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Abstract

The current article mainly dwells on introducing Riesz sequence space rq(éﬁ) which generalized the prior studies of
Candan & Giines [28], Candan & Kiling [30] and consists of all sequences whose R B-transforms are in the space £(p),
where B = B(ry, s,) stands for double sequential band matrix (rn)ee o and (s,,)52, are given convergent sequences
of positive real numbers. Some topological properties of the new brand sequence space have been investigated as
well as a- 8- and y-duals. Additionally, we have also constructed the basis of r?(BF). Eventually, we characterize a
matrix class on the sequence space. These results are more general and more comprehensive than the corresponding
results in the literature.

Keywords: Paranormed sequence space, alpha-, beta- and gamma-duals and matriz mappings.

1. Introduction

First of all, we are going to introduce some notations and definitions which are going to be needed in later sections
of the article. Let us begin by discussing the concept of a sequence. There are many ways of defining a sequence,
each of which is an equivalent way of defining the same thing. A sequence is simply an ordered list 1, z2,...,Zp, ...
of numbers. Such a sequence is called an infinite sequence. In this article sequences will be infinite thus so from now
on when we speak of sequences we will mean infinite sequences. A slightly more sophisticated way of representing
the sequence ai,ag, ..., ay, ... is with the notation {a;}3°,. We will often abbreviate {a;}$°, simply with {a;}. A
sequence {a,} converges with limit a if each neighborhood of a contain almost all terms of the sequence. In this
case we say that {a,} converges (or convergent) to a as n goes to co. In a common parlance the words series and
sequence are essentially synonomous, however, in mathematics the distinction between two is that a series is the
sum of the terms of a sequence. Let {a,} be a sequence and define a new sequence {s,} by the recursion relation
{s1} = {a1} and {sp+1} = {sn} + {@n+1}. The sequence {s,} is called the sequence of partial sums of {a,}. Let
{sn} be sequence of partial sums of {a,}. If {s,} converges we say that {a,} is summable. In this case, we denote
the limy o s, by Z;io a;. The expression Z]oio a; is called an infinite series whether or not the sequence {a,} is
summable. When we are given an infinite series Z;io a; the sequence {a,} is called the sequence of terms. If the
sequence of terms is summable, the infinite series is said to be convergent. The set of all convergent sequences in K
are denoted by c. A sequence {a,} in K is called a null sequence if it converges to zero. The set of all null sequences
in K are denoted by cg, where K denotes either of fields R and C. A sequence is bounded if the set of its terms
have an upper bound and a lower bound. The set of all bounded sequences is denoted by £.,. Any vector subspace
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of w = w(K) = KN is known as a sequence space and N := {0,1,2,...}. It is clear that the sets ¢, ¢y and /o, are the
subspaces of the w. Therefore, ¢, ¢y and £, equipped with a vector space structure, forms a sequence space. Also
by bs, cs, {1 and £, we denote the spaces of all bounded, convergent, absolutely and p-absolutely convergent series,
respectively.

Now, let us give the definition of the triangle matrix. Let T = (t,x) be a triangle matriz, that is t,; = 0 for
k> n and t,, # 0 for all n € N. It is clear that A(Bx) = (AB)z holds for the triangle matrices A, B and a
sequence z. Moreover, a triangle matrix U uniquely has an inverse U ! = V which is also a triangle matrix. Thus,
x=U(Vx) =V (Uz) holds for all z € w.

The concept of matrix domain plays one of the most important role in this article. Therefore, its definition is
presented in this paragraph. The domain A of an infinite matrix A in a sequence space A is defined by

A= {z = (z)) Ew: Az € A}, (1)

which is a sequence space.

Even though generally the new sequence space A4 produced by the limitation matrix A using a sequence space
A is either the expansion or the contraction of the space A itself, sometimes those spaces may be observed overlap.
In fact, it is easy see that the inclusion Ag C A strictly holds for A € {{,c,co}. Because of this property, it can
be deduced that the inclusion A C Axq) also strictly holds for A € {{x, ¢, co,£p}. But, when X := ¢o @ span{z} is
defined with z = ((—1)*¥), that is x € X iff z := s+ az for some s € ¢y and some o € C, and take the matrix A with
the rows A,, described by A,, := (—=1)"e(™ for all n € N into consideration, we obtain Ae = z € A while Az = e ¢ X
resulting in the sequences z € A\ Aq and e € Ay \ A, here e = (1,1,1,...) and e(™ represents a sequence of which
only non-zero element is a 1 on the n* place for each n € N. In other words, the sequence spaces A4 and \ overlap
while none of them contains the other one. For more detail on the domains of some triangle matrices in certain
sequence spaces, the reader may refer to Baar’s book entitled ”Summability Theory and Its Applications” (see [1,
p. 50]).

