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Abstract

In this paper, a mathematical model is proposed and analyzed to study the effect of toxicant in a three species
food chain system with “food-limited” growth of prey population. The mathematical model is formulated using the
system of non-linear ordinary differential equations. In the model, there are seven state variables, viz, prey density,
intermediate predator density, density of top predator, concentration of toxicant in the environment, concentration
of toxicant in the prey, concentration of toxicant in the intermediate predator and concentration of toxicant in
the top predator. In the model, it is assumed that the carrying capacity and growth rate of prey is affected by
environmental toxicant. Toxicant is transferred to intermediate predator and top predator populations through
food chain pathways. All the feasible equilibria of the system are obtained and the conditions are determined for
the survival or extinction of species under the effect of toxicant. The local and global stability analysis of all the
feasible equilibria are carried out. Further, the results are compared with the case when toxicant is absent in the
system. Finally, we support our analytical findings with numerical simulations.
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1. Introduction

The effects of toxic substances on ecological communities is an important challenging problem from an environmental
point of view. Many species are exposed to various kinds of stresses including toxicants which are affecting their
growth rate, carrying capacity and their resources. The effects of toxicants on ecological communities including
three-species food chain systems are very complex dynamical systems to be undertaken for mathematical study.

Generally a single population grows logistically and implicit assumption contained in the logistic growth equation
is that the average growth rate is a linear function of the population density. It has been shown that this assumption
is not realistic for a population with food-limited growth. Filter feeders strain the water column indiscriminately
for small prey, typically phyto- and zooplankton. This category of fishes includes threadfin shad, American shad,
inland silversides and anchovies. Some evidence suggests that some of these species are “food-limited” due to the
depressed levels of plankton after the introduction of the Amur River clam [1]. David [2] in his experimental study,
says that the labyrinth spider appears to be a “food-limited” species in which exploitative competition for food is
weak or absent. It has been found in the nature that the predators for spider are mouse and lizard and mouse is
predated by snake whereas the lizards are killed and eaten by hawk.
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The food-limited population model incorporated the concept of limited food and space and it was formulated by
modifying the logistic growth equation considering the average growth rate to be a non-linear function of population
density. The food-limited population models have been proposed by several researchers [3, 4] for the dynamics of a
population where growth limitations were based on the proportion of available resources not utilized. Some studies
about food-limited population models have been carried out by few authors [5, 6], who have obtained an interesting
results about the stability and Hopf bifurcation of positive solutions.

Three species food chain systems have received much attention from many applied mathematicians and ecologists
in recent years [7, 8]. In [9], Zhang et.al, studied and established an experimental marine food chain of three levels
(microalgae — zooplankton — fish) to investigate the effect of feeding selectivity on the transfer of methyl
mercury (MeHg) through the food chain system.

Fish-eating birds in certain parts of the United States may ingest large amounts of methylmercury in their
diet [10]. The methylmercury-containing bacteria may be consumed by the next higher level in the food chain, or
the bacteria may excrete the methylmercury to the water where it can quickly adsorb to plankton, which are also
consumed by the next level in the food chain [11, 12]. Because animals accumulate methylmercury faster than they
eliminate it, animals consume higher concentrations of mercury at each successive level of the food chain. Small
environmental concentrations of methylmercury can thus readily accumulate to potentially harmful concentrations
in fish, fish-eating wildlife and people. Even at very low atmospheric deposition rates in locations remote from point
sources, mercury biomagnification can result in toxic effects in consumers at the top of these aquatic food chains.
Poisoning from pesticides can travel up the food chain [13, 14]; for example, birds can be harmed when they eat
insects and worms that have consumed pesticides. A number of studies [15, 16] have shown that pesticides have had
harmful effects on growth and reproduction of earthworms, which are in turn consumed by terrestrial vertebrates
such as birds and small mammals.

Previously, some research have been done on tri-trophic food-chain systems including toxicant effects on the
survival or extinction of species in the system [17, 18]. Tt has been observed that toxicants have very pronounced
effects on the species if the availability of the resources is limited. To our knowledge, almost no studies have been
conducted to investigate the effect of toxicant on a three-species food chain systems with “food-limited” growth of
prey population and therefore, in this paper, a mathematical model is proposed to study the effects of toxicants on
a three species food-chain system with “food-limited” growth of prey population. The present model may be suited
for the food chain system comprising of Spider — Mouse — Snake and also for the food chain system consisting
of Spider — Lizard — Hawk.

2. Mathematical model

We have considered a three species food chain system under the stress of a toxicant considering “food-limited”
growth of prey population. In the model, it is assumed that the growth rate and the carrying capacity of prey is
negatively affected by environmental toxicant [19]. Toxicant is transferred to intermediate predator and top predator
populations through food chain pathways. For the prey population, a simple “food-limited” growth equation [3, 4],
is considered. Lotka-Volterra type of prey-predator interaction is considered in the model. The model is formulated
with the help of following system of ordinary differential equations

Main Model: (With toxic effect)

de K(T)—=x

d

d_zt/ = frarzy — asyz — PuVy — diy — bry? (2)

d

d_j = Boagyz — BooaWz — doz — c32° (3)
dT

o = Qo — 60T — cnzT (4)
dU

&= = a1zl — 00U — G3(U)arxy (5)
av

- Bs(U)arxy — 62V — Ba(V)azyz (6)
dw

= 64(V)Cb2y2 — 53W (7)

dt
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The above system of ordinary differential equations are associated with the following initial conditions:
2(0) > 0,y(0) > 0,2(0) > 0,7(0) > 0,U(0) > 0,V(0) > 0,W(0) > 0.

