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Abstract

In this paper, we obtained some necessary and sufficient conditions for oscillation of all the solutions of the first
order neutral delay difference equation with constant coeflicients of the form

Alz(n) —pz(n— 7))+ qx(n—0) =0, n >ng (%)

by constructing several suitable auxiliary functions. Some examples are also given to illustrate our results.
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1. Introduction

In this paper, we consider the first order neutral delay difference equation with constant coefficients of the form
Alz(n) —pz(n—7)|+qz(n —0) =0,  n=no, (1)

where ng is a fixed nonnegative integer, p and ¢ are positive real numbers, 7 and o are positive integers and A is
the forward difference operator defined by the equation Az(n) = z(n + 1) — z(n).

Let s = max{r,0} and ng be a fixed nonnegative integer. By a solution of (1), we mean a nontrivial real
sequence {z(n)} which is defined for all positive integer n > ng — s and satisfies (1) for n > ng. A solution {z(n)}
of (1) is said to be oscillatory if for every positive integer N > ny, there exists n > N such that z(n)z(n + 1) <0,
otherwise {z(n)} is said to be nonoscillatory.

The theory of neutral delay difference equations presents complications and the results which are true for neutral
difference equations may not be true for nonneutral difference equations. Besides its theoretical interest, the study
of oscillatory behavior of solutions of neutral delay difference equations has some importance in applications.

The oscillation theory of neutral delay difference equation has been extensively developed during the past few
years. See, for example, [5,13,14,16] and the references cited therein. For the general background on difference
equations, see the monographs [2,4,7-9].
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G. Ladas [12] obtained a necessary and sufficient condition for oscillation of all solutions of the delay difference
equation

Az(n)+qr(n—0)=0, n>ng (2)
It was proved that all solutions of (2) are oscillatory if and only if the characteristic equation
FA)=A-1+¢\7=0 (3)
has no positive roots.

In [17], Zhou et al. established the necessary and sufficient conditions for oscillation of all solutions of Eq. (1)
by investigating the nature of the roots of its characteristic equation.

Xiaohui Gong et al. [15] proved that all the solutions of the equation (1) are oscillatory if 0 <p<1,7—0 > 1
and ¢ — —— (1 fp%) > 0.

Some oscillation results for neutral difference equations have given by Chen, Lalli and Yu [3], Georgiou, Grove
and Ladas [6], and Lalli and Zhang [10,11]. In the special case of (homogenous) linear difference equations with
constant coefficients, it is known that all solutions are oscillatory if and only if the associated characteristic equation
has no positive roots.

The main aim of this paper is to establish a set of necessary and sufficient conditions for oscillation of all the
solutions of (1) for the cases 0 < p < 1 and p > 1. Furthermore, we study deeply on oscillation of solutions under
three cases 7 < o, 7 = o and 7 > o when p > 1. Besides that, we give some auxiliary criterions of main results (see
Remarks 2.6, 2.15, 2.19 and 2.24), and obtain several simple sufficient conditions for oscillation of all the solutions
of (1).

2.  Main results

It is well-known from [1] that all solutions of (1) are oscillatory if and only if the characteristic equation of (1)
FO=A-1)1=pA7") +q177 =0 (4)
has no positive roots. It is not difficult to show that if p = 1, then all the solutions of (1) are oscillatory.

Lemma 2.1 Let 0 < p < 1. Then all the solutions of (1) are oscillatory if and only if the equation

o+1

_qu

+pu” —1=0 (5)
has no positive roots in (1, 1+ %)

Proof. For A > 1, we have that

JA)=A =D =pA77) + A7 =A™ 7 > 0.

Thus, any positive root of (4) must be in (0,1).