Another essential definition is the paranorm definition which is going to be needed in later. Now, let us give this
concept. The function g on a X satisfies the properties of a paranorm g(0) = 0, g(z) = g(—x), g(z+y) = g(z)+9(y),
|ay, — @] = 0 and g(x, — ) — 0 imply g(apz, —azx) — 0 for all &« € R and all z € X, where 6 is the zero vector
in the linear space X. Recall that a linear topological space X over the real field R with a paranorm obeying these
rules is called a paranormed space.

From now on, let us assume that (px) be a bounded sequence of strictly positive real numbers with suppy = H
and M = max {1, H} and 1/px + 1/p;C = 1 provided 1 < infpr < H < co. Then, the linear spaces £ (p) and £(p)
were defined by Maddox in [2] and [3] (see also Simons [4] and Nakano [5]) as follows:

{p) = {m: (zk) Ew:2|xk\p"“ <oo}

k

and
loo(p) = {a: = (zx) € w : sup |z |["* < oo},
keEN

which are the complete spaces paranormed by

1/M
g(2) = (Z x|> and  go(x) = supla”/ i infpy >0
L c

, respectively.

For the sake of simplicity, here and in what follows, it will be assumed that the summation without limits runs
from 0 to oco.

Recently, the approach to construct a new sequence space by means of the matrix domain of a particular triangle
has been used by some of the writers in many research articles. They defined and examined the sequence spaces
Xp = (gp)CH in [6]7 rt(p) = (E(p))Rt in [7]3 6; = (ep)E"' and er(p) - (E(p))E’ in [87 9, 10} Z(uavaep) = (EP)G'(u,'u)
and {(u,v,p) = (U(p))cuv) in [11, 12], a"(p) = (€p)ar and a"(u,p) = (€(p))ar in [13, 14], bv, = ({,)a and
bo(u,p) = (£(p)) a, in [15, 16, 17], £(p) = (£(p))s in [18], £; = (€p)a in [19], Ap(r,s) in [20] Ap(s,5) in [21], fo(B) and
f(B) in [22], fo(B) and f(B) in [23] and etc., where Cy = {¢ni}, R' = {rt.}, E"={e,}, S={snk}, A=
(O}, Glu,w) = {gar}, A = (AU}, A" ={al,}, AL = {aum()}, A" ={a%}, Brs) =
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{bni(r,s)}, B(7,8) = {bnk(7,8)}, A = {Mk}i—o and A(A) = {auk(N)} denote the Cesro, Riesz, Euler,
generalized weighted means or factorable matrix, summation matrix, difference matrix, generalized difference matrix
and sequential band matrix, respectively. Moreover, the ones who are more interested in the subject are advised to
read [24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52].
We should note here, there are many different ways to construct new sequence spaces from old ones. To get more
detailed information, one can look at the articles [53, 54, 55, 56].

In this paragraph, we shall introduce the notion of a matrix transformation from X to Y. Let X, Y be any two
sequence spaces. Given any infinite matrix A = (a,y) of real numbers a,j, where n, k € N, any sequence z, we
write Az = ((Az),), the A-transform of , if (Az), = 3, anxxi converges for each n € N. If z € X implies that
Az €Y then we say that A defines a matrix mapping from X into Y and denote it by A: X - Y. By (X :Y), we
mean the class of all infinite matrices such that A: X — Y.

In the present article, we introduce the new sequence spaces derived by Riesz mean (R,q,) and generalized
difference matrix E(r, s).

The layout of the rest of the present article is organized as follows:

Section 2 is devoted to the spaces of difference sequences and some historical developments related to this matter
are given. Additionally, the concept of generalized difference matrix is introduced. In section 3, the paranormed
sequence space r?(BP) of non-absolute type which is the set of all sequences whose R B-transforms are in the spaces
£(p) and then their alpha-, beta- and gamma-duals are computed. In addition to this, the basis of the space rq(Bg)
is obtained. In the final section of the article, we characterize a matrix class on the sequence space.