In the above model, x is the density of prey population, y is the density of intermediate predator population, z is the
density of top predator population, T is the concentration of toxicant in the environment, U is the concentration
of toxicant in the prey population, V is the concentration of toxicant in the intermediate predator population
and W is the concentration of toxicant in the top predator population. In the model, first term in the prey
equation describes “food-limited” growth rate function under the effect of toxicant, d; and dy are the death rates of
intermediate predator and top predator populations respectively, by and c3 are the intraspecific competition rates
due to crowding of intermediate and top predator populations respectively. K (T') represents the carrying capacity
of prey which is negatively affected by T, the function r(U) denotes the specific growth rate of prey population
which is negatively affected by U, $; and 3 are conversion coefficients, 33(U) and [4(V) are toxicant transfer
functions. Qg is the rate of introduction of toxicant into the environment. &g, d1, 2 and d3 are first order decay
rates of toxicants in the environment as well as in the populations. 311 and (22 are the death rates of predators due
to organismal toxicant concentration. kg is the natural carrying capacity. Food limited parameter is denoted by c.
ro is the intrinsic growth rate of prey. k; and r; are the constants which determine the rate of decrease of carrying
capacity and growth rate of prey population respectively due to the presence of toxicant. « is the depletion rate
of toxicant in the environment due to its intake by the population. a; and as are the loss of prey and intermediate
predator due to intermediate and top predators. ¢, a1, as, as, aq and oy are the positive constants.

For our analysis, in the model we consider, K(T') = ko — k1T, r(U) = ro — U, B3(U) = agU and G4(V) = a4V
Now in order to compare the results of main model with the system which is free from toxicant, we analyze the
following sub-system:

Sub Model: (Without toxic effect)

e _ko—x N _ (8)
a 0 ko + rocx e

W ey — avyz — diy — by (9)
a 1P12Y — a2yz 1Y 1Y

d

d_j = apfoyz —doz — 322 (10)

The above system of ordinary differential equations are associated with the following initial conditions: z(0) >
0,4(0) > 0,2(0) > 0. Where, the state variables and parameters are the same as defined for the main model.

3. Analysis of Sub-Model

The sub model has following four non-negative equilibria in z, ¥, z space namely, Eoy = (0,0,0), Fo1 = (ko,0,0),
— _ _ / Q2
Eq = (7, %’E_dl, 0) is positive under conditions: T = %fﬁlslsg >0 and a15:T > dy,

where, S = roca%ﬁl, So = roby + a%koﬁl —rocaydy, S3 = ko(T‘obl + aldl)
and E§‘3 _ (:E* a1ficzz” +(azde—dic3) 1
)

(azf2y™ — d3)) is positive under the following conditions:

bics+a2fBz 7 cs
— Hyt+/H2+4H, H:
e — e 12 >0, clearly, Hs > 0, asds > dyc3 and asfBay* > da,

where, H, = roca%ﬁlc;g, Hy = a%51k003 +T0(b103 —l—a%ﬁg) “+rocay (agdg — d103), Hs = Toko(blc3 —l—a%ﬁg) — alko(agdg —
dycs). Now, we will discuss the dynamical behavior of the sub-model.

e The equilibrium point Eo is always unstable.

e The equilibrium point Fy; is locally asymptotically stable under condition: a181ko < d;.
Remark 1: Here, it may be noted that if the product of the predation rate of intermediate predator, its
conversion efficiency and carrying capacity of prey is less than the death rate of intermediate predator then
prey population will survive and both the predator populations will go to extinction.

e The equilibrium point Es, is locally asymptotically stable under the following conditions:
CLQ/BQy < dy and alﬂlf > d.
Remark 2: Here, it may be noted that if the product of the predation rate of top predator, its conversion
efficiency and equilibrium of intermediate predator is less than the death rate of top predator, and also
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if the product of the predation rate of intermediate predator, its conversion efficiency and equilibrium of
prey population is greater than the death rate of intermediate predator then prey and intermediate predator
populations will survive and the top predator may tend to extinction.

e The equilibrium point E3sis locally asymptotically stable under the following conditions:
agﬁgy* > dy and agdy > dics.
Remark 3: From the above conditions, it may be noted that if the product of the predation rate of top
predator, its conversion efficiency and equilibrium of intermediate predator is greater than the death rate of
top predator, and also if the product of the predation rate of top predator and its death rate is greater than
the death rate of intermediate predator is multiplied by intraspecific competition rate due to crowding of top
predator then all the population will survive.

Now, we will establish that the system described by Sub-Model is bounded. We begin with the following Lemma.
Lemma 3.2: The set Q3 = {(x,y,2) : 0 < 2(t) < ko, 0 < Brz(t) + y(t) + 6—122(1%) < ws} is a region of attraction for

all solutions initiating in the interior of the positive region, where wy = %‘M, O = min{l,dy, d2}.
Proof: From (8) we get,

then by the usual comparison theorem, we get as t — oo, x < k.
Now, let us consider the following function: wy (t) = S1a(t) + y(¢t) + éz(t)
by using (8) to (10), we get

dw

d—tl + 1wy < 21 (roko + 1)

where ®; = min{l,d;,ds} then by the usual comparison theorem, we get as t — oo,

Ty 1 (Toko + 1)

w1 =
51

This proves the lemma.
Theorem 3.2: If the following inequalities hold in the region 25,

2a2D1 (1 — Bryu)? < roko(1 + 7oc)(az(zy — 2%) + b1yy) (11)

20“%(y* - ﬁ?zu)2 < C3Zu(a2(2u - Z*) + blyu) (12)
then the positive equilibrium E3; is globally asymptotically stable with respect to all solutions initiating in the

interior of positive region Qa. Where Dy = (ko + rocxy, ) (ko + rocz™).

Proof: We consider the following positive definite function about F3s:
Vo= (o= — 2 tn(2) + By — ") + S — )
Differentiating V' with respect to time ¢, we get

dVa r—a* dr dy dz
a ~ T g T+ R

Using system of equations (8)-(10), we get after some algebraic manipulations

% = —(z—a")*(1+roc)(roko/D1) — (y — y*)*(d1 + a2z — a1 1™ + ba(y + y*)) (I12/2)
—(z—2")(d2 + c3(z + 2%) — a2Boy™) o — (x — 2*)(y — y*)ar (1 — Bilry)

—(y—y")(z = 2")az(hiy” — B2l22)
Now, dVa/dt can further be written as sum of the quadratic forms as
A% 1 N N . 1 N
d_t2 < -lGan(r =2 +an@@ —a)(y - y") + 5a(y —y7)?)