Next, we consider the monotonicity of the function g(u) := JI(_Z) . By direct calculation, it has that
m
: 17 (1)
g'(n) = +0, 6
= {20 (6)
where
p(p) = qlo(p—1) = 1] +pr(p— 1)1 (7)

Here, the function p(u) satisfies that following properties:
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(1) ¢(u) >0for pe (141, +o0);
(2) ¢(p) is strictly increasing on (1,14 1) as the function (4 — 1)2u™=7~! is strictly increasing on (1,14 1).
Further,

T—o—1
1 1 1
p(l)=—¢<0 and <p<1+>—p72<0+ > > 0.
o o o

Thus, we derive that the function ¢(x) has a unique zero 6 on (1,14 1). Hence, ¢g/(n) < 0 for p € (1,6) and
g (u) > 0 for p € (0, 400), which imply that g(u) is decreasing on (1,0) and increasing on (6, +00). Therefore,
g(p) > 0 for p € (1,400) if and only if (5) has no positive roots on (1,1 + ).

By the above proof, it is not difficult to recognize that g(f) is the minimum value of g(u) on (1,14 1).

Lemma 2.2 Let 0 < p <1 and

h(p) = aqp” (T = o) (u—1) + 1] = 7(n = 1)*. (8)
Then all the solutions of (1) are oscillatory if and only if

h(0) = g0 (r —0o)(0 —1) +1] —7(0 —1)* > 0, (9)
where 0 is a unique zero of the function (u) that is defined by (7) on (1, 1+ é) .

Proof. From the proof of Lemma 2.1, we have that g(u) = 0 has no positive roots on (1, 1+ %) if and only if
g(#) > 0. Since

h(6)

q90+1
- 76— 1)

‘I'_1:
9(0) = 5— +r0

(10)

we obtain Lemma 2.2 immediately.

Lemma 2.3 Let0 < p < 1. Then all the solutions of (1) are oscillatory if and only if one of the following conditions
holds.
(Hy) (]7@“)6+1 >1;

oo - =

(Hz) 6> 6, where 6 and 0 are the unique zeros of ¢(u) and h(p) (see (7) and (8)) on (1,1+ L), respectively.

Proof. Let
_ h(u) _ o+1 (T 0O 1
v = Gy = ' (u—l (u—1)2> -n
then
V() = 2 =), ()
where

2p) =o(r—o)(p =1+ 20 —7)(p—1) — (p—1) -2

which satisfies
1 1
z(1)=-2<0 and z(1+) :—<1+> <0.
o o

If 7 > o, we get obviously that z(u) < 0 for all p € (1,1+ ﬂ, If 7 < o, we also get z(u) < 0 for all
p€ (1,1+ L], Thus, z2(u) < 0 for all 4 € (1,14 1] and from which and (11) mean that y'(x) < 0 for all
uwe (1, 1+ %] Consequently, y(u) is strictly decreasing on (1, 1+ %] Further,

o+1
lim y(u) =400 and y <1 + 1) = <q(0+1) - 1) T.
o

pn—1t oad
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Therefore, if % > 1, then we have y(6) > 0. Hence, h(¢) > 0. If q(atﬁ < 1, then we have y (1+ 1) < 0.
Hence, it is easy to find that both functions y(u) and h(u) have an equal and unique zero 6 on (1, 1+ %) Conse-
quently, h(f) > 0 is equivalent to 6 > 6.

From Lemma 2.2, all the solutions of (1) are oscillatory if and only if one of (Hy) or (Hj) holds.

Corollary 2.4 If p =0, then all the solutions of (1) are oscillatory if and only if ale+D)7

oo

Theorem 2.5 Assume that 0 < p < 1. Then all the solutions of (1) are oscillatory if and only if there exists a real
number o € (17 1+ é) such that

o(a) =pr(a—1)%a" " +¢lo(a—1)—1] >0,
h(a) = g (1 — o) (a — 1) + 1] — 7(a — 1)® > 0.

Proof. From the proof of Lemma 2.1, the function ¢(u) has a unique zero 6 on (1, 1+ %) and is strictly increasing
on (1, 1+ %) If q“%?”“ > 1, then from Lemma 2.3, all the solutions of (1) are oscillatory. Now, by the proof of

Lemma 2.3, we know that h(u) >0, u € (1, 1+ %) So that, conditions of the theorem hold.