2. Difference sequence spaces

In this section, we are going to give some knowledge about literature concerning the spaces of difference sequence.

The difference sequence spaces have been studied by several authors in different ways. At first, Kizmaz introduced
the difference sequence space in 1981. Now, let us briefly explain further. If A € {{, ¢, co} then, A(A) consisting of
the sequences x = () such that (zp—xx41) € Ais called as the difference sequence spaces which were introduced by
Kizmaz [57]. In recent years, the difference spaces bu,, consisting of the sequences = = (xy) such that (xp—xr_1) € ¢,
have been studied in the case 0 < p < 1 by Altay and Bagar [58], and in the case 1 < p < oo by Basar and Altay
[59], and Colak, Et and Malkowsky [60].

The concept of difference sequences was generalized by Colak and Et [61]. They defined and examined the
sequence spaces

A™N = {m:(xk) Gw:Amxe)\},

where Az = (2, —7p41) and A™z = A(A™ 1z) for m € {1,2,3,...}. In [62], Malkowsky and Parashar introduced
the sequence spaces as follows

A\ = {x = (2p) cw: AMg e )\},

where m € N, AWz = (2, —x5_1) and Az = AW (AM=Dg). More recently, in [63], Polat and Basar introduced
the spaces eg(A(m)) T(AU™)) and e (A™) consisting of all sequences whose mth order differences are in the Euler
spaces €f), el and e’,_, respectively. Finally, Altay [64] studied the space ¢ ( ) consisting of all sequences whose

b order diﬁerences are p—absolutely summable which is a generalization of the spaces bv, defined by Basar and
Altay [59], and Colak, Et and Malkowsky [60].

Let r, and s, be non—zero real numbers for all n € N, and define the double sequential band matrix B =

B(Fvg) = {bnk(?’g)} by

rn , (k=n),
bnk(FaE) = Sn (k =n— 1)7
0 , 0<k<n-—1 or k>n),

for all k,n € N. Let us note here that the matrix B(7,s) can be reduced to the generalized difference matrix B(r, s)
in the case r, = r, s, = s for all n € N. Thus, the results related to the domain of the matrix B(7,3) are the
generalization of the corresponding consequences of the matrix domain of B(r, s).

Generalized difference matrix B(r, s) has been used by some of the writers in many research articles. Purely for
the development of this approach, the articles Kirigci and Bagar [20, 22] are recommended.
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3. The Riesz Sequence Space rq(ég) of Non-absolute Type

In this section, we will focus on the new paranormed sequence space rq(éfj), using the Riesz mean and double
sequential band matrix.

Before going into the details, we first introduce some notations and definitions. We begin by talking about the
Riesz mean.

The transformation given by

_ Q%o+ @121+ -+ gnn
Q@n
is called the Riesz mean (T, ¢,,) or simply the (T, g,) means of a sequence (z,,), where (gx) is a sequence of positive

numbers and Q,, = qo +q1 + - - + qn-
The matrix of the (T, ¢,) method is given by

o & 0<k<wn),
nk ° 0 , (k>n).

ln

In order to avoid any confusion throughout the article the symbol (R, ¢,) will be used instead of Riesz mean
(T, q). Now, we are ready to establish the set r? (Eﬁ), using the Riesz mean and double sequential band matrix.

For 0 < pp < H < o0, let us define the set rq(ég) as the set of all sequences whose Rgg—transforms is in the
sequence space £(p), that is

Pk

k
~ 1 ~
ri(BY)=qx=(zp) €w: E — E ujgjBxrj| <oop,
k

where u = (ug) is an arbitrary fixed sequence.
With the help of the notation of (1), we can rewrite the set r4(BE) by
r(By) = o} py 5

where R%E = (ri%) matrix defined as follows:

“ oo (rkurgy, + skupsrgrer) . 0<k<n-—1,
rof = Tatta . k=n,
0 , k> n.

Ahead of frequently used sequence y = (yi) by the R%E— transform of any given sequence z = (zy), i.e.,

k
1 ~
Yp = — u;q;Bx;. 2
k ijgo j45 by (2)

From now on when we speak of the sequences x = (x) and y = (y), we will mean that they are connected
with the relation (2).
Now, it is time to give the following theorem.