+(%a22(y —y*)? +agsly —y")(z —2%) + %%3(2’ - 2")%)]
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where, a1 = (1 4+ roc)(roko/D1), a1z = a1(1 — f111y), aze = (I1/2)(az2(z — 2*) + biy*), a2z = azx(Liy* — B2lz2),
asz = Iscsz, D1 = (ko + rocz)(ko + roca™). Now, by using Sylvester’s criteria and by choosing I} = I, = 1, we get
that dVa/dt is negative definite under the following conditions:
a11a99 > a%z (13)
22033 > CL§3 (14)

We note that, (11) = (13) and (12) = (14). Hence V4 is a Lyapunov function with respect to E3;, whose domain
contains the region of attraction (s, proving the theorem.

4. Analysis of Main Model

4.1. Equilibria of Main Model

The Main Model has four non negative equilibria in z, y, z, T, U, V, W space namely, Ey = (0,0, O,T, 0,0, 0),

Ey = (£,0,0,7,U0,0,0), By = (£,3,0,T,0,V,0) and Efy = (z*,y*, 2%, T*,U*, V*,W*). The existence of Eyg is
obvious. We prove the existence of Eq1, E12 and Ef4 as follows:

o E14(0,0,0,%.0,0,0)

’ 80 0

e E,1(£,0,0,T,U,0,0)

T = 750 lej = fi(x)
[7 _ O[l.fT _ aljfl(x) _ fz(x)

01 01

and # is given by the following quadratic equation: A;#2 + Asd — Az = 0, where, 41 = oy, Ay = 5y — koar,
As = kodp — k1Qo- The equation will have a positive root provided kgdy > k1Qo holds good.

d Ei2(j7 g? 07 T? U’ ‘7’ O)

(0 =) (it — oy =0 (15)
Grarx — 511V —dy — by =0 (16)
Qo — 00T — 12T =0 (17)
a12T — 01U —araz3Uxy =0 (18)
arazsUxzy — 5V =0 (19)

In this case, Z, §, T, U and V are the positive solutions of the system of equations

from (17),
_ Qo _
T = o hy () (20)

by doing, [d2(16) — £11(18 + 19)], we get,

U _ al — hQ(I) (21)
rob1d K(hi(z))—w
01611 + T (K(hl(lw))+TOClE)
from (15) and (16),

U (K@) —e V) _,
e (R R O L N e (22)

B d16y + a1 friwhy () — a6y + L2 (KI({;I(I}L(S;)JZZOZ)

from (16) to (19),

1

= m(csoﬁnin(x) + 01511he(z) + a1 81022 — d1d2 — Qofr1) = ha(x) (23)

Y
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Let
P(z) = aragzha(x)ha(x) — d2hs(x) (24)
Then we note that 5
P(0) = ——(aydy + b1r(U)) > 0
a1f11

and
P(ko) = a1a3k0h2(k0)h4(ko) — 52h3(k0) <0

This guarantees the existence of a root of P(x) =0 for 0 < z < ko, say T.
Further, this root will be unique provided

P'(z) = araz|he(z)ha(x) + xhhy(x)hy(x) + Tho(2)h)(2)] — d2hh(x) < 0 (25)
Knowing the value of Z, the values of T', U, V and g can be computed from equations (20) to (23) respectively.

o Eig(a”y", 2", T UV, W")
Here x*, y*, z*, T*, U*, V* and W* are the positive solutions of the system of algebraic equations

from (2),
T— ) (26)
from (5),
U= 200y (27)

61 +arazzy

from (1) to (4), we get

L B1B22a1022 + yirn — i22 — B11522(Qo — dog1(x) — 0192(, y))

— gs(z, 28
a202322 + 351193 9(2,9) (28)
where, i11 = (11520203 — b102322, i22 = d102322 + d203311.
from (6),
a1a32yg2(z,y)
V= = g4(x, 29
52 T 1204995 (2.7) g4(z,y) (29)
from (3),
1
W= @(@522/ —dy — c3g3(2,y)) = gs5(, y) (30)
Now, considering two functions,
Gui(z,y) = [ro — r1g2(z, Y| (K (91(2)) — ) — ary[K (g1 (x)) + rocz] =0 (31)
Gia(w,y) = Qo — dog1 () — d294(x,y) — d395(x,y) =0 (32)
For existence of * and y*, the two isoclines,
Gll (LL', y) =0 (33)
Gia(z,y) =0 (34)

must intersect.

We note that ,
G11(0,0) = > (Fkodo — k1Qo) > 0



126

Global Journal of Mathematical Analysis

Y rs v A
ro/a Ye
(%, ¥) (X*, Y*)
Ye ro/a
— X > X
Wy W W, W,

Wy Wy, rofas>y. Wy< Wy, rpfas<y.

Fig.4.1

Gll(0,0) > 0 if k050 > leo.
0203 (agds — dics3)
a202022 + P11¢303

G12(0,0) =

Glg(0,0) > 0 if asdy > dycs.
Also,
GH(O,y) =0 then Yy = 2—2.
G11(2,0) = 0 then = will have one positive root (1 say), from the following cubic equation of z,
E11$3 + E12$2 + Ei13x — E4 = 0, where, B = a%(roél — TlQo), Eis = 011[(7’051 — T1Q0)(50 — Oélko) + T05051],
E13 = 190001 (00 — a1ko) — a1 (rod1 — r1Qo) (kodo — k1Qo), Es = 100001(kodo — k1Qo). Here, E1y > 0, E13 > 0,
FEi3>0and By > 0. If
do > a1k, rod1 > r1Qo, kodo > k1Qo,

790001 (60 — a1ko) > a1 (rody — r1Qo)(kodo — k1Qo)-

G12(0,y) = 0 then
Y= 0222(azds — dics)(azdaBaz + B11¢303)
c3(b162 822 — B1102a203)

if axdy > dyc3, b102B22 > B1182a263.

G12(z,0) = 0 then x will have one positive root (¢ say), from the following quadratic equation of x,

Jix? —Jpx—J3 = 0, where, Ji = a10102¢30361 322, Jo = 10203022 (azds —dy c3) 41 B22Qo(a202 822+ Br1¢303) —
a10203¢3 31322, J3 = 62322 (azdy — dyc3). For x,

= y.(say) > 0,

Jo +/ITZ+4T1Js
€r =

0
2, -

clearly, Js > 0 i.e., asds > djcs.
Thus both the isoclines intersect each other in the region: M = {(z,y) : 0 < z < 12,0 <y < 2} in the
following two cases: (see Fig.4.1)

Case(i) : g > 11, Z—O > Y (35)
1

Case(ii) : g < 11, ;—O < Ye (36)
1

This point of intersection will give 2*, y*. For uniqueness of (z*,y*), we must have Z—‘Z < 0 for both the curves
in the region M.