If % < 1, then again from the proof of Lemma 2.3, the function y(u) has a unique zero 6 on (1,1 + 1)

and is strictly decreasing on (1, 1+ %) It can be seen that both functions h(p) and y(u) have the same sign in the
interval (1, 1+ %) Hence, we obtain Theorem 2.5 from Lemma 2.3. The proof is complete.

Remark 2.6 The function ¢(u) has a unique zero 6 on (1, 1+ %), and

@(p) <0 for pe(1,0);

1
p(p) >0 for pe <0,1+0).

o+1

Further, we have that % > 1 is equivalent to h(u) >0, u € (1, 1+ %) and % < 1 is equivalent to the
fact that h(p) has a unique zero 6 on (1,14 1). Here,

h(p) >0 for pe(1,0);

h(p) <0 for pe (0,14—;).

Thus, (1) has a non-oscillatory solution if and only if there exists a real number 5 € (17 1+ %) such that
e(B) =pr(B—1)2"" +qlo(B-1) - 1] <0,

h(B) = g7 (r —0)(B-1)+1] = 7(8-1)* <0.

Corollary 2.7 If there exists a real number o € [97 14 %) such that

g > o(a—1)32

where

i Y

=1+ 2pt

forp € (0,1) and 7 < o hold, then all the solutions of (1) are oscillatory.
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Proof. Clearly, we have that pr(a —1)? + ¢ (UTH)UH [0(a—1) —1] > 0 for a € [0,1+ 1) where

e Y e

2pT

§=1+

Therefore, it follows that

p(a) =pr(a—1)*a"""" +qlo(a—1) ~ 1]

>pﬁa—1y(“>ﬁﬂ+qpm_1y_uzo

c+1
h(a) = anJrl[('r —o)(a=1)+1]—7(a — 1)2
e an 5
—7(a—1)*>0.

Therefore, the conditions of Theorem 2.5 hold.

Corollary 2.8 If0 < p <1 and T = o, then all the solutions of (1) are oscillatory if and only if there exists a real
number o € [9, 1+ %) such that

h(a) = ga™ ™ —7(a — 1) > 0,
where

014+ <—Q(T+ 1)+ \/q(;p—:l)[q(T-i- 1) —|—4p]> |

Corollary 2.9 If0 <p <1, 7 > o and there exists a real number o € [9, 1+ %) where

p— 14 Z90 TV +dpgT

2pT

such that ga®+t > 7(a — 1)2, then all the solutions of (1) are oscillatory.

Proof. Clearly, we have that pr(o — 1)? 4 g[o(a— 1) —= 1] > 0 for a € [0,1 4+ 1) where

614 99 VIt dpar

2pT

So that it follows that

p(a) =pr(a—1)*a"" 7" 4 glo(a—1) - 1]
> pr(a—1)% + glo(a—1)—1] >0,

ha) = qa” (7 — o) (@ = 1) + 1] = 7(a = 1)*
>qa’™ — (e —1)2 > 0.

If =0+ 1 and a = 6 then by Lemma 2.2, all the solutions of (1) are oscillatory. If either 7 > o+ 1 or a > 6,
then p(a) > 0 and h(a) > 0. Therefore, the conditions of Theorem 2.5 hold.

So far, we have discussed and have obtained necessary and sufficient conditions for oscillation of all the solutions
of (1) for 0 < p < 1. Next, we will discuss the behavior of oscillation of solutions of (1) for p > 1 under three
subcases, namely, 7 < o, T =0 and T > 0.

Lemma 2.10 Let p > 1. Then all the solutions of (1) are oscillatory if and only if the equation

o+1

() =2

p—1 TP o1=0 (12)

g 1
has no positive roots on (p_?7 1).
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Proof. Since

o+1
qu
(1) =

| +pu7—1>%+qa+p—1,

we know that g(u) > 0 for p € (1,00). It is not difficult to see that ‘;Gjll is strictly decreasing on (0,1) while p+!

is strictly increasing on (0,1). Note that pu™ —1 =0 at p = p~ 7, we find that

g(p) <0 for pe (O,p_ﬂ . (13)
Clearly, f(1) = ¢ > 0. Thus, f()\) has no positive roots which is equivalent to g(u) has no positive roots on
(p—%, 1).

