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Abstract

In this paper, the (g, k)-analogues of some inequalities involving the Psi function are presented. These results
generalize some earlier results presented by W. T. Sulaiman. The approach is based on some mononicity properties
of some functions involving the 14 ; function.
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1. Introduction and preliminaries

The Psi function 1(t) otherwise known as the digamma function is defined as

b0 = W) = -

dt

where I'(t) is the well-known classical Euler’s Gamma function defined by
oo
I(t) = / e *x'lda, t>0.
0

Equivalently, the (g, k)-analogue of the Psi function, 14 x(t) is defined as

d I ()
wq’k(t): glnl—‘qk(ﬁ): m, t>07 ]€>O7 qc (0,1)
q,

where T'y 1 (t) is the (g, k)-analogue of the gamma function given by (see [1],[2])

t_1 o
Tyx(t) = (- _ (1= a5k £>0
* (1-gFt  (1-¢g)x01—gqF "t ’
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The functions () and ¥, ,(t) as defined above exhibit the following series representations.

1
—In(1 — 0 nkt
Yo k(t) = %qu)z 1‘1_an7 £ 0.

where + is the Euler-Mascheroni’s constant.

By taking the m-th derivative of these functions, it is easy to demonstrate that the following statements are true
for each m € N.

1
() = (= )mHm'ZW, t>0

mkm nkt

YW (t) = lnqm'HZ g k>0, qe(0,1), t>0.

In 2011, Sulaiman [7], established the following results for the Psi function.
P(s+1) > ¥(s) + (1) (1)

fort >0and 0 < s < 1.

D (s +) < (s) + 0™ (1) (2)

for s,t > 0 and for a positive odd integer m.

Y (s ) = 0 (s) + 0™ (1) (3)

for s,t > 0 and for a positive even integer m.

@ (0) = [0 (s +9)] (4)

for s,t > 0 and for a positive odd integer m.

Recently, the p-analogues, g-analogues, k-analogues and (g, k)-analogues of these inequalities have been respectively
established in the papers [3], [4],[5] and [6].

The purpose of this paper is to establish that the inequalities (1), (2), (3) and (4) still hold true for the
(¢, k)-analogue of the Psi function by using the same techniques as in [3], [4],[5] and [6].

2. Main results

Theorem 2.1. Lett>0,0<s<1, g€ (0,1) and k > 0. Then the following inequality is valid.

Vak(s +1) = g r(s) + Vg (t). (5)
Proof. Let p(t) = v k(s +1t) — g x(s) — gk (t). Then fixing s we have,

00 nkan(g+t) kant
() =g (s + 1) — g (1) = (Ing)? Z { L—gnk  1_gnk

n=1

nkt( nks __ 1)

= (Ing)? Z kg

n=1

g SO
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That implies p is non-increasing. In addition,

lim p(t) = tlggo [g,k(8 + 1) — 1g,k(8) — Ygk(t)]

t—o0
ln(l _ q) e nk(s+t) ans ant
L ( HQ) tir& — 1— an 1— an 1— an
ln(l _ q) e ans.ant _ ans _ an,t

n=1
l(l—q lnqz q

Therefore u(t) > 0 concluding the proof.

Theorem 2.2. Let s,t > 0, ¢ € (0,1) and k > 0. Suppose that m is a positive odd integer, then the following
iequality is valid.

Yo (548 V() + 9 (), (6)
Proof. Let n(t) = 1/}552)(3 +1t)— Q/J(YZ)(S) - wéfz)(t). Then fixing s we have,

' (t) = (s t)—wf,”,z“><t>

nmt1 km—i—l nk(s+t) nmt1fm+1 nkt
+2 q
lnq m Z |: — nk - 1— an :|
m+1k,m+1 nkt( nks _ 1
= (Inq)™*2 Z [ —~ qn(kq )] > 0. (since m is odd)

That implies 7 is non-decreasing. In addition,

. _ m—+1 1
)= (o) i |

nmkman(s+t) nmkmans nmk.mant
1_an ]__an 1_an

-q

oo
1 m+1 1 _ _
(nq) 1 Z 1_an 1_an 1_an:

t—o00
n=1

[nmkmans nkt nmkmans nmkmant:|

mkm nks
—(Ing)™** Z W < 0. (since m is odd)

n=1
Therefore n(t) < 0 concluding the proof.

Theorem 2.3. Let s,t > 0, ¢ € (0,1) and k > 0. Suppose that m is a positive even integer, then the following
iequality is valid.

Gk (s +8) 2 007 () + 0 (1), (7)
Proof. Let A(t) = @[Jéfz)(s +1) — ¢ ( ) — w(m)( t). Then fixing s we have,

N(t) = oW (s +6) - ()

_ (hl q)m+2 i nm+1k7n+1an(s+t) B nm+1km+1ant
1— an 1— an
n=1

oo m+1km+1 nkt( nks _ 1
= (lng)™*? Z {n . a iq )] < 0. (since m is even)
— qn
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That implies X is non-increasing. Further,

0o
mp.m nk(s+t) m fm nks m m nkt
lim A(¢) = (Ing)™™! lim Z [n q o q o 1

t—o0 t—o0 -1

1_an 1_an 1_an

mkm nks
= —(lng)™*! Z 17% < 0. (since m is even)
—q

n=1

Therefore A(t) > 0 concluding the proof.

Theorem 2.4. Let s,t >0, g € (0,1) and k > 0. Suppose m is a positive odd integer, then the following inequality
holds true.

W) > [ s+ 0)] (8)

Proof. We proceed as follows.

Y (s) =l (s + 1) = (ng)™ 1Y

n=1 *“

'nmkmans nmkman(s+t)
1— an o 1— an :l

X r1,,mpm,nks ml.m nks  nkt
nmET g™ — nME™ g g

mkmnksl_
mqm+lz i

ant)
ok ] > 0. (since m is odd)
—q

Hence,

e () > i (s 4+ 1) > 0.

Similarly we have,

U (1) 2 07 (s +1) 2 0.
Multiplying these inequalities yields,

U0 = 6 (s +0)]

3. Concluding remarks

Remark 3.1. If in inequalities (5), (6), (7) and (8) we allow ¢ — 1 and k — 1, then we repectively obtain the
inequalities (1), (2), (3) and (4) as was presented by W. T. Sulaiman.
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