For curve (33),

dy _ —(1+kigi(x)lro — r192(x, y)] — r1gs(x, y)[K (g1(x)) — =]
dr a1[K (g1(x)) + rocx]

<0 (37)
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and for curve (34),

dy _ —00f229) (%) — 0202294(x,y) + c3d395(x, )

Tr 120203 <0 (38)

In case (i), the absolute value of % given by (37) is less than the absolute value of % given by (38). For the
case (i7), just the opposite is the condition.
Knowing the values of T*, U*, z*, V* and W* can be computed from the equations (26)-(30).

Lemma 4.1: The set Q1 = {(z,y,2, T, U, V,W) : 0 < z(t) < ko,0 < Boy(t) + 2z(t) + T) + U#) + V(t) + W(t) <
g—;’,x(t) +yt)+2(t) + T(t) > %Z and z(t) + T(t)+ U@) + V(t) + W(t) > %2} is a region of attraction for
all solutions initiating in the interior of the positive region, where ®3 = min{(d; — a151522), d2, do, 01, 62,3},
O3 = max{ds + c3zu, 00,01, 02,63 + 2u P2}, Pa = max{ary, + 1 Uy (S0, agzy + di + biyu + B Vi, da +
c3zu + B2aWu, 0o + a1y}
Proof: From (1) we get,

dz < x(iko — 7

a = ° ko + rocx
then by the usual comparison theorem, we get as t — oo, x < k.
Now, let us consider the following function: wa(t) = Boy(t) + z(t) + T'(t) + U(t) + V(t) + W (¥)
by using (2) to (7), we get

d’w2

— 4+ P <
ar + Pows < Qo

where ®o = min{(dy — a151 522y, dz2, 0o, 01, 02,95} and given that dy > a1 2, then by the usual comparison
theorem, we get as t — oo,

Again, let us consider the following function: ws(t) = 2z(¢) + T(t) + U(t) + V(t) + W (¢t)
by using (3) to (7), we get

dw3
—+d >
ar + P3w3 > Qo
where &35 = max{ds + ¢34, 60, 01, 02, 03 + 2,22} then by the usual comparison theorem, we get as t — oo,
Qo
> <0
w(t) 2 38
Again, wy(t) = z(t) + y(t) + 2(t) + T'(t)
by using (1) to (4), we get
dw4
—+ P >
ar + Paws > Qo

where ®; = max{a1y., + TlUu(m% azzy +di 4 b1yy + B11Va, do + 32y + P22 W, 0o + a1, } then by the
e

usual comparison theorem, we get as t — oo,
wy(t

This proves the lemma.

4.2. Dynamical behaviour of the Main Model

The stability behavior of EAlo and Ej; can be studied by computing variational matrices, and E1s and EY; can be
studied by computing Lyapunov’s direct method.
The general variational matrix corresponding to the Main Model is

—ni1  —Ni2 0 —Ni4  —Nip 0 0
n21 N2 —Na2g 0 0 —T26 0
0 n32 nss3 0 0 0 —ns37
J(.’L’,y,Z,T, U?‘/aW) = —Nyg1 0 0 —MN4gq 0 0 0
ns;  —nsz 0 nsg —nss 0 0
ne1  ne2 —ngz 0 nes —nes 0
| 0 nr2 N73 0 0 n7g  —N7r |
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where,

ni1 = p —r(U)pe+ary, nio = a1, nig = r(U)ps, nis = xripe, not = a151y, nox = a1z —azz — 11V —di —2b1y,
nag = Aoy Nag = P11y, N3z = asf22, Nzg = azfoy — PooW — do — 2¢32, ng7 = P22z, nu1 = ai T, nay = (6o + ),
ns1 = ol — arazUy nse = arasUx, nss = onx, nss = 61 + arazzy, ner = a1a3Uy, nez = a1azUx — azasVz,
ne3 = a2a4VY, Nes = a1a3xy Nes = (02 + a2a4y2), N2 = 204V 2, N7z = azasV'y, N = aza4yz, nyr = 03,

_ ( 2zr(U)K(T) - K(T)—x - 22k (147¢)
H1 = ((K(T)+Tgcz)2)’ H2 = (K(T)Jrrgcx)’ H3 = ((K(T1)+rocz)2)'

e About EAlo, the eigenvalues of the characteristic equation are rg, —dy, —ds, —dp, —01, —d2 and —d3, which
shows that F1q is unstable.

e About E}1, the eigenvalues of the characteristic equation are —pu1, a1 314 —dy, —ds, —(do+a1d), =01, —d2 and

—&5 which shows that Ej; is locally asymptotically stable if kT < ko, 11U < 1o, a1612 < dy and k1Qo < kodo
hold good.
Remark 4: From the stability conditions of E}; it may be noted that if (1) the carrying capacity of prey
is positive, (i7) the growth rate of prey is positive, (ii7) the product of the predation rate of intermediate
predator, its conversion efficiency and the equilibrium of prey is less than the death rate of intermediate
predator, and (iv) the rate of decrease of carrying capacity multiplied with the rate of introduction of toxicant
into the environment is less than the product of carrying capacity and the first order decay rate of toxicant
in the environment are satisfied then only prey population will survive.