Theorem 2.11 Suppose that p > 1. Then all the solutions of (1) are oscillatory if and only if

g(p) <0 for pe(0,1). (14)
Lemma 2.12 Let p > 1 and 7 < 0. Then all solutions of (1) are oscillatory if and only if

h(0) = q0"(t— o) —1)+1] —7(0 — 1)* <0, (15)
where 6 is a unique zero of (7) on (0,1).

Proof. Firstly, we prove that ¢(u) has a unique zero 6 on (0, 1). In fact,

¢'(w) =prp” 72 (1 —0)(n = 1)* + p* = 1] + go. (16)
It is easy to verify that ¢'(u) is strictly increasing on (0, 1). In addition,

O'(u) > -0 as p—0 and ¢'(1)=gqgo >0.

Therefore, ¢’ (1) has a unique zero wp on (0,1). Hence ¢(u) is strictly decreasing on (0,wp) and strictly increasing
on (wo, 1). So that, (i) has a unique zero 6 on (0,1) as p(u) = +oo(p — 0) and (1) = —¢ < 0.

Now, from (6), it follows that g(6) is the maximum value of g(x) on (0,1). By (10), we know that (15) is
equivalent to g(u) < 0 for p € (0,1).

Theorem 2.13 Suppose that p > 1 and 7 < . Then all the solutions of (1) are oscillatory if and only if 0 < 0,
where 0 and 0 are the unique zeros of () and h(p) on (0, 1), respectively.

Proof. Let
_ h(.u’) _ o+1 |T— O 1

y(p) = TS * it aoE T
then

/ _ qu’
Y (1) o 1)3Z(u)7 (17)
where
2(p) =00 =) (p—=1)* = (20 = 7)(p— 1) + (u— 1) + 2.
Further,

2(u)=20(c —7)(p—1)—20+7+ 1.

It is easy to see that z’(u) is strictly increasing on (0,1) and 2’(1) = 7 — 20 + 1 < 0. So that, z(p) is strictly
decreasing on (0,1) and z(x) > 0 on (0,1) since z(1) = 2 > 0. Consequently, y(u) is strictly increasing on (0, 1). In
addition,

y(0) = —7 and y(u) = +oo(up—17).

Therefore, y(u) and h(p) have an equal and unique zero 6 on (0,1). From Lemma 2.12, it is clear that (15) holds
if and only if § < 6.
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Theorem 2.14 Assume that p > 1 and 7 < 0. Then all the solutions of (1) are oscillatory if and only if there
exists a real number a € (0,1) such that

o(a) =pr(a—1)%a" " +¢lo(a—1)—-1] <0,
h(a) = qa® (1 —o)(a — 1)+ 1] — 7(a — 1)? < 0.

Proof. From the proof of Lemma 2.12, ¢’ (1) has a unique zero wg on (0,1), and ¢(u) is strictly decreasing on (0, wp)
and strictly increasing on (wp, 1). Further,

o) = +oo(pp — 0) and (1) =—¢g <0.

Hence, ¢(u) has a unique zero 6 on (0, 1). -
Now, from the proof of Theorem 2.13, y(x) has a unique zero 6 on (0,1) and is strictly increasing on (0,1).
Therefore, from Theorem 2.13, we obtain Theorem 2.14. The proof is complete.

Remark 2.15 The equation (1) has a non-oscillatory solution if and only if there exists a real number g € (0, 1)
such that

P(B) =pr(B—1)28""7"  +qlo(B—1)—1] >0,
hB) =g (r —0)(B—=1) +1] = 7(B - 1) > 0.

