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Abstract

In this paper, we define a new class of set in general topology called an infra-a-open set and we investigate fundamental properties by using
this new class. The relation between infra-c-open set and other topological sets are studied. Moreover, In the light of this new definition, we
also define some generalization of continuous mappings and discuss the relations between these new classes of mappings and other continu-
ous mappings. Basic properties of these new mappings are studied and we apply these new classes to give characterization of connected space.
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1. Introduction

In 2013, Missier and Rodrigo introduced new class of set in general
topology called a -open (supra-a-open) set but we believe he
didn’t succeed in defining that set. The definition given has no
relation with the other set defined by him and other. Hence, there is
no need to rely on it. But our definition in this paper, we think, is
in connection with the other set, he has defined it or other and the
converse relations between our definition and other are discussed
by counter-examples. Moreover, new classes of mappings are
introduced by using this definition and interesting results and basic
properties are studied and investigated.

Throughout this paper (X, ) or simply by X denote topological
space on which no separation axioms are assumed unless explicitly
stated and f : X — Y means a mapping f from a topological space X
to a topological space Y. If u is a set and z is a point in X then N(z),
IntA, cl u and u¢ denote respectively, the neighborhood system of z,
the interior of u, the closure of u and complement of u.

Now we recall some of the basic definitions and results in topology.

Definition 1. A set A € X is called a aa—open [4] (resp. preopen
[3], semi open [2] set if A C Int ( cl( Int( A))) (resp. A C Int (cl(
A)), A Ccl(Int( A))). The collection of all a-open (resp. preopen,
semi open) sets of X is denoted as aO(X) (resp. PO(X), SO(X)).

Definition 2. A set u € X is called:

* semi*open (infra-semiopen) [6] if 1 C u C CI*(n) where 1 is
an open or equivalently i C CI*(Int()).

* semi*closed (infra-semiclosed) [6] if Int* (1) C 1
where 1 is a closed or equivalently Int*(CI(i)) C

C n where
u.

o pre*open (supra-preopen) [7] if u C Int*(Cl((t)) and supra-
preclosed (supra-preclosed) if CI*(Intpt))) C .

o o*-open (supra-o-open) [5] if u C Int*(Cl(Int*(u))) and o*-
closed (supra-oi-closed) if CI* (Int(CI*(u))) C .

The family of all infra-semiopen, infra-semiclosed, supra-preopen,
supra-preclosed, supra-o-open and supra-o-closed sets in X will
be denoted as ISO(X), ISC(X), SPO(X), SPC(X), Soe — O(X) and
Sa—C(X), respectively.

Definition 3. A mapping f: X — Y is said to be:

e o-continuous [4] if inverse image of open set in 'Y, is a &t-open
setin X.
o semi continuous [2] if f~! (v) is a semiopen set in X for each
open setvinY.
o precontinuous [3]if f~! (v) is a preopen set in X for each open
setvinY.
Definition 4. [1] Let A any set. Then,
(i) CI*A =n{n:n 2 A, N is a generalized closed set of X} is
called closure™.
(ii) Int*A =U{u:u C A, uis a generalized open set of X} is
called Interior*.

Lemma 1. [1] Let A any set. Then,

e A CCI*A C CIA.
o IntA CInt*A C A.

2. Infra-o-open Set

Definition 5. A subset A of space X is called infra-a-open (infra-o-
closed) setif A C Int CI* Int A (ClInt* CL A C A). The class of all
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infra-o-open (infra-a-closed)sets in X will be denoted as Io. — O(X)
(Ia—C(X)).

Definition 6. For any set A, we have,

e lo—ClA=nN{u:u2DA, uisan infra-o-closed set of X}
is called an infra-a-closure.

e lo—Int A=U{p:uC A, Uisan infra-a-open set in X } is
called an infra-o-Interior.

o IsCIA=n{u:u DA, Wisaninfra-semiclosed set of X}. is
called an infra-semi-closure

o Islnt A =U{u:pu CA, uisan infra-semiopen set in X }. is
called an infra-semi-interior

Theorem 1. A set € Ia — O(X) if and only if there exists an open
set A such that A C p C Int CI*A.

Proof. Necessity: If y € Ioo — O(X), then u C Int CI* Intpr. Put
A =Intp, then A is an open setand A C u C Int CI*A.
Sufficiency: Let A be an open set such that A C p C Inr CI*A, this
implies that Int CI*A C Int CI* Intu, then u C Int CI* Intp .1 .

