1, ..., n, each number used exactly once; simply put as a
filling of n distinct entries, arbitrarily assigned to boxes of the
Young diagram.

Suppose AFn . A Young tableaux t of shape 4 is obtained by fill-
ing in the boxes of a Young diagram of 2 with 1, 2... n with each

number occurring once. For example, here are some of the tableaux
corresponding to the partition (3, 2)

1123
4

Definition 2.4: A standard Young tableaux is a Young tableaux
whose the entries are increasing across each row and each column
For instance, the only standard Young tableaux for (3,2) as given
the example above are:

1 3‘
4
135|
2

Definition 2.5: A semi standard Young tableaux is a filling which
is weakly increasing across each row and strictly increasing down
each column, but may have repeated entries; for instance, the semi
standard Young tableaux for (3,2) is as follows.

1[3]4]
319 1[3]3]
1113 ] 2|4
4[5

Definition 2.6 [5]: T, - non-deranged permutation group g is a

permutation group with a fixed element on the first column from the
left.

Definition 2.7 o eg [5]: Let © be a non-empty ordered set such
that Q=N . Let g° = @ 1<i<(p-1) be a subgroup of sym-
metry group Sp such that every « is generated by arbitrary set
Q for any prime p >5 using the following

(0‘{1 a+iy, @), . . . (1+(p—1>i>w} W

EXAMPLE 2.7.1
For p=5 equation (1) will generate permutation group g,

123 45
123 45

1 2 3 4 5
w, = ,
1 3 5 2 4

a)l

] = {e} (the identity permutation)

4
5

4 5
3 2
Theorem 2.8 [2]

Every permutation on a finite set can be written as a product of dis-
joint cycles.

a N AN
A W N W

Definition 2.9: From theorem 2.8; permutations can be decompose
into disjoint cycles. For instance the example 2.6.1 above

0,=@€), o =(2354) o =(3245) and o, = (43)(25)

i.e., w, is decomposed into (2354) which denotes the permutation
that sends 1—-1, 2—»3, 355, 5>4and 42
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Likewise w, is decomposed into (25) (34) which denotes the per-

mutation that sends 1—»1, 25, 5->2,3—4 and 4>3.
Note the number of element(s) in each cycles denote the length of
such cycle, hence the cycle type of o, = (43) (25) is the partition

whose parts are the length of the decomposed cycles. (25)(34) =
4:(1 234 5] eg" has partition (2, 2, 1).

15 4 3 2
3. Results
3.1. Theorem

Let g bea T, -non deranged permutation group p =5 (p aprime).

Every @, € G has (pT_l) cycles of length 2.

Proof
From equation (1) above o of the permutation group g is given
as
(2 3 p
27 @, @2y, .. ar(p-Di),

Itis clear that every o, , is always of the

L]

Form

[1 2 3 (p-1) p]
@ .=
1 p (p-1H ... 3 2

Then o, in cycle form will be (2 p) (3 (p-1)) ((4 (p-2)) ...

3.2. Proposition

The length of cycle(s) of any « g is a factor of the cardinality
of the group g

3.3. Theorem

The Young tableaux of T, - non deranged permutation group g is
always non-standard for all @ =, .

Proof

From definition 2.6 above, the permutation group g is a non-de-
ranged type of permutation group, and for every @ =a,, then it's
obvious that the cycle notation of each « =@ will have cycle

length of 1 because of the fixed 1—1; it’s representations which
using the Young tableaux the 1 will always be below the other cycle
length greater than 1 and this contradict the definition of standard
tableaux, hence the proof.

4. Conclusion

Young tableaux from the review of previous research is a combina-
torics object which can be used to diagrammatically show weather
a permutation group has a standard, semi standard or non-standard
tableaux. In this work it has been shown that the representations of
the T, - non deranged permutation group g is always non-stand-

ard for all » # @, and this is simply because of the derangement at
the first entry of the permutations.
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