Theorem 4.1: If the following inequalities hold

8(Rg + a1 TN3)?* < Ry N3(dp + a17) (39)
16(R3 — (a1 T — a1a3gU)Ny)? < RyN4(61 + a1a377) (40)
16(B119 N1 — a1a32U N5)? < b1825N1 N (41)
12N5(a2a4V§)* < 62Na(aziyjBz — da) (42)
16N5(a1a3zy)* < 62N4(61 + araszy) (43)
da < azB2y (44)
where,

N = a(llgg 45)
Ns 8Na(on2)” (47)

(50 + Oél,f)(él + alag,fﬂ)
b1y N1 (01 + ara37y)

Ni < Sl ani (48)
R152
Y a0 v
Nabs(azyBz — da)
No < — NGE (50)
Ry HLE I @K(T) o SRt r00)r(0) o na(K(T) 1)

(K(T) +rocz)? ’ (K(T) +rocz)? ’ K(T) + rocz
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then the positive equilibrium F is locally asymptotically stable.
Proof: We first linearize the system about the equilibrium E;5 by using the following transformations

r=I+n; y=y+ny z=z+ng T=T+ny;
U=U-+ns; V=V+ng W=W-+ny

where ny, ng, n3, ng, ns, ng and ny are small perturbations around Ej5. Then we get the following linearized the
system,

d
% = —Riny — as®ny — Rony — Rans
dn
d_tz = alﬁlgnl — blgng — asyns — ﬁllgnﬁ
dn
d—t3 = —ng(axyf2 — da)
d _
e S —a1Tny — na(dp + 1 7)
dt
d - B _
;5 — nl(alT — al@gyU) —noa1a3UT + a1xny — TL5(51 + a1a3:fg)
dne _= 7 Yo 0T
7 = asyUni + a1032Uny — azaaVing + a1asyrns — 0216
d _
_;7 = a2a4V§n3 - 63”7
where,
(14 roc)r(U)K(T) 22k1 (1 + roc)r(U) r(K(T) - &)
Rl = = 7R2 = T R =

(K(T) + rocz)? (K(T) + rocz)? >~ K(T)+rocx

Now consider the following positive definite function

1 1 1 1 1 1 1
Vii = —n? + N, §n§ + N2§n§ + N3§ni + N4§n§ + N5§n§ + N6§n$

2
dVll dl d d d d d dn7
=n1— + Nin Non N3n Nyn Nsn Negn
L nldt+12d+23d+34d+45d+56d+67dt
dViy

dt = —Rln% — n%blgNl — ngNQ(CLQgﬂg — d2) — niNg((SO + 0411_7)

—TL5N4(51 + CL1£L3£Z?y) — TL652N5 — TL753N6 — nlng(agx — alleﬂl)
—n1n4(R2 + alTN3) — nins [Rg — (OélT — alagyU)N4] + n1n6a1a3gUN5
—nanzagyN1 — nansar1asUZ Ny — nang(B11yN1 — a1asUTN5)

—7’1,3716&20,4‘/2]]\75 + 7’L3’ﬂ7£L2(L4VﬂN6 + n4n5a_ja1N4 + n5n6a1a3§3§N5

Now using the sylvester’s criterion in the quadratic forms

d:l/;l < =[((bin/2)n] + braning + (baz/2)n3) + ((b11/2)n7 + braning + (baa/2)n7)
—|—((b11/2)n1 +bisnans + (bss/2)n3) + ((bi1/2)nf — bignane + (bes/2)ng)
+((baa/2)n3 + baznans + (bsz/2)n3) + ((b22/2)n2 + bosnans + (bss/2)nZ)
+((b22/2)13 + bagnang + (bes/2)ng) + ((bsz/2)n3 + bssnang + (bes/2)ng)
+((b33/2)n§ — byrnsny + (b77/2)n$) + ((b44/2)n421 — bysnans + (b55/2)n§)
+((bss/2)n3 — bsensne + (bes/2)ng)]

where,

bin = Ri/4,b12 = as® — a1yN1B1,b1a = Ry + an TN3, bis = Rs — (au T — a1a3yU) Ny, big = arasyUNs, -
baa = bigN1 /4, baz = asyN1, bas = a1a3UT N4, bag = B11§N1 —a1a3UT N5, bzs = Na(axyf2 —d2)/3, bz = a2a4VyNs,
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bs7 = a2a4VyNe, bas = N3(0o + 012)/2, bas = Ty Nu, bss = Nu(61 + a1a3zy) /4, bse = a1a3TyNs, bgs = 62N /4,
b77 = 03 Ng. Sufficient conditions for dV;;/dt to be negative definite are that the following inequalities hold:

bsz > 0 (51)
bi1bag > b2y (52)
bi1bas > b3, (53)
bi1bss > b3y (54)
bi1bes > big (55)
baobss > b (56)
baobss > bas (57)
basbes > bag (58)
basbes > b3g (59)
bazbrr > b3y (60)
basbss > bis (61)
bssbes > big (62)

We note that the first, fourth, fifth, sixth, ninth and tenth inequalities, i.e., bi1baz > b3y, b11bes > b3, baobss > b3,
baobss > b3s, bazbrr > b2, and bysbss > b3 are satisfied due to the proper choice of N1, Na, N3, Ny, N5 and Ng and
other inequalities, (39) = (53), (40) = (54), (41) = (58), (42) = (59), (43) = (62) and (44) = (51). Hence Vi; is a
Lyapunov function with respect to E;s, proving the theorem.

Theorem 4.2: If the following inequalities hold

8(Raz + a1 T*Q3)* < R11Q3(8o + a1z™) (63)
20(Rs3 — (anT* — a1a3y*U*)Qu)* < R11Qa(61 + arazz™y") (64)
25(a2Q1 — 227 Q2)* < bicsy* 2" Q1Q2 (65)
20Q4(a1a3z*U*)? < b1y*Q1(01 + arazz™y*) (66)
25(B11y" Q1 — (a1a3z™ U™ — a2a42*V*)Qs5)? < b1y*Q1Qs5(02 + azasy*z*) (67)
15Qs(azasy*V*)? < c32* Qo (02 + asasy™z*) (68)
15Q¢(agasy*2)? < 83Q5(02 + asasy™z") (69)
where,

@= aibgf; (70)
Q2 = %ZQG (71)
@s > (0 + ali?;((glj—*o)ja;;x*y*) (72)
Q> T e Lonr ) (%)
Qs < Ri1(d2 + azasy*z*) (74)

20(arasy*U*)?
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b183Q1y*

Qo < 15(agasV*y*)?

(1 4 roc)r(U*)K(T™)

k1 (14 roc)r(U*) R rix* (K(T*) — x*)
(K(T™*) 4+ rocx*)?

