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Abstract

In this paper, we mainly study the minimal presentations of numerical semigroups. Moreover, we examine the concept of gluing, com-
plete intersection, catenary degree, elasticity of some numerical semigroups.
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1. Introduction

The object of this paper is to study the presentations of finitely generated numerical semigroups. The study of presentations of numerical
semigroups are mainly motivated by its applications to Algebraic Geometry ([1], [2]). Redei in [3] shows that every congruence on N™ is
finitely generated. This result is since then known as Redei’s Theorem. Many other authors have given alternative and quite much
simpler proofs than his [4 - 7]. Since numerical semigroups are cancellative monoids, a different approach can be chosen to prove
Redei’s theorem. An important peculiarity of finitely generated cancellative (commutative) monoids is that minimal presentations with
respect to set inclusion have minimal cardinality ( [8] ). In this paper, we focus on the computation of a (and in fact all) minimal
presentation of a numerical semigroup. The idea comes from Rosales’ PhD Thesis ([9]) and was published later in [10]. The cardinality
of a numerical semigroup cannot be bounded in terms of its embedding dimension. This follows from Bresinsky’s family of embedding
dimension four numerical semigroups, which have arbitrarily large minimal presentations ( [11]). In this paper we offer an upper bound
for the cardinality of a minimal presentation in terms of the multiplicity of the semigroup.

2. Presentations of a numerical semigroup

2.1. Class modulo and quotient set

Let X be a nonempty set. A binary relation on X is a subset of X X X . If (a,b) € o, we write xoy and we say that x is o- related with y. If
o- is reflexive (aca for all a € X) symmetric (acb) implies (boa) and transitive (acb and boa), (acb and boc implies acc) then we say
that o is an equivalence binary relation. For every a € X, we define its class modulo o called its o- class as

[a], = {b € X | acb} D
The set
Z={lalolaex} @

is the quotient set of X by o, and it is a partition of X.

2.2. Congruence

A congruence o is generated by p if 0 = Cong(p). We say that p is a system of generators of 6. A congruence o is finitely generated if
there exists a system of generators of o with finitely many elements. A presentation of a finitely generated monoid M is a congruence on
Free(X), for some finite set X, such that M = Free(X)/Cong(p). We say that M is finitely presented monoid if p is finite. Let X be a
nonempty set and let o be a congruence on Free(X). An element (acb) in o{(0,0)} is irreducible if it cannot be expressed as

(a,b) = (ay, by) + (a2, b2) )]

with, (a;,by), +(as, by) € 6\{(0,0)}.
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Let Irr(o) be the set of irreducible elements of o. Note that ¢ is a submonoid of Free(X) X Free(X). Let M be a monoid and ¢ a
congruence on M. Then % is a monoid with the operation

[a]c + [b]c = [a + b]o’ 4
if (a,b) and(c,d) are in 0, so is (a + ¢, b + d), and by reflexivity (0,0) € o. As we see next, Irr(c) generates ¢ as a monoid.
2.3. Minimal presentations of a numerical semigroup

Let N be the set of non-negative integers and Z be the set of integers. A numerical semigroup is a finitely generated sub-semigroup S of
N such that 0 € S and S generates Z as a group. It is known that S is a numerical semigroup if and only if there exist ng, ..., n, € N\{0}
such that gcd {n, ...,n} = 1 and S = (ng, ...,ny) = {IK , myn;|m; € N}.

Every numerical semigroup is a finitely generated cancellative monoid and thus it is finitely presented. We characterize in this section
those presentations of numerical semigroups that are minimal. Let o be a congruence on Free(Xy,X,, ..., X,) and let p be a system of
generators of 0. We say that p is a minimal relation if the cardinality of p is the least possible among the cardinalities of systems of
generators of o. Let S be a numerical semigroup minimally generated by {n,, ..., nc} and let X = {x, ..., Xc} with x; # x; forall i # j.