Theorem 2. A set A € [ — C(X) if and only if there exists a closed
set W such that Cl Int* u C A C .

Proof. Necessity: If A € Ioo — C(X), then CI Int* CI A C A. Put
Ww=CIA, then pisaclosedsetand Cl Int* u CA C .
Sufficiency: Let i be a closed set such that CI Inr* u C A C p, this
implies that CI Int* CIA C Cl Int* p, then Cl Int* CIA C 1.1

Theorem 3. Let A be a set of X. Then, the following properties are
true:

(a) IsIntA = ANCIl*IntA.
(b) IsCIA = AUInt*CIA.

Proof. (a) We know that IsInt is infra-semiopen,

then IsInt(A) C Cl*Int(IsInt(A)) C Cl*Int(A).

So, Islnt(A) CANCFInt(A) — (1)

We have IntA C ANCIl*Int(A) C Cl*Int(A). By Definition 2 A N
Cl*Int(A) is an infra-semiopen set and A NCI*Int(A) C A,

then A NCl*Int(A) C Islnt () — (2)

From (1) and (2), we get IslntA = ANCI* IntA. W .

Corollary 1. Let A be a set of X. Then, the following properties are
true:

(@) If A is a generalized closed set, then IsIntA = Cl*IntA.
(b) If A is a generalized open set, then IsCIA = Int*CIA.

Proof. we will prove(b) and (a) is the same.
We know that, Int*A C Int*CIA but Int*A = A, this implies that
A C Int*CIA, then IsCIA = Int*CIA. R

Theorem 4. For any subset A of a space X, the following implica-
tion (i) = (it) = (iii) = (iv) hold:

) Aela—C(X)
(i) CI* Int p C A C U, for closed set u;
(iii) IsInt uw C A C u; for closed set u;;
@(iv) IsInt clA C A

Proof. It is clear from Lemma 1, Definition 5, Theorem 2 and Corol-
lary 1. B

Theorem 5. For any subset A of a space X, the following statements
are hold:

@O FACuUCIntCl*Aand A € lo—O(X), then p € lo—O(X).

@) If ClInt*A CuCAand A € lo—C(X), then pu € la—C(X).

Proof.

(i) Let A € Ia— O(X), then there exists 7 an open set such that
n C A CInt CI*n, this implies that 1 C u and A C Int CI*n).

Therefore, Int CI*A C Int CI*n and n C u C Int CI*n, then
uelo—O0(X)

(ii) Easy to prove by using the same technique of proof (i).

Proposition 1. Let A and U be the sets in X and A C W. Then, the
following statements hold:

1. Ia—Int(A) is the largest infra-o-open set contained in A.
2. lao—1Int A CA.

3. Ia—Int A Clo—Int Q.

4. Ia—Int(Ioo—Int 1) =Ia—Int A.

5. A€la—0X) ela—Int A=A

Proposition 2. Let A and [ be the sets in X and A C [. Then the
following statements hold:

1. Ia—CI(Q) is the smallest infra-a-closed set containing A.
2. ACIa—CI(RA).

3. Ia—CIACla—Clpu.

4. la—Cl(loo—Cl L) =1a—CI A.

5. A€la—C(X) eloa—ClA=A.

Theorem 6. Let A be a set of X. Then, the following properties are
true:

@ (Iao—Int L) =Ia—Cl A.
) (la—ClA) =Ia—Int A.
(©) Ia—Int A CANInt CI* Int A.
d) Ia—ClADAUCLInt* Cl A.

Proof. We will prove only (a) and (d).

(a) la—Int A)° = (U{v:vC A, visan infra—a—open set of X})*
= loa—ClA.

(d) Since A CIot —Cl A and ot — CI A is an infra-o-closed set.
Hence, CI Int* CI(Ia —Cl A) CIoe —CI A. Then, o*CI A D AU
ClInt*Cl 1.1

Corollary 2. Let A be a set of X. Then, the following properties
are true:

@) If A is an open set, then Iat — Int A C Int CI* Int A.
(b) If A is a closed set, then Ioc — CIA D CI Int* CI A.

Theorem 7.

(a) The arbitrary union of infra-o.-open set is an infra-Q-open set.
(b) The arbitrary intersection of infra-o.-closed set is an infra-o-
closed set.

Proof.

(a) Let {A;} be family of infra-a-open set. Then, for each i, A; C
Int CI* Int Aj and UA; C U(Int CI* Int A;) C Int CI* Int(UA;).
Hence U4, is an infra-ot-open set.