Furthermore, the function ¢(u) has a unique zero 6 on (0,1) and
o(p) >0 for pe(0,0);

e(p) <0 for pe(6,1).
The function h(u) has a unique zero 6 on (0, 1) and

h(p) <0 for pe(0,0);

h(p) >0 for pe(6,1).

Lemma 2.16 Let p > 1 and 7 = 0. Then all the solutions of (1) are oscillatory if and only if
@™t < 16 —1)2,

where

o1 |ar =D+ VET -1t dglp o)
2(p+q)7

By using similar procedure which used to prove Lemma 2.12, we can obtain the result. Therefore, we omit the proof.

Theorem 2.17 Suppose that p > 1 and 7 = o. Then all the solutions of (1) are oscillatory if and only if 6 < 0,
where § =1 — [q(Tle 7> (r=1)>+4q(p+qg)7

2(p+a)T

} and 0 is a unique zero of h(p) = qu™ ' —7(p — 1) on (0,1).

Proof. From (8), we have that h(u) = qu™! — 7(n — 1)%. Let

_ h(w)  gum!
= e T e T
then

’ _ qu”
y' (1) o 1)3z(u),
where

2() = —(r + 1) (= 1) + 20 — 1) + 2.

Since z(1) = 2 > 0, we have that z(u) > 0 for p € (0,1). This means that y'(u) > 0 for p € (0,1). Hence y(p) is
strictly increasing on (0,1). In addition, y(0) = —7 and y(u) — +oo(u — 17).

In consequence, the function y(u) has a unique zero 6 on (0,1), which implies together with Lemma 2.16 that

g™t < 7(6 —1)% if and only if 6 < 0.



68 Global Journal of Mathematical Analysis

Theorem 2.18 Assume that p > 1 and 7 = 0. Then all the solutions of (1) are oscillatory if and only if there
exists a positive real number o € [0,1) such that

h(a) = qa™ —7(a—1)? <0,

where

q(t = 1)+ V(T —1)> +4q7(p+q)

0=1—
2(p+q)T

Proof. From the proof of Theorem 2.17, the function y(x) has a unique zero 6 on (0, 1) and is strictly increasing on
(0,1). Now, it is easy to find that the signs of the functions h(u) and y(p) are the same in the interval (0,1). So
that, from Theorem 2.17, we obtain Theorem 2.18 immediately. The proof is complete.

Remark 2.19 The function h(x) has a unique zero # on (0,1) and
h(p) <0 for pe(0,0);
h(un) >0 for pe(6,1).

Corollary 2.20 Ifp>1,7=0 and g > %, then all the solutions of (1) are oscillatory.

— P
Proof. Let a = P then

—1 (r—1)2+4
ho1_ | -V+HVET -+ +a) | _
2p+ )7
It follows that
T+1
q p
h(a) =qa™! —r(a—1)2 = { q7:|§0_
() ( ) (p+q? [p+a)!

From Theorem 2.18, it can be concluded that all the solutions of (1) are oscillatory.

Theorem 2.21 Suppose thatp > 1, 7 < o and

E=1+ 7“—20—¢<20—T—1>2+80(T—a>]

20(T — o)
Then all the solutions of (1) are oscillatory if and only if one of the following conditions holds.

reT—o—1 e _1)2
() g = Pl
(Hy) h(8) = q0° (7 —0)(0 — 1) + 1] — 7(6 — 1)?> < 0, where 6 is a unique zero of (7) on (£, 1).
Proof. Let

o pp) prpm 7 (w— 1)
) = D)~ T—au—1)

then by (6) and (7), we have that
p(p) =1 —o(p—Dle(n),

oy WL —o(p—1D)]e(p)
g(ru’)_ (,u—1)2

—4q,

Differentiation yields that

N 0 A )
YW= T e

y(1)s
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where y(u) = o(t —o)(p—1)2+ (20 — 7 — 1)(p — 1) — 2 and y(p) satisfies that y(0) > 0 and y(1) = —2 < 0. Thus,
y(u) has a unique zero

f—1+ T+1—20—\/(225(7—_70—)1)2—1—80(7—0) on (0,1)

Consequently, ¢'(1) > 0 and ¢'(u) < 0 for p € (0,€) and p € (€,1), respectively. As a result, the function ¢(u) is
strictly increasing on (0, &) and strictly decreasing on (£,1). This implies that ¢(€) is the maximum value of ¢(u)
for p € (0,1). In addition,

So that, if ¢ > %, ie. ¢(§) <0, then we have that ¢'(1) <0, g € (0,1). Now, it is easy to find that
g(0) = —1. Hence, (14) holds.