We say that p is a minimal presentation if p is a minimal relation of the kernel congruence of

@: Free(Xq, ...,Xe) = S, @(a1X1 + - + @gXe) = a1Nq + -+ + AN (5)
In this section,we use o to denote the kernel congruence of ¢. Given n € N the set of expressions of n in S is defined as

Zn = @ '(n) = {a;x; + - +aeXe[ainy + -+ + agne = n} (6)
Fora =a;x; + -+ acXe € Free(Xy, ...,Xp), b = byX; + -+ + beXe € Free(xy, ..., Xn). Define the dot product of a and b as
a.b=aby+ - +a.b, (7

We define the following relation on Free(xy, ..., x,). For a,b € Free(xy, ..., x,), aRb if either a = b = 0 or there exist k4, ..., k; € Z,
for some n € Ssuch thatk; = a, k; = band k;.k;, # 0 for all i € {1, ..., — 1}. This is an equivalence binary relation on Free(X).
The elements of Free(X)/R are called R- classes. A (nondirected) graph G is a pair (V, E) where V is a set whose elements are known as
the vertices of G and E is a subset of {{u, v}|u,v € V,u # v}. The unordered pair {u, v} will be denoted as uv, and if it belongs to E,
then we say that it is an edge of G.

A sequence of edges of the form v, vy, U115, ..., U;m_1 U IS known as a path of length m connecting them. It is well known that a
connected graph with n vertices has at least n — 1 edges ([12]). A tree is a connected graph with n vertices and n — 1 edges for some
positive integer n (this is one of the many characterizations of a tree).

A subgraph of the graph G = (V,E) is a graph G' = (V',E") such that V' € Vand E' C E. It is also well known that any connected
graph G with n vertices has a subgraph with the same vertices that is a tree. This tree is called the generating tree of G.

Let X be a nonempty set, let P = {X;, ..., X,-} be a partition of X and let y be a binary relation on X. The graph associated to y with
respect to the partition P is G, = (V,E), where V = P and X, X, € E with i # j if there exists x € X; and y € X; such that (x,y) ey U
y~1. Letn € Nand let X, ..., X, be the R- classes contained in Z(n).

If g is a binary relation on Free(xy, ..., x.), we denote by B, = N (Z, X Z,), and by Gg the graph associated to the partition
{X1, ..., X} of Z(n). As we see next, these graphs are crucial for our characterization of minimal presentations of a numerical semigroup.

Lemma 2.4: Letn € N. If § is a binary relation on Free(x,, ..., x,) generating o, then Gg_ is connected.

Theorem 2.5: Let § be a binary relation on Free(xy, ..., x.) With x; # x; for i # j. Then ¢ = Cong(p) if and only if G is connected
foralln € N,

Corollary 2.6: Let S be a numerical semigroup. A subset 8 of o is a minimal presentation of S if and only if the cardinality of ,, equals
the number of R-classes in Z(n) minus one and Gg_ is connected for alln € S.

Corollary 2.7: The concept of minimal presentation with respect to cardinality and set inclusion coincide for any numerical semigroup.
In particular , all minimal presentations have the same cardinality.

2.8. Computing minimal presentations

S =< n,4,..,n, > and o are as in the preceding section. Let n be an element of S. If X3, ..., X, are the R-classes of Z (n), for all
i €{1,...,r} define

A; = {nj|x; < x for some x € X;} (8)

These sets contain the set of vertices of the different connected components of G,,. To prove this, we first must show that {44, ..., 4, } isa
partition of V,.

Theorem 2.9: Let S be a numerical semigroup and let n be a nonzero element of S. The number of connected components of G,, equals
the number of R-classes in Z(n).
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Proposition 2.10: If G,, is not connected, then n = w + n; withw € Ap(S,n;)\{0} and j € {2, ..., e}.
Example 2.11: Assume now that S is minimally generated by {n, n,, n3}. For every r € {1,2,3}, define
¢r = min{c € N{0} |k, €<ng,n, > {r,s,t} ={1,23}} 9)

For n € {c;n4, cyn,, c3n3}, the graph G,, is not connected,and these are the only elements in S fulfilling this condition. We distinguish
three cases.

If c;ny = cyny = c3ng, then {(c;xy, c,%,), (c1%1, c3x3)} 1S @ minimal presentation for S.

Assume now that ¢;ny # c,n, = c3nz (we omit the other similar cases). If ¢c;n; = An, + unswith A, 1 € N, then
{(c1x1, Axy + pix3), (c2x5, c3x3)} is @ minimal presentation for S. If the cardinality of {c;n, c,n,, c3n3} is there, then suppose that

€Ny = TNy + T13N3, CaNp = 121Ny + T3N3, C3Ng = T31Ny + 1321, (10)
for some nonnegative integers r;;. Then

{(c1x1, T12x5 + Ti3x3) , (€22, T21%1 + T23%3) ,(C3X3, 731X + T32X2)} (11)
is a minimal presentation for S.