(b) Obvious.H

Theorem 8. Let A be a set in X. Then,
Int*A Cla—Int A CACloa—ClACCI*A.

Proof. We know that Int*A C A, this implies that I — Int(Int* ) C
Ioo—Int A. Then, loe — Int(Int*A) = Int*A and so, Int*A C I —
Int A — (1).

Also, we know that A C CI*A, this implies that foo —Cl A C It —
CI(CI*A). Then, Ia — CI(CI*A) = CI*A and so, [oc — Cl A C CI*A
— (2).

From (1) and (2), we obtain Int*A Clao—Int A CA Clo—CI A C
cra.m

Theorem 9. Ler A be a set of a topological space X. Then the
following statements hold:

@) If A is an infra-o- open (infra-o- closed) set, then A is a &t-open
(a-closed) set.

(b) If A is an infra-o- open (infra-a- closed) set, then A is a o*-
open (supra-o-open) ((x*-closed (supra-o-closed) ) set.
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(¢) If A is an infra-o- open (infra-a- closed) set, then A is a pre*
open(supra-preopen) (pre* closed(supra-preclosed)) set.

(d) If A is an infra-a- open (infra-a- closed) set, then A is a semi*
open (infra-semiopen) (semi* closed ( irgfra-semiclosed)) set.

(e) If A is an open (closed) set, then A is an infra-o.- open (infra-o-
closed) set.

Proof. It is clear from Definition 1, Definition 2, Definition 5 and
basic relations.ll

The following “Implication Diagram 1” illustrates the relation of
different classes of open sets.

Semiopen Set ‘

|

| Infra-semiopen Set |

mR— e — r
3 3
- c @ =
Al & |2 ] N
S > O € §led & N
gl |g 3 o
o [ =~
g |[°] |
=] c
3 £
L L L L | v
[ Supra-preopen Set }
Preopen Set ‘
Diagram 1
Remark 1. The following examples shows that the converses of

these relations are not true in general.

Example 1. Consider the space (X, t) where, X = {1,2,3,4}. Let
Ay, Ay, Az, Ay, As, Ag and A7 be sets of X defined as:

Ar={1} Ay={2} A3={1,2} A4={1,2,3}
As={1,4} A¢=1{2,4} A7={1,2,4}

Let v ={¢,A1,A2,A3,A4,X }. We can see

* As is an infra-semiopen set which is not a supra-preopen set.
* Ag is an infra-semiopen set but it is not an open set.

e Ay is a supra-preopen set which is not an infra-semiopen set.
* A7 is a supra-preopen set which is not an open set.

e A7 is a supra-preopen set but it is not an infra-o.-open set.

* Ag is an infra-semiopen set which is not an infra--open set.

Example 2. Consider the space (R,Tco—finine) Where, A =
R—]1,2[. We can see A is an infra-o-open set which is not an
open set.

Example 3. Consider the space X where, X ={1,2,3}. Let A| and
Ay be sets of X defined as:

A ={1} A, ={2,3}
Let t={¢,A|,X}. We can see

* A is a supra-oi-open set which is not an infra--open set.
e A is a supra-o-open set which is not an open set.

Example 4. Consider the space (X,T) where, X = {1,2,3}. Let
Ay and Aj be sets of X defined as:

Ar={2} A, ={2,3}
Let T ={¢,A|,X}. We can see

e Aj is a a-open set which is not an infra-Q-open set.
* A is a semiopen set which is not an infra-o.-open set.
e Aj is a preopen set which is not an infra-o.-open set.

3. infra-o- continuous Mapping

Definition 7. A mapping f: X — Y is said to be:

(i) infra-a- continuous ifffl(u) is an infra-o- open (infra-o.-
closed) set in X for each open (closed) set L in'Y.

(ii) infra-o- irresolute if f~1 (W) is an infra-o.- open infra-a- closed)
set in X for each an infra-o.- open ( infra-a- closed) set (L in'Y.

Theorem 10. For a mapping f : X — Y, the following statements
are equivalent:

(i) fis aninfra-o- continuous;

(ii) For every z € X and every open set |t € Y such that f(z) C
there exists an infra-o.- open set A in X such that z € A and A
N w);

(iii) For every z € X and every open set L € Y such that f(z) €
there exists an infra-o- open set A € X such that z € A and f(A)
e

(iv) The inverse image of each closed set in Y is an infra-o.- closed;
(v) Clint* CI(f~Y(n)) C (f~U(Cl w)) for each winY;

(vi) f(ClInt* CI(A)) CCl f(A) foreach A in X.