If ¢ < %, ie. ¢(&) > 0, consequently, ¢(r) has a unique zero w on (0,¢) and a unique zero # on
(&,1). In consequence, we have that ¢'(u) < 0 on (0,w), ¢’(1r) > 0 on (w,8) and ¢'(p) < 0 on (6, 1), which means
that the function g(u) is strictly decreasing, strictly increasing and strictly decreasing on (0,w), (w, ) and (6,1),

respectively. Further,

g(0)=—-1 and lim g(p) = —o0,
p—1-

and ¢(0) =0, i.e. (0) = 0. Therefore, (14) holds if and only if g(f) < 0 (the condition (Hz) holds).

Theorem 2.22 Suppose thatp > 1, 7> 0 and q¢ < %

and only if 0 < 0, where 6 and 0 are the unique zeros of (7) and (8) on (£,1), respectively and

. Then all the solutions of (1) are oscillatory if

E=1+ [T%HW%TU”%(TJ)]

20(t — o)
Proof. Let
b)), T—0 1
v = G = (u—l (u—1)2> o
then
V(0 = =),
where

2(p) = —o(r — o) —1)* = (20— 7 = 1)(u—1) +2

and z(u) satisfies that z(0) < 0 and z(1) = 2 > 0. Therefore, z(u) has a unique zero

25 +1—+/(20 —7—1)2 -
w14 T o+ V(@20 —7-1)2+80(r —0) on (0.1).
20(1 —0)

This means that z(u) < 0 for p € (0,w) and z(p) > 0 for p € (w,1). Consequently, y'(p) < 0 and y'(u) > 0 for
1€ (0,w) and y € (w, 1), respectively. In consequence , y(u) is strictly decreasing on (0,w) and strictly increasing
on (w,1). In addition,

y(0)=—7 and lim y(u) = +oo.

p—1-

Thus, y(1) has a unique zero @ on (w,1). It is easy to find that w = §. This, together with Theorem 2.21 imply
that h(0) < 0 if and only if § < 6.
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Theorem 2.23 Assume thatp > 1, 7 > o and

T—20+1-/(20 —7—1)2+80(1 — 0)
20(1 — o)

E=1+

Then all the solutions of (1) are oscillatory if and only if there exists a real number o € (§,1) such that
p(a) =pr(a—1)?a"7" 4 glo(a—1) 1] <0
h(a) = qa® (1t —o)(a—1) + 1] = 7(a — 1)? < 0.

Proof. From the proof of Theorem 2.22, y(x) has a unique zero 6 on (£,1) and y(u) is strictly increasing on (&, 1).

Ifg > %, then by Theorem 2.21, all the solutions of (1) are oscillatory. Now, again from the proof of

Theorem 2.21, it follows that p(u) <0, u € (§,1). As a result, the condition of Theorem 2.23 hold.

pr(¢—1)?¢T" 77!
If ¢ < =y

is strictly decreasing on (&,0). Moreover, the function values of ¢(u) and ¢(u) have the same sign in the interval
(§,1). And also both functions h(u) and y(u) have the same sign in the interval (£,1). Therefore, from Theorem
2.22, it can be seen that 6 < 6 if and only if the conditions of Theorems 2.23 hold. The proof is complete.

, then from the proof of Theorem 2.21, the function ¢(u) has a unique zero 6 on (&, 1) and

Remark 2.24 The function h(x) has a unique zero 6 on (¢,1) and
h(p) <0 for (&,0);
h(p) >0 for (6,1).