Theorem 3.1 The set rq(éfj) s a linear space together with coordinatewise addition and scalar multiplication, in
other words, r4(BP) represents the sequence space.

Proof: Since the proof of this theorem can be obtained by using elementary linear algebra, we omit the details.

Let us return to explaining our main subject. More recently, the Riesz sequence spaces 7%(u,p) and r7(AP) of
non-absolute type have been introduced and studied by Ganie and Sheikh [65, 66]. After then, some new Riesz
sequence spaces have been introduced and examined Candan & Giinesg [28] and Candan & Kiling [30]. When
compared to the corresponding results in the literature; it is seen that the results of the present study are more
general and more inclusive.

Now, let us start with one of the main results which is going to be used in later sections.
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Theorem 3.2 Let 0 < pr < H < co. Then, r‘I(Eg) is the complete linear metric space paronormed by g, described
via the following equality
1
k-1 Prq
1 TREURGE
g5(x) = > o > (rjuig; + sjujaai40)7; + T,
@ Qk

Proof: Clearly, in order to prove the theorem, it is sufficient to show that the conditions of the paranorm are
satisfied. To do this, firstly we show that the linearity of r?(BF) with respect to the coordinate wise addition and
scalar multiplication is true. Let us assume that z,z € r¢(BP). Therefore, the linearity of r4(BE) is obtained from
the following rudimentary calculations

[ = P
TRUKGE
gz +2) = | on > (rjusg; + sjuiiagio)(z; + z) + 0 (zk + 2k) (3)
- [ 2
i = PR A
TEUK]k
< D2 00 D (rjusg; + sjug14541) 75 + O "
A k
1
I = P
TRUEGE
+ D or > (rjug; + sjui1a541)7 + o "
@S k
= g5(@) +95(2)
for any u € R (see [2, p. 30])
[P < max{1, [p|M}. (4)

It is fairly easy to get the next two conditions g5(0) = 0 and gz(x) = g5(—=) which are valid for all z € r4(BP).
One more time, the inequalities (3) and (4) result in the subadditivity of g and the following inequality

95(ux) < max{L, |u|*}g5(z)
obviously holds.
Now let us observe that the scalar multiplication is continuous. To do this, let us assume that (z™) be arbitrary

sequence of the points lying in 77(BE) such that g (2™ —x) — 0 and (i) also be arbitrary sequence of scalars such
that p, — p. We can get

k-1 P T
n 1 n
95(na" —px) = |> Or > (rjuiq; + sjujiaa40) () — pay)
k j=0

< pn — ul7gp(a") + |u 7 gp(a" — o)
tending to be zero if we take n — oo since {gg (ac")} is bounded due to the inequality
95(") < gp(@) + 95" — )
which is valid because of subadditive of gz. This shovzs that the scalar multiplication is continuous. Namely, from
now on, we say that gz is paranorm on the space r(B%).
Here, if we prove the completeness of the space r?(BP) then the proof ends. Let us suppose that {x} be an

arbitrary Cauchy sequence in the space rq(Eg), where 2° = {2, 2%, ...}. In that case, there exists a positive integer
no(€)

g2 —27) < (5)
for all i, j > ng(€) for a given € > 0. We get by using definition of gz, for each fixed k € N

1
M
Pk
] <0

(RYBz'), — (R4 Ba’ )k’ <

> |(RiBa ) — (RyB )
k
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for i,j > mg(e). This result in the fact that {(RZExO)k, (R%Bz!),, } is a Cauchy sequence of real number for

every fixed k € N. Since we already know that R is complete, it converge, say (R%Bz'), — (R1Bx); as i — oo.
Using these infinitely many limits (R%Bzx)o, (R%Bz)1, ... we describe the sequence {(RZE:L’)O, (R%Bz);, } From
(5) for each m € N and ¢,j > ng(€), we have

m
~ . ~ . Pk . .
3 )(RﬁBm’)k — (R1Bal) | < gpla’ —2T)M < €M (6)
k=0
Let us pass to limit first as j — oo and next as m — oo in (6), then we obtain
gg(z' — ) < co.

Finally, if we take e = 1 in (6) and ¢ > ng(1), then using Minkowsky’s inequality for each m € N, we have

L

M
Pk . . .
] <gp(a’ —x) +g5(") <1+ g5(").