Proof.

(i) = (ii). Consider z € X and every open set it € ¥ such that
f(z) € u, then there exists an open set m € Y such that f(z) em C .
Since f is an infra-o- continuous, A = f~!(m) is an infra-&- open
and we have

e fUFE) S m) S F w) or z€ A= m) C £ (w).
(ii) = (iii). Let z € X and every open set it € Y such that f(z) € u,
there exists an infra-a- open A such thatz € A and A C f~!(u). So,
we have z € A and f(4) C £~ ((f(1))) € .

(iii) = (i). Let u € Y and let us take z € f~!(u). This shows that
fz) € f(f 71 (n)) C u. Since u is an open set, then there exists an
infra-ct- open set A such thatz € A and f(A) C . This shows that
7€ AC fH(F(A)) C f~'(u). It follows that f~'(u) is an infra-a-
open set in X and hence f is an infra-a- continuous.

(i) = (iv). Suppose u be a closed in Y. This implies that Y — u
is open set. Hence f~!(Y — u) is an infra-a- open set in X. Thus,
£~ Y(u) is an infra-o- closed set in X.

(iv) = (v). Let u € Y, then f~!(CI p) is an infra-o- closed in X.
(v)= (vi). Let A € X, put g = f(A) in v, then

CLnt* €I (£~ (£(R))) € £~ (CI(F(1))). So,

ClInt* Cl () C f~Y(CI(f(A))). This gives

f(ClInt* ClL (X)) CCI f(A).

(vi) = (i). Let w €Y. Put A= f1(u) in (vi), then
F(CLInt™ CIL(F~1(1€))) € LA (1)) € Clpe) = p.

That show that CI Int* CI (f~'(u€)) € f~1(u) . Thatis £~ (u°)
is an infra-a- closed set in X, so f is an infra-o- continuous mapping.
|

Using the same arguments in Theorem 10 and using Propositions 1
and 2, one can prove the following theorem.

i,
c

NE

Theorem 11. For a mapping [ : X — Y, the following statements
are equivalent:

(i) fis aninfra-o-continuous;

(ii) The inverse image of each closed set in'Y is an infra-o-closed;
(iii) f(Ioe—CI(A)) CCI(f(A)), for each set A € X;

(iv) Ta—CI(f~" () C f1(Cl(w)), for each set u € Y;

(v) £ Int(u)) CIo—CI(f~ (1)), for each set p €Y.

Definition 8. A mapping f: X — Y is said to be:

* supra-precontinuous if f_l(v) is a supra-preopen (supra-
preclosed) set in X for each open (closed) setvinY.

o infra-semicontinuous if f~'(v) is an infra-semiopen (infra-
semiclosed) set in X for each open (closed) setvinY.

* supra-Q-continuous iff_l(v) is a supra-oi-open (supra-oi-
closed) set in X for each open (closed) setvinY.
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The “Implication Diagram 2 ” illustrates the relations between dif-
ferent classes of continuous mappings.

Semicontinuity |

t

| Infra-Semicontinuity |

|
|

[y

Continuity
4
Supra-0-Continuity
|
Q- Continuity
Infra-a CIJntmmty

v
‘ Supra-Precontinuity |

T

Pre Continuity |

Diagram 2

Remark 2. The converse of these relations need not be true in
general as shown by the following example:

Example 5. Consider the space (X, ty) and (Y, 7,) where, ¥ =X =
{1,2,3,4}. Let Ay, Ay, A3, Ay, As and Ag be sets of X defined as:

Ar={1} Ay={2} A3={1,2} A4={1,2,3} A5={2,3,4}
A¢ ={2,4}

Let T = {¢7A17A27A37X}’ Ty = {¢7A17A27A37A47X} and f :
(X, 1) = (Y, 1) be an identity mappings. We can see

e f is a supra-precontinuous mapping but not an infra-
semicontinuous mapping.

* fis a supra-precontinuous mapping which is not a continuous
mapping.

* f is a supra-precontinuous mapping which is not an infra-o-
continuous mapping.

Example 6. Consider the example 5 but T, = {§,A1,A2,A3,A¢,X }.
We can see

e f is an infra-semicontinuous mapping but it is not a supra-
precontinuous mapping.

e f is an infra-semicontinuous mapping where as it is not a
continuous mapping.

e fis an infra-semicontinuous mapping which is not an infra-a-
continuous mapping.

