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Abstract
By using the way of weight function and the technique of real analysis, a new Hilbert-type integral inequality with
a kernel as min{z*,y*2} and its equivalent form are established. As application, the constant factor on the plane

are the best value and its best extension form with some parameters and the reverse forms are also considered.
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1. Introduction

If f(z),9(x) > 0,0 < [;° fP(z)dz < oo and 0 < [} g¥(z)dx < oo,then we have[l]

[ ity < [ P @ran [ g 0

where the constant factor 7is the best possible. we call (1) Hilbert’s integral inequality.(1) is important in analysis
and its application[2 — 3]. In recent years, by using the way of weight function,a number of extensions (1) were
given by Yang et al.[4 — 6]. In 2010, Yang [7] gave a new inequality with a non-homogeneous kernel as follows:

Q=

/ooo /Ooo min{z, y} f(x)g(y)dady < 5=( / T a0 (@) da) /0 ety @

0

where the constant factor? is the best possible.

In this paper, by introducing some parameters and using the way of weight function and the technic of real anal-
ysis and complex analysis,we give a new Hilbert-type integral inequality with a kernel as k(z,y) := min{z™,y*?}
which is an extensions of (2). As application, the equivalent form and the reverse forms are obtained.

2. Some Lemmas

Lemma 2.1 If A\j, Ay > 0,v1,v2 > 0,v1 + vo = 1,n(v1,v2) := Tlm,deﬁne the following weight function
—Aguv

w)\l)\z(vlanay) = fooo k(iﬂ,y)%dl’ (y > 0)7
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W, (V1, V2, 7) 1= fooo k(w,y)ﬁdy (z > 0),
then we have

1 1
WX, (UlaUQay) = )\717](1}17“2)30})\1>Q (U13U27y) = )\7277(’01?@2)' (3)

Proof Setting u = 2™ /y*2, we obtain

1 oo
Wy (V1,02,9) = )\*1/ min{l,U}’UJ*vl*ldu
0

1 1 o)
= —[/ u”z_ldu—i—/ w1 du]
A1 Jo 1

1,1 1 1
= /\*1(5 + 171) = )\*177(”1’”2)
Similarly, we can calculate that
Wiz, (V1,02,9) = 3on(v1,v2).

Lemma 2.2  As the assumption of Lemma 2.1, if p > 1, 1% + % =1, f(x) > 0,we have

P oo
J ::/ ~PAavz—l [/ k(x,y)f dx} dy < [m] / aPUHAv) =1 2 () g, (4)
0 AT A 0

Proof By Héleder’s inequality with weight!®!, we obtain

00 2 (1+A1v1)/q y(1+)\2v2)/17
| omtemde = [ ke o) iy e

2 (+A1v1) (p— 1) 1/p 00 y(1+)\2v2)(q—1) /4
< {/ o)™y (@)io) {/O k. y) o}

1 o0 2(1+Av1)(p—1)
= yp+>\2 2[W)\1)\2 (7)17 ,U27y)]1/q{/0 k(w>y)Wfp(m)dx}l/p (5)

By the result of Lemma 2.1 and Fubini’s theorem!®!, we obtain

2 (1+A101)(p—1)
Ul,’l)g 1
J < 1P / / (z,y) (H—Agvz) fP(z)dzdy

= [7/](7))1\771’02)] / WAL, (a7U1702u$)xp(1+>\1v1 _1fp((E)d.T
0

Hence by the above results, we have (4). The lemma is proved.

3. Main results

Theorem 3.1 As the assumption of Lemma 2.1, if p > 1, zla +% =1, f(z),9(y) > 0,0 < fooo aP(+Av) =1 P () dg <
00,0 < fooo ya(1+A2v2)—1 gq (y)dy < oo, then we have two equivalent inequalities as

o < n(vi,va, ) > 1v1)— ’ * 202 .
1= [ [ Haa @y <w{ [ [Tt g} 6

> —pAava—1 > P n(vlﬂvQ) D > p(1+A1v1)—1 gp
T e A R e A s ™)
0 0 AT 0

Proof We conform that the middle of (5) keeps the form of strict inequality. Otherwise,there exist constants A
and B, such that they are not all zero and [9]
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(14A1v1)(p—1) (1+Xgv2)(g—1) .
AZ y(liklz'v:) fp(x) = BY z(liiuj) gq(y) CL'e'Zn(OvoO) X (0, OO)
It follows AxP(H+ v fp(z) = Byd(+r2v2)ga(y)  q.e.in(0,00) x (0,00). Assuming that A # 0, there exists y > 0,
(1+2g02)
such that xPU+Mv0)=1fp(g) = W(zf.imﬁ € (0,00). This contradicts the fact that 0 < [~ aP(IHAv)=1 fp

(z)dz < co.Hence(5) takes the strict sign-inequality,so does (4). In addition, we have (7). By Hélder’s inequality!®
,we find

= [ [ R sadally e gy < TV [y gy e, (8)
0 0 0
Then by (7), we have (6).On the other hand,assuming that (7) is valid ,setting g(y) := y—p,\2v2—1[f000 k(z,y)f(x)]dz]P~!
,then we have J = fooo y1Hr2v2)=1ga(4Vdy Through (4),it follows J < oo.If] = 0,then 7is naturally valid.If
0 < J < oo, then by(6),we find
1 1

0 </0 yq(1+’\2”2)’1gq(y)dy =J=1I< W {/O mp(1+>\1v1)1fp(x)dx}l7 {A yq(H’\?”)lgq(y)dy} , (9)
1 2

1 o 1
JUp _ {/ yq(1+xwz)_1gq(y)dy}? _ (1,0 {/ xp(l"')‘“’l)_lfp(x)dx} . (10)
0 /\1/‘1/\;/17 0

and then we have (7),which is equivalent to (6). The Theorem is proved.