Theorem 2.12: Let S be a numerical semigroup minimally generated by {n, ..., n.}. The cardinality of any minimal presentation for S is
less than or equal to

(2n1—e21)(e—2) +1 (12)
Corollary 2.13: Let S be a numerical semigroup. The cardinality of any minimal presentation for S is less than or equal to

m(S).(m(S)-1)
- 2z (13)
3. Factorizations and divisibility

For a factorization x = {x,, ..., x,} of is its length is defined as |x| = x; + -+ x, .
The setof sis L(s) = { |x|| x € Z(s)}.

Theorem 3.1: Let S be a numerical semigroup minimally generated by {Tlp ...,np} withny < --- < mn,. Then

n

p(S) == (14)

"
Assume that L(s) = {{; < --- < [};}. Define the delta set of s as

AGs) ={lz =1y, o) g = lg-13 (15)
andifk =1,A(s) =0

The delta set of S is defined as

A(S) = Uses A(s). (16)
Theorem 3.2: Let S be a numerical semigroup and let o be a presentation of S. Then

minA(S) = gedfla — bl| (a, b) € o} (17)

Definition 3.3: Let S be a numerical semigroup and m € S,x,y € Zs(m), M € N. In this case, an M-chain from x to y is such
thatx, = x,x; = y and d(x;, x;41) < M for each j € {1, ..., i — 1}. The multiplier of m is x,, ..., x; € Zs(m) [13].

Definition 3.4: Let S be a numerical semigroup and m € S,x,y € Zs(m), M € N. In this case, the catenary degree of m is the smallest
of the M —chains that exist from x to y. In addition, the catenary grade of m is indicated by c(m) and the catenary degree set of the
numerical half group of S is indicated by C(S) = {c(s)|s € S} [13].
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4. Minimal presentations

4.1. Generators and relations

Let S be a numerical semigroup minimally generated by {nl, Ny, ey np}. Then the monoid morphism

@:NP > S,(p(al, ...,ap) = Zfﬂ a;n;, (18)

known as the factorization homomorphism of S, is an epimorphism, and consequently S is isomorphic to NP/ ker ¢, where ker ¢ is the
kernel congruence of ¢:

ker ¢ = {(a,b) € NP x NP|¢p(a) = ¢(b)}. (19)

Notice that for groups, vector spaces, rings...the kernel is defined by the elements mapping to the identity element. This is because there
we have inverses and from f(a) = f(b) we get f(a — b) = 0.

Given T c NP x NP, the congruence generated by 7 is the smallest congruence on NP containing t, that is, it is the intersection of all
congruences containing t. We denote by cong(t) the congruence generated by 7. Accordingly, we say that t is a generating system of a
congruence o on N? if cong(t) = o. The congruence generated by a set is precisely the reflexive, symmetric, transitive closure (this
would just maket he closure an equivalence relation), to which we adjoin all pairs (a + ¢, b + ¢) whenever (a, b) is in the closure; so that
the resulting relation becomes a congruence. This can be formally written as follows.

Proposition 4.2: Let p € N? x NP, Define p® = p U{(b,a)|(a,b) € p} U {(a,a)la € NP}, p1 = (w + u,w + ), (v,w) € p°,

u € NP. Then cong(p) is the set of pairs (v,w) € NP x NP such that there exist k € N and vy, ..., v, € NP with vy = v, v, = w and
(v, vigq) Eptforalli €e{0,.., k—1}.

4.3. Free numerical semigroups

In this section, we recall the concept of free numerical semigroup and show how to compute a presentation for these semigroups. Let S
be the semigroup generated by {ry, ...,m}. Setd; =1 and dj, = ged (dy_1,1—1) for all k € {2, ..., h + 1} (whence d,, = 1), and
define e, = dj/dy.1. Recall that S is free for the arrangement (ry, ..., 13,) of generators if for all k € {1, ..., h}:

|) (% > 1,
if) e belongs to the semigroup generated by {r,, ..., 71 }-

Definition 4.4: Let S be a numerical semigroup and let n be one of its nonzero elements. The apery set of nin S is

Ap(S,n) ={s€S|s—n¢S} (20)

Definition 4.5: Let S be a numerical semigroup. The cardinality of a minimal set of generators of S is called the embedding dimension of
S. We denote it by e(S).

Definition 4.6: Let S* = S\ {0} . The smallest nonzero element of S is called the multiplicity of S, m(S) = minS*.