Rap = =
e (K(T*) + roca™)2 "% K(T*) 4+ rocz* ’

Ry =
then the positive equilibrium E7; is locally asymptotically stable.
Proof: We first linearize the system about the equilibrium E7; by using the following transformations

r=x"+ny; Y=y tnyg 2=2"+ng T=T"+ng
U=U"+ns V=V"+ng W=W"+nrg

where ni, ng, ns, n4, ns, ne and ny are small perturbations around Ej;. Then we get the following linearized the
system,

dn
d—tl = —Riin1 — asr™ng — Raonyg — Ragns
dng * * *
- = a1 /1y ny — biy*ne — asy*nz — By ne
dn
d—t3 = agBrz"ny —c32"ng — Baaz"ny
dn
_4 = —alT*nl — TL4(50 + all'*)
dt
dn
d—t5 = ni(aaT" —a1a3y™U") — noarasU*z™ + a1z ng — ns(61 + a1asz™y™)
dn
d—t6 = a1a3y"U™ng +no(a1a3x™ U™ — a2a42" V™) — azasV'y*n3 + arazy™ s ns
— ng6(02 + azagy*z")
dn
d_t7 = asasV*2*ny + asasV*y*ng + asasz*y*ng — dany
where

(1 4 roe)r(U*)K(T™)

R — x*2k1(1 + roe)r(U*) s — ria* (K (T*) — a*)
(K(T*) + roca®)2 %2 33 K(T*) + rocz*

R p—
1 (K (T*) + rocx*)? ’

Now consider the following positive definite function

1 1 1 1 1 1 1

2
dVia dnq dno dns dny dns dng dnry
7t =n1—— ar +Q1n2d +Q2n3d +Q3n4d +Q4n5d +Q5n6d + Qenr—— 7t
A%

il —Runi — n3biy* Q1 — n3esz Q2 — njQs(6o + anz™) — n2Qu(61 + arazz™y”)

—ng (02 + a2a4y*2")Q5 — n263Qs — nina(azax™ — ar1y*Q151)
—ning(Rog + o T*Q3) — nins[Ras — (anT™ — a1azy™U™) Q4]
+ninea1azy U Qs — nangaz(y* Q1 — B22"Q2) — nansa1azU s Q4
—nang(f11y* Q1 — (a1asU ™ — a2a4V*2%)Q5) + nanrasasV*2* Qg
—n3nea2a4V Y Qs — nang(Ba22" Q2 — a2a4Vy")Qe + nunsr*a1Qy

* % * %
+nsnearazxr”y Qs + nenrazasy” 2 Qs
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Now using the sylvester’s criterion in the quadratic forms

U2 < [(len/2)m + examima + (eaa/2)m3) + (e11/203 + examams + (eaa/2nd)
+((611/2)n1 + ewsnans + (es5/2)n) + ((e11/2)nT — exgnang + (ess/2)n3)
+((e22/2)n3 + easnang + (e33/2)n3) + ((e22/2)n3 + easnans + (ess/2)n?)
+((e22/2)n3 + easnane + (ecs/2)ng) + ((e22/2)n3 — earnany + (er7/2)n7)
+((e33/2)n3 + eagnang + (ess/2)na) + ((e3z/2)n + ezrnany + (er7/2)n2)
+((ean/2)n] — easnans + (ess/2)n3) + ((ess/2)n3 — esgnsne + (ees/2)n3)
+((ecs/2)ng — eernons + (err/2)n7)]

where,

er1 = Ri/4,e12 = a2x™ — a1y*Q151, €14 = Rag + a1 T*Q3,e15 = R33 — (a1 T* — a1a3y*U*)Qu4, €16 = a1a3y*U*Qs,
e22 = b1y Q1/5, e23 = a2(y* Q1 — 522 Q2), e25 = a1a3U* 2" Qu, €26 = P11y* Q1 — (a1asU*z* — azasV*2*)Qs,

ear = apa4V*2*Qg, e33 = c32°Q2/3, e36 = 4204V y*Qs, e37 = (B222" Q2 — a2a4V*y*)Qs, e4s = Q3(d0 + c12™)/2,
eqs = T 0 Qy, es55 = Qu(01 + arazx™y*) /4, es6 = a1a32*y* Qs, €66 = (02 + a2a4y*2")Q5/5, €67 = azasy™z* Qs

err = 035Q6/3. Sufficient conditions for dVi2/dt to be negative definite are that the following inequalities hold:

e11e29 > €2y (76)
e11644 > €3, (77)
er1ess > €3y (78)
e11€66 > €15 (79)
€99€33 > 633 (80)
eg0es5 > €35 (81)
€22€66 > €56 (82)
exserr > €3r (83)
€33€66 > egﬁ (84)
eszerr > €3y (85)
eqses55 > €35 (86)
e55€66 > €2 (87)
egeCrr > 6%7 (88)

We note that the first, fourth, eighth, tenth, eleventh and twelfth inequalities, i.e., e11e22 > €35, €11666 > €35,
ean€rr > €37, e33e7r > €3, eqsess > €35 and esseqs > e2g are satisfied due to the proper choice of Q1, Q2, Q3, Qu,
Q@5 and Qg and other inequalities, (63) = (77), (64) = (78),(65) = (80), (66) = (81), (67) = (82), (68) = (84)
and (69) = (88). Hence Vi3 is a Lyapunov function with respect to Ef5, proving the theorem.

Theorem 4.3: If the following inequalities hold in the region

8(ms + alTng)Q < 7T1L3(50 + 04126*) (89)
16(my — La(ay T* — ayasUyy*))? < m1La(61 4+ arazaz™y™) (90)
20L4(arazz;Up)* < Ly(81 + arazx™y™)[dy + by (yu +y*) — a1Bra; + azzy + B11 V7] (91)

25[5113;1[;1 — L5(CL1&3U*I“ — a2a4Vlz*)]2
< L1L5(62 + azaqy™2")[dy + b1 (yu + y*) — a1f121 + azzy + B11V7] (92)
15L6(a2a4V12*)2 < 52L1[d1 + bl(yu + y*) —a11x; + aszy + ﬁllV*] (93)

15L5(az2asViy)® < La(62 + asasy™z")[da + c3(zu + 2%) — a2Boyr + B2 W] (94)
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9(L2fa2z" — a2aaVuyuLe)® < 6aLoLs[dy + c3(zu + 2%) — azfBoys + oW (95)
where

fa= ﬁlly* (%6)
L= 2 (97)
Iy> 8L4(c121)” (98)

(50 + ozlx*)(51 + alag,x*y*)

20L5(arasziyr)?