This imply that z € r9(B?). Because of the fact that gp(a' — ) < oo for all i > ng(e), it is reached the end of
that 2° — z as i — oo, thus we show that rq(éfj) is complete and proof of the theorem is completed.

Note that, it can easily be seen that the absolute property is invalid on the space r4(B?), that is gg(x) # g = |)
for at least one sequence in the space r9 (Eﬁ) and this says us that rq(ég) is a sequence space of non-absolute type.

Theorem 3.3 Let 0 < pr < H < co. Then the sequence space rq(Eﬁ) is linearly isomorphic to the space £(p).

Proof: The first step in proving the theorem is to show the existence of a linear bijection between the spaces
r(BP) and /(p), where 0 < p, < H < co. For this, we use the notation of (3), consider the transformation T that
defined from rQ(Eg) to £(p) by x — y = Tz. Indeed, the linearity of T is fairly easy. Also it is clear that = 6
whenever Tz = 6. Hence T is injective.

Let y € £(p) and define the sequence x = (x) as follows:

”"k:ki ﬁ (_sj>( . )Qy LG,
Tj+1 TnUnqn  SpUn+1Gn+1 e TRULqK

n=0j=n+1

for k € N. We eventually obtain,

[ k—1 K a1
1 TEULqE
g5(x) = | Q*Z(Tjuj%JrSjuqujH)xﬂL on
i k k =0 k
r k Pk ﬁ
= [0y
| & [i=0
- 1
M
- S
L k

= qi(y) <oc

where
5__ 1 ) k:Ja
KT 0, k£

Consequently, we obtain that x € rq(ég) i.e., T is surjective and its paranorm is preserving. Hence T is a linear
bijection and the proof is completed.
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4. Basis and a—, — and v— duals of the space rq(ég)

In this section, after we define M (A, 1) multiplier space of any sequence spaces A and p, we will research basis and
a—, f— and y— duals of the space r?(B2).
If A\, u C w and z arbitrary sequence, we can write

Zha N ={z = (v1) Ew: w2 = (zp21) € N}

and

M\, p) = Naexa™ " * .

If we choose 1 = ¢1, cs and bs, then we obtain the a—, f— and y— duals of the space A, respectively as

A =M\ b)) ={a=(ar) € w:ax = (agxg) € £; for all x € \},
M =M\ es)={a=(ar) €w:ax = (agxs) € cs for all z € A},

AT =M\ bs) ={a = (ar) € w:azx = (agzy) € bs for all x € A}.

Let us now state the following lemmas. In this way, the fundamental results will be used in proofs of our
theorems.

Lemma 4.1 [67]

(i) Let 1 < pp < H <oo. Then A € ({(p) : ¢1) if and only if there exists an integer B > 1 such that

’

Py

Z ankB_l

nek

< Q.

sup Z
k

KeF

(i) Let 0 < pp <1. Then A € (¢(p) : t1) if and only if

D ank

nekK

Pk

sup sup < 0.

KeF k

Lemma 4.2 [68]
(i) Let 1 < pp, < H < o0o. Then A € (U(p) : ) if and only if there exists an integer B > 1 such that

sgpzk: |ank B~H™ < o0. (7)

(1) Let 0 < pr, <1 for every k € N. Then A € (£(p) : Ls) if and only if

sup |an,|["* < oo. (8)
n,k

Lemma 4.3 [68] A € ({(p) : ¢) if and only if there exists an integer B > 1 provided that (7) and (8) hold,
lim a,,;, = ﬁk fOT’ keN (9)
also holds. Where 0 < p, < H < oo for every given k € N.

Theorem 4.4 Let 0 < p < 1 for all k € N and the sets Dy (u,p), Da(u,p) and Ds(u,p) are defined by following
equations

k—1
Di(up) = |J qa=(ax) €w:sup Dy | > H(;Si)Akaan Q| BT <oop,

U
B>1 KeF k |nek |j=n I+ nUnQn
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’
Py

+ Ay Z a; H (_SJ 1) Qw| B™Y <ooyp,

i=k-+1 j=k+1 ]

Ds(u,p) = U a = (ag) Ew:supz

TR
B21 n kUKGE

1 1

and
TEULGk SkUk+1qk+1"

where Ay, = A(m,Sk,UIka) =

Ds(u,p) =< a=(ar) € w:limp_00 Z a; H (_S] ) erists

1=k+1 j=k+1

In this case,
o))" = i), [#7BD) = Dotwp) A Ds(up), [ (B = Datwp).