Definition 4.7: The idea of gluing is the following, A set of positive integers A, which is usually taken as the set of generators of a
monoid, is the gluing of A; and A, if {4;, 4, } is a partition of A and the monoid generated by A admits a presentation in which some
relators only involve generators in A;, other relators only involve generators in A, and there is only one element in this presentation
relating elements in A; with elements in A,. In order to formalize this definition we need to recall and introduce some notation.

Let A = {m4, ..., m,} be a subset of positive integers,X = {x4, ..., x,-}. @: Free(X) — N the monoid homomorphism.

p(ayx; + -+ a,x,) = aymy + -+ + a,m,. Denote by o the kernel congruence of ¢, that is, acb if and only if ¢(a) = ¢(b). For B <
A, set Xg = {x;| m; € B}. Then Free(Xy) < Free(X). We define ¢ and o accordingly. Note that o5 S o. With this notation is now
easy to express the concept of gluing. Let {4;, 4,} be a partition of A. We say that A is the gluing of A; and A, if there exists a system of
generators p of o such that p = p; U p, U {(a,b)} with p; € 4, p, S 04,,0 # a € Free(X,,) and 0 # b € Free(Xy,) .

Definition 4.8: Let S be a numerical semigroup and let n be one of its nonzero elements. If one of the minimal representatives of S if the
number of elements e(S) — 1, S is called the complete intersection.

5. Examples
5.1. Example

LetS = (6,4,17)

Ap(S,4) ={0,6,17,23},

Betti set {12,23,29,34,40}.



Global Journal of Mathematical Analysis

Hence, we look at the graphs G,,, with n in the set {12,23,29,34,40}.

Graph Connected components Relations

Gz {6}, {4} {2x,,3%,}

Gas {6,17} {x; + x3)

Gao {6,17},{4,17} {2x; + x3,3x, + x5}

Gy {6,4},{17},{6,4} (5%, + x5, 23, %1 + 7%,}
G40 {4}v {6117}1 {6v4} {10x2, X1 4P ZX3, 4'X1 + 4x2}

Hence a minimal presentation for S is

p ={((2,0,0),(0,3,0)),((5,1,0),(0,0,2))}

v(S) = 2, e(S) = 3,u(S) = e(S) — 1 itis acomplete intersection, since A; = (6,4) ve A, = (17) are gluings of S. L(12) = {2,3},
A(12) = {1}, p(12) = %,L(ZS) = {2}, A(23) = 0, L(29) = {34}

A29) = {1}, p(29) = 5, L(34) = {2,6,7,8}, A(34) = {14}, p(34) = 4, L(40) = {3,7,89,10}

A(40) = {14}, p(40) = 2%, ACS) = Uses A(s) = {14}, p(S) = sup{p(s)ls € S} = 4,

G3q

(5,1,0)

1,7,0)

® (3,4,0)

Catenary degree of 34 is 3.

Example 5.2.

LetS = (5,7,11,13)

Ap(S,5) ={0,7,11,13,14},

Betti set {14,18,20,21,22,24,25,26,27}.

Hence, we look at the graphs G,,, with n in the set {14,18,20,21,22,24,25,26,27}.

Graph Connected components Relations

Gy, {7} {2x,}

Gig {5,13},{7,11} {1 + x4, %5 + %3}

Gy {5},{7,13} {4x1, %, + x4}

Gy {73,{511} {3x,, 22, + x5}

G, {5,7},{11} {3x; + x5, 2x3}

Gy {11,13},{5,7} {x5 + x4, 221 + 2x,}

G25 {5}' {5'7'13}' {7'11} {5x1,x1 + Xy + X4, 2x2 + x3}
G26 {13}' {5111}1{7'11} {ZX4, 3x1 + X3}

G27 {5'7}' {7'13}' {5'11} {43{1 + X, 2x2 + X4, % + 2x3}

Hence a minimal presentation for S is

p ={((1,0,0,1),(0,1,1,0)),((4,0,0,0), (0,1,0,1)), ((0,3,0,0), (2,0,1,0)), ((3,1,0,0), (0,0,2,0))
(€0,0,1,1),(2,2,0,0)),((5,0,0,0), (0,2,1,0)), ((0,0,0,2), (3,0,1,0)), ((0,2,0,1), (1,0,2,0))}

v(S) = 8, e(S) = 4, since v(S) # e(S) — 1itis not complete intersection. L(14) = {2}, A(14) = 0,
L(18) = {2}, A(18) = @, L(20) = {2,4}, A(20) = {2}, p(20) = 2, L(21) = {3},

