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Abstract
In the present paper we consider Riesz potentials on commutative hypergroups and prove the boundedness of these
potentials from LP (K, \) to L9 (K,)). We also prove the inequality from L' (K, \) to weak L7 (K,\) for Riesz

potentials on commutative hypergroups.
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1. Introduction

For 0 < a < n, the operator

Rof(x) = / & — 4] f (v)dy
Rn

is called a classical Riesz potential.
By the classical Hardy-Littlewood-Sobolev theorem, if 1 < p < oo and ap < n, then R,f is an operator of

1 1 1
strong type (p,q), where — = — — g If p =1, then R, [ is an operator of weak type (1,q), where — =1 — @ (see
p

n q n
[16], [24]).

The Hardy-Littlewood-Sobolev theorem is an important result in fractional integral theory and potential theory.
There are a lot of generalizations and analogues of this theorem. The Hardy-Littlewood-Sobolev theorem was proved
for Riesz potentials associated to doubling measures in [18] and nondoubling measures in [19], [5]. In [3] and [11],
generalized potential-type integral operators were considered and (p, q) properties of these operators were proved.
In [21], [22], [13], [12] the Hardy-Littlewood-Sobolev theorem was extended to Orlicz and Musielak-Orlicz spaces
for generalized Riesz potentials. The analogues of Hardy-Littlewood-Sobolev theorem on the different hypergroups
were considered in [8], [9], [10], [4], [14]. The strong type (p,q)inequality for Riesz potentials on commutative
hypergroups was given in [15] with the condition AB(e,r) = Cr™.

In this paper, we prove the boundedness of Riesz potentials on commutative hypergroups from L? (K, \) to
L9 (K,)) in the case of upper Ahlfors N-regular measure. We also prove the inequality from L' (K, \) to weak
L7 (K, \) for Riesz potentials on commutative hypergroups.
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2. Preliminaries

Let K be a set. A function p: K x K — [0,00) is called quasi-metric if:
Lp(@y =0 z=y
2. p(z,y) =p(y,2);
3. there exists a constant ¢ > 1 such that for every x,y,z € K
p(z,y) <clp(x,2)+p(zy).

Let all balls B(z,7) = {y € K : p(z,y) < r} be A-measurable and assume that the measure A fulfils the doubling
condition

0 < AB(z,2r) < DAB(z,r) < cc. (1)

A space (K, p, A) which satisfies all conditions mentioned above is called a space of homogeneous type (see [2]).

In the theory of locally compact groups there arise certain spaces which, though not groups, have some of the
structure of groups. Often, the structure can be expressed in terms of an abstract convolution of measures on the
space.

A hypergroup (K, x) consists of a locally compact Hausdorff space K together with a bilinear, associative,
weakly continuous convolution on the Banach space of all bounded regular Borel measures on K with the following
properties:

1. For all z,y € K, the convolution of the point measures 6, * , is a probability measure with compact support.

2. The mapping: K x K — C(K), (z,y) — supp(d, * d,) is continuous with respect to the Michael topology on
the space C(K) of all nonvoid compact subsets of K, where this topology is generated by the sets

Uyw={LeC(K): LNV #0,LC W}
with V, W open in K.
3. There is an identity e € K with J. * §; = 0, * d. = §, for all x € K.
4. There is a continuous involution * on K such that
(8 % 8y)" = Gy # O
and e € supp(d, * 0,) < x =y* for z,y € K (see [17], [23], [1], [20], [7] ).

A hypergroup K is called commutative if 6, * 0, = &, * d, for all z,y € K. It is well known that every commutative
hypergroup K possesses a Haar measure which will be denoted by A (see [23]). That is, for every Borel measurable
function f on K,

/f§ % 0y )dA(y /f )dA(y) (z € K).

Define the generalized translation operators T%, x € K, by

y) = [ fd(bz % 0y)
/

for all y € K. If K is a commutative hypergroup, then 77 f(y) = TY f(x) and the convolution of two functions is
defined by

(f*g)() = / T f(4)g(y*)aA(y)-
K

Let (K, *) be a commutative hypergroup, with quasi-metric p, Haar measure A and N € (0,00). We will say K is
called upper Ahlfors N-regular by an identity, if there exists a constant C' > 0, not depending r > 0, such that

AB(e,r) < CrN (2)
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Let p > 0. By LP (K, ) denote a class of all A-measurable functions f : K — (=00, +-00) with || f[[1s ) =

1

(Jlroram) <

Let T be a linear operator from LP (K, \) to LY (K, \) , where p,q € (0,00). T is said to be an operator of strong
type (p,q) on (K, ) , if there exists a positive constant C' such that

1T flle e ny) < Coll fllze s

If for arbitrary > 0 and f € L? (K, \)

Me: Tf(z) > 8} < (gnfmm) B0

then T is called an operator of weak type (p,q) on (K, \).

The notation y 4(z) denotes the characteristic function of set A.

Let (K,*) be a commutative hypergroup, with quasi-metric p, Haar measure A, upper Ahlfors N-regular by an
identity. Define Hardy-Littlewood maximal function

Mf(z) = sup \Ble.r) (If] * XB(er)) (2) (3)
and Riesz potential
Lof(x) = (ple,)* V5 f) (), 0<a < N (4)

on commutative hypergroup (K, *) equipped with the quasi-metric p.

3. Main results

In this section we formulate the main results of this paper.

Theorem 3.1 Let (K, *) be a commutative hypergroup, with quasi-metric p and doubling Haar measure X\, upper
Ahlfors N-regular by an identity and let 0 < a < N, 1 <p< % If f € LP(K), then the integral

If(x) = / T (e, )™ (5 )dA(y)
X

is absolutely convergent for almost every x € K.