Proof: Firstly, let research that a— dual of space rq(ég). Hence we will consider definition of a— dual. Let us
suppose that any a = (ai) € w. Then we easily obtain by means of that

n—1n—1 1 1
ApTp = Z H ( ) (rkuqu + ) aanyk + .

k=0 j—k SkUk+1Gk+1
= (Dy)n

where the matrix D = (d,x) is defined by

Q’fby’fb (10)

n

k —Sj—1 1 1
Hj:” ( rj ) <7kukq7c + Skuk+1q7c+1> anQn , 0<k<n-—1
dnk = Tnun fln Qn ) k=mn,
, k> n,

for all n, k € N. Thus we observe from (10) that az = (a,2,) € £, whenever z = (z,,) € 7(BP) if and only if Dy € 44
whenever y € £(p). This means that D € (¢(p), 1). Thus we obtain from Lemma 4.1 (ii) that [rq(Bp)] = D1 (u,p).

Now, let us research that S— dual of space rq(gg), using the definition of S— dual. We consider following
equation,

n n
Q. 1
D akmi = ) +
P o |\ mewar \TrukGe  SKUR+1qK41

Ey)n

where, E = (e is defined as following

ag 1 1 n . % —Sj—1
enk = { (Tkquk + (Tkquk + 3k“k+1‘1k+1) Zi:kJrl @i Hj:kJrl ( T )) Qv , 0<k=<n,
0 .

Z a; H ( 1) Qk | Yk (11)
1=k+1 Jj=k+1 Tj

—~

From (11), az = (arxi) € ¢s whenever z € r9(BP) if and only if Ey € ¢ whenever y € £(p). In other words
~ 18
E € (¢(p),c). We obtain [rq(Bﬁ)} = Dy (u,p) N D3(u,p), using Lemma 4.3.

Finally, let find out that y— dual of space r4(BP), using the definition of y— dual. Using (11) az = (axzs) € bs
whenever © € r?(BP) if and only if Ey € (. whenever y € {(p). In other words, a = (ax) € [r¥(BP)]" iff
E € (¢(p),€s)- Then from Lemma 4.2 (ii) obtain [r?(BE)]" = D2 (u,p). Hence, the proof is completed.

Theorem 4.5 Let 1 < pp < H < oo for every k € N and define the sets Dy(u,p) and Ds(u,p) with the following

equations
' < oo}

k s ,
Dy(u,p) = {a = (ag) € w : sup sup ‘ZneK [Hj:m_l ( erJ 1) (rkulqu + L )aan + rnZZq Qn]

KEF k SkUK+19k+1
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. Pk
1 1 = Yo —si
Df,(u,p):{a:(ak)ew:sup o +( + )Z ai J] () Qs <oo}.
k TrUE]E TEUKdk SkUk+19k+1 iRl ki1 Tj
Then,
~ o ~ 18 ~ 17
BD] = Datwp), [FUBD] = Dylwp) O Ds(wp),  [FUBD)] = Dslu,p).

Proof: The proof of theorem is obtained alike the proof of Theorem 4.4.

Theorem 4.6 Let 0 < p, < H < oo for all k € N. Define the sequence b'¥)(q) = {bS{“) (q)} of the elements of the
space rq(éﬂ) for every fized k € N by

Qe n==k

* . Tkuich . ’ ’
_ n —sj_1

b" (q) o Hj:k+1 ( Tjj ) (Tkquk + Skuk+1%+1) Qk » n>k

0 , n<k.

Then, the sequence b*)(q) is a basis for the space rq(éﬁ) and any x € rq(éﬁ) has a unique representation of the
form

z = Mel(q)b*(g) (12)
k

where, A\g(q) = (R Bx) for all k € N.