2pT—0— 2pr—o—
Further, we have that ¢ > % is equivalent to ¢(u) < 0 for p € (§,1), g < % is equivalent

to the fact that ¢(u) has a unique zero 6 on (&, 1). Here,

@(u) >0 for pe (& 0);

o(p) <0 for pe(6,1).

Thus, (1) has a non-oscillatory solution if and only if there exists a real number 8 € (£,1) such that
e(B) =pr(B-1)°87 "+ qlo(B-1)—1] >0,

h(B) = gp" [(r—o)(B-1) +1] —7(B-1)* 2 0.

For 7 > o, it is easy to verify that

T—20+1—+/(20—7—1)2+80(T —0) <1 1
20(1 — o) -

2
l—-——<é=1+ .
T—o0 T—0

From the condition (H;) of Theorem 2.21, we obtain the following corollary at once.

Corollary 2.25 Ifp>1,7 >0 and q > i—pg, then all the solutions of (1) are oscillatory.

In fact, Corollary 2.25 can be still improved and extended, we have given the following corollary to Corollary 2.25
with some improvements.

—o—1)7"7"
(r—0)™—°

Corollary 2.26 Ifp>1,7 >0 and g > p(r 1, then all the solutions of (1) are oscillatory.

Proof. Tt is easy to see that

B T—20+1—+/(20 —7—1)2+80(1 — 0)
E=1+ - ]§a<L
where a =1 — ﬁ In consequence,
p(a) =pr(a—1)’a" " +glo(a—1) — 1]

T—0o—1
i p(FE) e <o
ha) = qa” (T — o) (a— 1)+ 1] — 7(a — 1) = ﬁ <.

From Theorem 2.23, all the solutions of (1) are oscillatory.
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3. Some examples

In this section, we enumerate some specific examples to verify the results that we obtained and to show the simplicity
of the results.

Example 3.1 Consider the first order neutral delay difference equation
1
A |z(n) — ix(n - 2)} +z(n—4)=0. (18)

Then, it is easy to see that p = %, g=1,7=2and 0 =4. Consequently, 7 < o, and p € (0,1). Also

o+1 o 2 g
—dot)T o \/q (7(”[,13 H) +dpgr (1)

f=1+ 2pT

= 1.049019
Let o = 1.1. Then o € [6,1+ 1) and ga”™" > o(a — 1)%. Corollary 2.7 shows that all the solutions of (18) are

oscillatory. One such solution is z(n) = (—1)™.

Example 3.2 Consider the first order neutral delay difference equation

A [m(n) _ 3i2x(n - 4)] + %x(n _9)—o0. (19)

p o qyT—o—1
Here, p = %, q= 1—36, 7 =4 and o = 2. Consequently, 7 > ¢ and ¢ > %

the solutions of (19) are oscillatory. One such solution is z(n) = (F£)".

. Then by Corollary 2.26, all

Example 3.3 Consider the first order neutral delay difference equation

1 32
Alz(n) — —x(n—4)| + ——z(n—3) =0. (20)
9 81
Then, it is easy to see that p = %, q= g—f, 7 =4 and ¢ = 3. Consequently, 7 > ¢ and
— 2 4
b1+ | 40T VIaO) T qu} — 1.2996
2pT

If we take v = 1.31, then o € [9, 1+ %) and qa®! — 7(a—1)% > 0. From Corollary 2.9, it is easy to conclude that

all the solutions of (20) are oscillatory. One such solution is z(n) = (F1)".

Example 3.4 Consider the first order neutral delay difference equation
Alz(n) —10z(n —4)] + 18x(n —4) =0. n>0 (21)

T+1
—. Corollary

Then, it is easy to see that p = 10, ¢ = 18, 7 = 4 and ¢ = 4. Consequently, 7 = ¢ and ¢ > T(;;T

2.20 shows that all the solutions of (21) are oscillatory. One such solution is z(n) = (—2)™.
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