P
Theorem 3.2  Under the conditions of Theorem 3.1the constants ;ff;)\?l and [;\7}(}’;)\?1} in (6)and (7) are the

best possible.
Proof For0 < e < puvy,if

B . O7 xr e (07 1) 5 ) 07 (VRS (07 1)
f(.’E) = x—Aﬂll—)\lE/l’-’_l7 T € [1,00) ’ g(y) = { y_A2U2_>\26/q_1a Y€ [1700) .

we can calculate

N ot
J = {fo mp(l-‘r)\l’ljl)—lfp(x)dx} {fo y(I(l"l‘)\ZU?)_ng(y)dy}q = W

by Fubini’s theorem!®), we obtain
1 = [ Mewi@idedy
o Jo
_ / y—Agvg—Ags/q—l [/ k(m,y)x—klvl—)\1e/ll—1dx:| dy
1 1

1 oo oo
u = (2 /y*2) /\—1/1 yAeel [/ min{l,u}u‘”l_a/p_ldu] dy
= y

—Xo

oo 1 o0
el e
At LA y~r2 1

o0

1 ! > AQE 1 1
= — “Aee=l g P gy 4 u e/l gy,
/\1 {A (/u—l/xg y y) /\28 1
1 1

= w2t/ gy + /OO u“la/pldu} .
A1Aze [/o 1

n(vi,v2,)
A}/ty\é/p’

n(v1,v2)
1 1
)‘1/q>\2/p

If there exists a positive number k < such that (6)is still valid when we replace by kthen in particular

f,g, by the above results ,we find

! [/1 wvrte 1 gy 4 /00 u”ls/pldu] =l <ekJ = k; (11)
A A 0 1 )\1/1’)\%/‘1
By Fatou lemma® and(11)we obtain

n(vi,v2) _ 1 1. vate/q—1 g —v1—¢e/p—1
W = YT7asTT {fo lim u du+ [ limu du| <
1 72 172 e—0t e—0t
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bim [fol u”2+5/q71du+floo uﬂ’l*g/”’ldu} < k.

1
1 1
)\l/q)\2/p ot

p
Hence k = ;71(});;2/2) is the best value of (6).We conform that ;\71(7;;12/1] in (7)is the best possible, otherwise we can
1 2 1 2

get a contradiction by 8that the constant in (6) is not the best possible. The theorem is proved.

Theorem 3.3  As the assumption of Theorem 3.1, if 0 < p < 1,1, Jare defined by (6)and (4),then we have
equivalent inequalities as

> M {/ xp(1+)\1v1)1fp($)dx}p {/ yq(1+>\2@2)1gq(y)dy}q . (12)
0 0

)\}/Q)é/?
(o) |” [

J>[7711/];’11]3p] / acp(HAl”l)_lfp(x)dx. (13)
AT 0

where the constants in (12)and (13) are the best possible.

Proof By the reverse Holder’s inequality®), we have the reverse of (5),(4),(8). By the same way of Theorem
3.1,we show that the reverse of(5) keeps the strict sign-inequality and then we have (13).By the reverse of (8) ,we
have (12).Assuming that (12)is valid,setting g(y) as Theorem 1.In view of (4), we have J > 0.If J = oo, then (13)
is valid,if0 < J < oo,then byl2we easily find the reverses of (9) and (10),hence the reverse of 7is valid which is
equivalent to (12).

If there exists a positive number k < %,such that (12)is still valid when we replace ;'(U”’?) by kthen by

1 2

}/Q/\;/p
the reverse of (11),we find

1 1 [e%s}
VNV [/ uvrte/a=lgy, +/ u‘”l_a/”_ldu} > k. (14)
AN Lo 1

If0 < g0 < |q|va, when 0 < e < gqu € (0,1],us/? < uf0/9 js valid ,and we obtain

1 vateo/q—1 1
fO u du < €0/q+v2

by Lebesgue’s control convergence theorem 1%, we obtain
Jy urz el gy = [ urrtdu+ o(1) (e — OF).

We find W > k(e — 0M)of(14), hence % = k is the best value of (12). We conform that the constant

10]

factor of (13 ) is the best possible,otherwise we can get a contradiction that the constant in reverse of (8) is not the
best possible. The theorem is proved.

4. Conclusion

For At = A2 = \,v1 = 1,03 = 1 in (6), it deduces to (2). Hence inequality (6) is the best extension of (2).
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