Proof: Let 0 < py < H < co. Then it is not difficult to verify of the relation {6 (q)} C r4(BP). Really, for
keN

REBbYM (q) = e*) € £(p) (13)

where e*) is a sequence that 1 in k" term for each k € N another term 0.
Moreover, let x € r4(BP). For all non-negative integer m, we put

m

2™ =" Ae(g)p ™ (g). (14)
k=0

In this case, we have that R%B to (14) that for i,m € N

m m
RIBa™ ="M\ (q)RIBb™) (q) = Y "(RIBx)pe™
k=0 k=0
and hence
~ 0 0<i1<m
q _ [m] — . ) — = )
<R"Bx v ) { (RiBz); , i>m.

Also, for any given € > 0, there exists an integer mg such that for every m > my

(_i |(R2Ba); p’“) <s

Hence, we obtain for all m > mg that

1
M
Pk-)

gz —a™) = <Z |(R2Ba);

0 o a
< <Z’(R33$)i )
i:mo
€
< =—<e

2
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A little rewriting and the use of limit properties give lin,, soogz(z — 2™) = 0 that is z is represented as (12).

Now, if we prove the uniqueness of the representation (12) of z € r? (Eﬁ) then the proof ends. For this, suppose
the contrary. That is, it have two representation like . =, wk(q)b®) and z = >k e ()b,
Since we know that the linear transformation from r?(B2) to £(p) is continuous, we get

(RiBa)n = > ula) (RIBYM (q))
k

= > m(@)eld) = pn(q)
k

for n € N. We acknowledge that (R%Bz), = A, for all n € N. Hence A,(¢) = p1n(¢) and so unique of representation
(12) is obtained. This ends the proof of the last part of the theorem.

n

5. Matrix Mapping on the Space rq(ég)

One of the most important ideas is matrix transformation in this article. So, we focus on this concept in the present

section. Now, we emphasize the characterization of (rq(éﬁ), Zoo).

Theorem 5.1 (i) A € (M(Egmoo) if and only if there exists an integer B > 0 such that

’

Py

Ank 1 j—1 1
B:supg ( )—i—( + ) g Qi || ( > QLB < 00 15
) n TLUEGK TEUL]K SkUk+1Gk+1 i ( )

1=k+1 j=k+1

and

{ank tren € cs (n €N)
where 1 < pp, < H < oo for every k € N.
(i) A € (rq(ég),foo) if and only if

. Pk
n K3

Ank 1 1 —5j-1
sup + < + ) Qg <) Qr| <oo 16
n,k <7“kuk%> TLUL]K SkUk+19k+1 l; " H Ty ( )

k+1 j=k+1

and
{ank }ren € cs (n €N)
where 0 < p, < 1 < 0o for every k € N.
Proof: (i) Let 1 < pp < H < oo for every k € N and A € (rq(ég),éoo). Then Az exists for z €

~ ~ 18
ri(BP), {ank}lren € {TQ(B{L’)] for each n € N. Also consider the following equality obtained by using the
relation (10) that

Za"kzkzz Tk(ZkaQk " <7"ku1ka " ) Z e H < _1> | v ()

SKU
k=0 k=0 RUk+1GR+1/ D70 500

From Lemma (4.1) and (17), we obtain (15) expression.
Conversely, supposed that is provided (15) expression and {ank}reny € cs for each n € Nz € r?(BP). Since

~ 18
{anktren € [rq(Bg)} for every fixed n € N, A-transform of x exists. We easily can derive from (17) as m — oo
that

ia N _i Qnk _|_< L 1 )ia' f[ (_SJ—1> Q (18)
P nk k—k:o - ik r; k| Yk-

TEUEGE TLUEGK SkUk+1Gk+1
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Now, by combining (18) and inequality holding for an arbitrary Z > 0 and complex numbers a, b
jab) < 2 {laz 1P + b}

where p > 1 and 1/p + 1/p/ = 1. We can easily obtain

< supz Ank —|—< ! + L )Z ik H (T) Qr || lyxl

Tru Tru Spu
neN g KUk Gk RURQR  SkURp1Gkv1 ) S S

< Z[C(B) + g1" (y)] < oo.

oo

sup
neN

ApkTk
k=0

This mean that Ax € £, whenever x € rq(éfj). Hence, the proof is completed. (ii) The proof of (ii) be done alike

(i).

6. Note

Some results of this work were partially presented at the 4** International Eurasian Conference on Mathematical
Sciences and Applications (IECMSA 2015) to be held on 31 August-03 September 2015 in Athens, GREECE.
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