Proof Let f € LP(K,)) and 1 < p < & Write I, f(z) in the form

If(z) = / plesy)™ VT F(y")dA(y)
B(e,1)

T / plesy) VT F(y")dA(y) = 1 (z) + ().
K\B(e,1)

Let us estimate Jy(x). It is clear that

i ()] < / p(e:9)* N X(ey )T (5 [dA(y)
K

By Young’s inequality
[T1 () ey < lloes ) N X B ey O pr (e 1T fll e (0

< Cllple, ) NMxBrey Ollnr e 11 e (0
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and

lo(e, ) N xaen Ol = / ple,y)* Nd(y)
B(e,1)

<) / ple,y)* N dA(y)

lo—k<ple,y) <21

<3 (@h) " [ aw

=1 pley) <2kl

< Ci2(N7a)k2N(7k+1) <C
k=1
Then
IT1 ) zeny < ClFllze s

e.g. Ji(x) is absolutely convergent almost every z € K.
By Holder’s inequality we have

R@l< [ pen VT
K\B(e,1)

<IN )|z / olery) @M dx(y)
K\B(e,l)

< Cllfllar e / ple, )@ NP dA(y)
K\B(e,1)
and

ple,y) NP dx(y)
K\B(e,1)

/ ple,y) NP dx(y)

2k <p(ey) <2kt

> 2o / dA(y)
k=0

pley)<2k+t

ES
Il

)

IN

< Z o(N=a)p'ko(k+1)N - (-
k=0

Hence for 1 <p < &
|J2(@)] < ClIfllzexc.n)

Thus for all functions f € LP(K,\), 1 <p < % the fractional integrals I, f(x) are absolutely convergent for almost
every x € K. The theorem is proved.

Theorem 3.2 Let (K, *) be a commutative hypergroup, with quasi-metric p and doubling Haar measure X\, upper
Ahlfors N-regular by an identity. Assume 0 < a < N, 1 < p < %, % — % = & and Hardy-Littlewood mazimal
function (3) is an operator of strong type (p,p) on (K, *). Then the Riesz potential (4) is an operator of strong type
(P, q) on (K, *).
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Proof Split I, f(z) in the standard way
i@ = [ s T HeIR@ + [ e N i)
B(e,r) K\B(e,r)
=Uy(z,r) + Us(z, 7).

Then for Uy (x,r) we have the estimate

U (2, 7)] < / ple, ) NT*|f (4" dA(w).

B(e,r)

<> [ e T

F=ly—kr<pley)<a—rtir
> -N
e [ T
k=1 pley)<2—ktir
S ) T aBe e e [
’ AB(e, 2~ k+1r)
=1 B(e,2-k+17)
< Cr*Mf(x).
Therefore it follows that
|U1($,7")| S C’raMf(x), (5)

where C' > 0 does not depend f, x and 7.
Estimate Us(z,r). By Holder’s inequality we have

=
s

vaenl< | [ e | | [ sen© o)
K\B(e,r) K\B(e,r)

Here

/ ple,y) NP dx(y)

K\B(e,r)

> [ slen g

F=0kr<p(ey)<2btin

< i(ri)(a*N)p' / dA\(y)
k=0

pley)<2k+ir

<C ( ()" <z’f“r>N>
k

=0

":I\‘ >

<o Nt
= CTi%

Therefore

U (,7)] < Cr™ 7 || f|l 1o (e (6)
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From (5) and (6), we have
Lo f @) < C (r*Mf(@) + 1% 1 lracn)

”fHLP(K,)\)] ¥
7Mf(:c) . So

o f(x)| < C (M f( )) ||f||LP(K/\)

Hence, by the boundedness of Hardy-Littlewood maximal function (3) on L? (K, \) we have

Minimum of the right-hand side is attained at r = [

/ T f@[AW) < Clf sy [ (MF) NG) < CI N,

K
The theorem is proved.

Theorem 3.3 Let (K, *) be a commutative hypergroup, with quasi-metric p and doubling Haar measure X\, upper
Abhlfors N-regular by an identity and let 0 < o« < N, % = 1— & and assume that the mazimal operator M is an

operator of weak type (1,1) on (K,*). Then the Riesz potential (4) is an operator of weak type (1,q) on (K, x*).
Proof Let f € L'(K,\). It is clear that
Mo € K+ | f(2)] > 28)
<MzeK: |U(z,r)| > p}t+Mze K: |Ux(z,r)| > 8},

where
Uy(a,r) = / ple,y)* N T (57 )AA(y),
B(e,r)

Us(z, 1) = / ple,y)* NT* f(y*)dA(y).
K\B(e,r)

Further, from inequality (5) we derive that

BMz € K : [Un(e,)| > B} = 8 / dA(y)
{zeK:|Uy(z,r)|>B}

= I
{zeK:CraeM f(z)>p}

—ﬂ)\{xEK:Mf(x)> Cﬁa}
ﬁC’ra

YdA(y) = Cr| fllz, x,»)

and
Us(a, )] < / plenr)* VT £ (") dA(y)

K\B(e,r)

< paN / T £ (") dA(y)
K\B(e,r)

N

<or / NG = O X 1, .
K

Thus, if 8 = 7“7%||f||L1(K7>\)7 then |Us(z,7)| < B, and, consequently, AM{x € K : |Uz(x,r)| > 8} = 0. Thus
Mz e K: |I,f(z)| > 28}
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C .
< = fllzyxn

B
=C0r*te =orN = C’ﬂquf”qu(K,A)

q
< (gnfnhm,») |

The theorem is proved.
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