Ly > 99
* (51 + alagx*y*)(52 + a2a4y*z*) ( )
71 (02 + agasy*z*)
L 100
5 20(arazy*U*)? (100)
L102(02 4 asasy*z*)
Lg < 101
0 15(agaqy*2*)? (101)
J— (14roc) K(T*)r(U") — K(T™)(kot+roca™ =z )+k1T" (k1 Ty —ko)—roczuz”
1= (K(T*)Frocz™)(K(Ti)+rocar) ! 2 n (K(T")Froce™ ) (K (Tu)Frocty,) )
Ty = M2 TE%(Z;T;_C:) 1;:;(([22;:)1_];_(;];2;5) —Uv) then the positive equilibrium Efy is globally asymptotically stable with

respect to all solutions initiating in the interior of positive region €2;.
Proof: We consider the following positive definite function about E7s:
Vis = (o= 2" =2 In(2)) + B (y— )+ B = 2P+ BT = TP+ LU = U + B (V= Vo) Lo (W = )2

Differentiating Vi3 with respect to time ¢, we get

Wi = (2=2)d2 ] (y—y* )L Lo(2— 2*) L+ Ly(T—T*) L+ Ly(U — U)LY+ L5 (V = V*) L 4 Lo (W — W)LY

% = —(z—a")Pm — (y—y ) Lildi + b1(yu + ") — arfrzr + azze + SV
—(2 — 2")?La[da + c3(2y + 2%) — aaBoys + Pao W] — (T — T*)?L3(80 + ™)
—(U = U*)2Ly(61 + arazz™y™) — (V — V)2 L5 (02 + azaqsy*z*)

(W = WPLebs — (& — )y — " )ar(1 — Lafuy”)

—(x —x*)(T — T*)(ﬂ'g +a1TiLs) + (z — 2")(V — V*)arasU"y* Ls
—(x—a") (U =U")(m2 — Ly(ar1 T" — a1a3Uy"))
—(y—y")(z = 2")(a2y" L1 — Laasfaz) — (y — y*) (U — U")arasLyUx
—(y—y" )V =V)[Buy Ly — Ls(arasU"zy — azasViz")]

+y —y" )W =W agasVz"Le — (z — 2*)(V — V*)agasyV Ls

+(z = 2") (W = W*)(Lafa2z" — agasVyLeg) + (T — T*)(U — U*)xan Ly

+(U = U NV = V"araszyLs + (V = VYW — W*)agasy™ 2" Lg
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Now using the sylvester’s criterion in the quadratic forms

= —[((f12/2)(@ = 2)* + fra(@ — 2")(y — y") + (f22/2)(y — v")?)
+((f11/2)(@ = 2)? + fra(ew — ") (T = T*) + (faa/2)(T — T*)?
+((f11/2)(x — ) + fis(x — ") (U = U*) + (f55/2)(U = U*)?)
+((f11/2) (@ — ) = frs(x — ")V = V*) + (fe6/2)(V = V*)?)
+((f22/2)(y = y*)? + fas(y —y*) (2 = 2°) + (f33/2) (2 — 2%)°
+((fo2/2)(y = y*)? + fas(y =y ) U = U*) + (f55/2)(U = U*)?)
+((f22/2)(y — y")? + fas(y =y )V = V) + (fes/2)(V = V*)?)
+((f22/2)(y — y*)? = far(y =y YW = W) + (fz7/2)(W — W)?)
+((f33/2)(z = 2)? + fas(z = 2)(V = V*) + (fes /2)(V — V*)?
+((fs3/2)(z = 2*)? + far(z — 2)(W — W) + (f77/2)(W - W)
+((f2a/2)(T = T*)? = fas(T = T*)(U = U*) + (f55/2)(U = U*)?)
+((f55/2)(U = U*)? = fs6(U = U )V = V*) + (fos/2)(V = V*)?)
+((fe6/2)(V = V*)? = for(V = VYW = W*) + (fz7/2)(W — W*)?)]

where,

Ji1 =m/4, fio = a1(1 — L151y*), fra = 3 + a1 TLs, f15 = ma — La(aa T* — ara3Uy*), fie = a1a3U*y* Ls,

foz = Lifdy +b1(y + y*) — a1512 + a2z + B11V¥]/5, faz = asy* L1 — Loas Bz, fos = arasLyUx,

fae = BriyLr — Ls(a1a3U*x — a2a4V 2*), for = azasV2*Lg, f33 = La[da + c3(2 + 2%) — azfoy + B22W]/3,

f36 = a2a4VyLs, far = Laf222* — a2a4VyLg, faa = (L3/2)(00 + a12™), fas = wa1 Ly, fs5 = (La/4)(01 + a1azz™y*),

fs6 = arazxyLs, foo = (Ls5/5)(02 + asaay*z*), for = asaay*z*Lg, fr7 = 02L¢/3, m1 = MLu(l +re)K(T*)r(U*),

Ty = MLH(K(T*)(kO +rext —at)+ kT (k1T — ko) — rexa™), mg = MLH (krx*r(U*) +rckya*r(U) + rikok (U = U)),

My = (K(T*) 4+ rea*)(K(T) + rex)

Sufficient conditions for dVi3/dt to be negative definite are that the following inequalities hold:
fiifo2 > fi (
finfaa > [ (
fufss > fis (
fi1fes > fis (
fazfss > f35 (
Ja2f55 > f225 (
fazfos > f3s (108
foafrr > f3r (
J33fe6 > f:fe (
fasfrr > f3 (
faafss > fis (
fs5fe6 > f2s (
Jeo fr7 > f627 (

We note that the first, fourth, fifth, eleventh, twelfth and thirteenth inequalities, i.e., fi1f2e > fi, fi1fes > [

foofas > [33, faafss > fis, fosfee > f25 and fee fr7 > f&; are satisfied due to the proper choice of Ly, Lo, L3, Ly, Ls

and Lg¢ and other inequalities, (89) = (103), (90) = (104), (91) = (107), (92) = (108), (93) = (109), (94) = (110)

and (95) = (111). Hence Vi3 is a Lyapunov function with respect to Ej;, whose domain contains the region of

attraction {2y, proving the theorem.