Example 7. Consider the space (X, ;) and (Y, T,) where, Y =X =
{1,2,3,4}. Let Ay, A and A3 be sets of X defined as:

={1} Ax={2} A3={2,3}

Let T, = {¢,A1,X}, 1y = {0,A,A3, X} and [ : (X, 7)) =
an identity mappings. We can see

(Y,7y) be

e f is a supra-o-continuous mapping but not an infra-o-
continuous mapping.
e f is a supra-o-continuous mapping which is not a continuous

mapping.

Example 8. Consider the example 7 but t, = {¢,A>,X} and 7, =
{9,A2,A3,X}. We can see

e f is a «-continuous mapping which is not an infra-o-
continuous mapping.

e f is a semicontinuous mapping which is not an infra-o-
continuous mapping.

e f is a precontinuous mapping which is not an infra-o-
continuous mapping.

Definition 9. A mapping f : X — Y is said to be an infra-o-open (
infra-a-closed) if f(A) is an infra-a-open ( infra-ot-closed) set in Y
for each an open ( closed) set A in X.

Theorem 12. For a mapping [ : X — Y, the following statements
are equivalent:

(i) fis aninfra-o-open;

(ii) f(ImtA) Clo—Int(f(A)), for each set A € X;

(iii) Int(f~'(A)) C f~"(alnt*(A)), for each set A € Y;

(iv) f~'Ia—Cl(n)) CCl(f~"(n)), for each set L € Y;

(v) f(IntA) CInt CI* Int (f(A)), for each set A € X;

Proof.

(i) = (ii). Let f be an infra-o.-open mapping and A be a set in X,
fnt(R)) C f(A). we have Toe — Int(f(Int(A))) CIa—Intf(A).

Then, f(Int(A)) Clo—Intf(A).

(it) = (u) Suppose u € Y, then f~'(u) be a set in X.
We put f~(u) = A in (i), we get f(Int(f~'(n))) C lax —
Int(f(f~1(u))) C Ia —Int(p). Then, Int(f~'(u)) € f~' (I —

(f
Int(p)).

(iif) = (iv). Let A €Y, then A€ also is a set in Y. In (iii) we

put A€ = A, then we get Int(f~'(A°)) C f~(Ia — Int(A°)). Then,
(CI(f~H(A)))E C (f (I — CI(A))). Hence, f~' (I — CI(A)) C
Cl(f~1(A)).

(iv) = (v). Let us consider A be a set in X, then (f(?L))C is asetin

Y. Using (iv), we get f’l(la—Cl((f(/l))")) ce(r! ((f(/l))"))
This implies that (f~!(Ia — Int(F(A))))¢ C (Int(f~ (f(A))))°.
then Int(A) C f~\(Io — Int(f(1))) and f(Int(A)) C lo —

Int(f(A)) C Int CI* Int (ot — Int(f(1))).
Hence, f(IntA) C Int CI* Int (f(1)).

(v) = (i). Let A be an open set in X.

By using (v), we have f(A) C Int CI* Int (f(A)), then f is an
infra-o-open mapping..l

Corollary 3. For the mapping f : X — Y, the following statements
are equivalent:

(i) fis aninfra-o-closed;

(ii) f(loe—Clu) CCI(f(n)), for each set winY;

(iti) Int(f~'(u)) C f~(ant*(u)), for each set p in Y ;

(iv) Int(f~1(u)) C f~'(Int CI* Int (), for each set winY.

Now, we define an infra-¢-connected as follows:

Definition 10. A set A € X is said to be an infra-o.-connected if A
cannot written as the Union of two infra-Q-separated sets.

Theorem 13. Let f: X — Y be an infra-o-continuous surjective
mapping. If N is an infra-o-connected subset of X, then f(n) is a
connected in'Y.

Proof. Suppose f(n) is not an infra-o-connected in Y. Then,
there exists an infra-a-separated subsets A and ( € Y such that
fm)=Aup.

Since f is an infra-ai-continuous surjective mapping, ' (1) and
£~ () are infra-a-open sets in X and 1 = £~ (f(n)) = f~ (AU
w=rtaus ().

Itis clear that £ =1 (1) and f~!(u) are infra-a- separated in X. There-
fore, 1 is not an infra-¢-connected in X, which is a contradiction!!
Therefore f(n) is an infra-ct-connected. W
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