AQ21) = @,L(22) = {2,4}, A(22) = {2}, p(22) = 2, L(24) = {2,4}, A(22) = {2}, p(22) = 2,
L(26) = {2,4}, A(26) = {2}, p(26) = 2, L(27) = (3,5}, A27) = {2}, p(27) = §

A(S) = Uses A(s) = {2},p(S) = sup{p(s)ls € S} = 2.
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(5.0.0.0) 4

¢ (1,1,0,1)

(0,2,1,0)

Catenary degree of 25 is 4.

Example 5.3.
LetS = (2,3).
Ap(S,2) ={0,3}
Betti Elements
{6}

Hence, we look at the graphs G,,, with n in the set {6}.

Graph Connected components Relations

Ge {2}, {3} {3x1}, (2%}

Hence a minimal presentation for S is

p={(3,0),(0,2))}.

v(S) = 1,e(S) = 2, since v(S) = e(S) — 1 it is not complete intersection. A; = (2) and A, = (3) isagluing of S. L(6) = {2,3}, A(6) =
3

{1}, p(6) = 5 A(S) = Uses A(s) = {1}, p(5) = sup{p(s)ls € 5} =

Ge

Example 5.4.

LetS = (3,5,7).

Ap(S,3) = {0,5,7}

Betti Elements

{10,12,14}

Hence, we look at the graphs G,,, with n in the set {10,12,14}.

Graph Connected components Relations
Gyo {3,7}, {5} {21 + x5}, {22}
Gy, {3%L{5.7} {4x}, {xz + x5}
Gia {3,54L{7} {3x; + x5}, {2x3}

Hence a minimal presentation for S is

p ={((1,0,1),(0,2,0)),((4,0,0),(0,1,1)), ((3,1,0), (0,0,2))}

u(S) = 3, e(S) = 3, since v(S) # e(S) — 1itis not complete intersection. L(10) = {2} A(10) = 9,
L(12) = {2,4}, A(12) = {2}, p(12) = 2, L(14) = {2,4}, A(14) = {2}, p(14) = 2,

A(S) = Uses A(s) = {2}, p(S) = sup{ p(s)ls € S} = 2
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G12

.(4,0,0) (O,i,l)

6. Affine semigroups having a unique betti element
Example 6.1.
Let S = (N?)

A= ((2) (2) }) S =N (é) +N (g) S, =N (1) Betti(S) = Betti(S,) U Betti(S,) U {d}.

If S is a free affine semigroup,then Betti(S) = @, d € S; N {S,\{0}}, d = (;)

Betti(S;) = Betti(S,) = @, since S is a gluing of §; and S, , Betti(S) =d = (;)

Hence a minimal presentation for S is

p =1{((1,1,0),(0,0,2))}

A is a matrix of type r X p, v(S) = 1, since v(S) = p —rank(A) = 3 — 2 = 1 itis a complete intersection, L (g) ={2},A (;)

A(S) = Uses A(s) = @.

Example 6.2.
111000
100110

A=
010101
001011
1 0
1

S, =N +N0
0 1
0 1
1 0
0 1

S, =N +N
1 0
0 1

1 0
0 1
S;=N| [+N
0 1
1 0

Sisagluing of S; , S, and S5 . Betti(S) =d = {(1,1,1,1)}.
Hence a minimal presentation for S is

p ={((1,0,0,0,0,1),(0,1,0,0,1,0), (0,0,1,1,0,0))}

A, r X p turlinde bir matris. v(S) = 1, since v(S) # p — rank(A) it is not a complete intersection.

L((1,1,1,1D) = {2}, A((LL,LD) = 8, A(S) = Uses A(s) = @.

=0,
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Table 1: Data Table of Numerical Semi-Groups in Examples
. . n Complete At Catenary
Semigroup Betti elements Gluing Intersection Elasticity Degree Delta
- A =<64>
S=<6,4,17> {12,23,29,34,4} A, =<17 > yes 4 6 {1,4}
$=<5,7,11,13> {14,18,20,21,22,24,25,26,27} Don’t writing no 2 5 {2}
= A =<2>
S=<2,3> {6} A, =<3> yes 3/2 3 {1}
S=<3,5,7> {10,12,14} Don’t writing no 2 4 {2}
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