—
—_
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5. Numerical Simulation

In this section, we demonstrate the dynamical behaviour of a three species food chain system with “food-limited”
growth of prey population with and without toxicant with the help of numerical simulations to facilitate the
interpretation of our mathematical findings. The figures illustrate the stability behaviour of all the equilibrium
points of the models for the given sets of parameters and the graphs have been plotted with the help of MATLAB.
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5.1. Numerical Simulation for Sub-Model

We choose the following values of parameters for Fa;:

—— Prey Population
— Intermediate Predator
— Top Predator

x, y®, z(H)

2% 0 3% 40 45 50
Time t

Fig.1: Time series graph for the Sub-Model around the equilibrium point Ey; = (Z,0,0) showing the stability
behavior.

— Prey Population
—— Intermedate Predator
12| — Top Predator -

x®. v, z®
=
S‘
I I

0 5 10 15 2 2% 30 3% 40 45 50
Time t

Fig.2: Time series graph for the Sub-Model around the equilibrium point Esy = (Z, 7, 0) showing the stability
behavior.

ro =58, c¢=4.0, B =0011, a =211, di =128 c3=1.9850,
ko = 6.0, by =0.124, B> =0.018, as=0.051, do = 2.0295.

It is found that under the above set of parameters, the equilibrium point Es;
£=6.0, y=0.0, 2=0.0

is locally asymptotically stable (see Fig.1). B
We choose the following values of parameters for Fao:

ro=6.0, by =1124, B =083, a3 =1.4671, di =0.678, c3= 2.9830,
ko =162, c¢=4.58, [»=0.18, a=0.8870, ds = 0.695.

It is found that under the above set of parameters, the equilibrium point Esy

z=15156, §=10385 z=0.0
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is locally asymptotically stable (see Fig.2).
We choose the following values of parameters for F3,:

14 T T

—— Prey Population
—— Intermediate Predator]
—— Top Predator

x®,  vO. z®

0 5 10 15 2 2% 0 3% 40 45 50
Time t

Fig.3: Time series graph for the Sub-Model around the equilibrium point Ej; = (z*, y*, 2*) showing the stability
behavior.

1o =68, b =1124, B =1.02, a3 =1.9672, di =0.58, «c3=1.9830,
ko =16.21, c=4.58, [B2=16, as=0.9970, ds = 0.049.

It is found that under the above set of parameters, the equilibrium point E3
x* =1.2039, y*=0.9657, z*=0.7522

is locally asymptotically stable (see Fig.3).

5.2. Numerical Simulation for Main Model

We choose the following values of parameters for Eir:

—— Prey Population -
— Intermediate Predator
—— Top Predator
—— Toxininthe Envitonment| |
— Toxinin Prey

Toxin in interme.Predator|
— Toxinin Top Predator

XM, v, z®, T@®. VO, VO, WD

| | | | |
0 20 40 60 80 100 10 % 160 180 200
Time t

Fig.4: Time series graph for the Main Model around the equilibrium point E;(Z,0,0,7,U,0,0) showing the
stability behavior.

ro=3.05, c¢=558, B =02 a; =222, 8 =552 Qo= 1.988,
T = 170, C3 = 002, 511 = 11, ag = 09813, 51 = 22, dl == 245,
ko=82, a1 =031, B2=16, a3=2865 & =D5890, dy=0.49,
ki =6.0, by =1.1231, Boy=1.15 a4=4.21, &3=2.13,
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It is found that under the above set of parameters, the equilibrium point E;
F=44111, §=0, 2=0, T=02890, U=0.1793, V=0, W=0

is locally asymptotically stable (see Fig.4). B
We choose the following values of parameters for Fio:

14
T T

—— Prey Population
— Intermediate Predator
—— Top Predator
— Toxinin the Environment
— Toxin in Prey

Toxin in Interme. Predator
— Toxinin Top Predator

x®., y®. z®, TO. U®. VO, WE

20 2% 30 3% 40 45 50
Time t

Fig.5: Time series graph for the Main Model around the equilibrium point Ei2(Z,%,0,T,U,V,0) showing the
stability behavior.

ro = 500, C3 = 002, 51 == 04, ap = 322, 50 == 582, QO = 1988,
1 =110, ¢=558, B3 =101, a;=0.9913, & =20, dy=0.35,
ko=14.2, a1 =131, (=06, a3=2.865 4 =1.9890, dy=0.5,

kl = 30, b1 = 10231, 622 = 115, Ay = 421, 53 = 29,

It is found that under the above set of parameters, the equilibrium point E1o
7 =0.8057, §=04774, z=0, T =0.2892, U =0.0549, V =0.1974, W =0

is locally asymptotically stable (see Fig.5).
We choose the following values of parameters for E7;:

~—— Prey Population
—— Intermediate Predator
—— Top Predator
— Toxin in the Environment
— Toxinin Prey

Toxin in Intermediate Predator|
— Toxin in Top Predator

x®. y®., z®., TO., VO, VO, WO

| | | | | | | | |
0 5 10 15 20 %5 30 3 40 45 50
Time t

Fig.6: Time series graph for the Main Model around the equilibrium point Efs(z*, y*, z*, T*, U*, V*, W*) showing
the stability behavior.
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ro =566, c3=1.02, fi1=12 a3 =322 =752, Qo=2.988,
r = 110, Cc = 425, 511 = 11, as = 213, 51 = 25, dl = 145,
ko =162, a1 =212, Bo=16, az=2865 J =399, dy=1.49,
k1 =3.0, by =1231, Bop=115 ay=421, J;5=13,

It is found that under the above set of parameters, the equilibrium point Ejs

o* =0.8320, y* =0.6076, z*=0.4477, T*=0.3218,
U* =0.0793, V*=0.0574, W* =0.1079

is locally asymptotically stable (see Fig.6).

I
0 20 20 60 80 100 120 140 160 180 200
Time t

Fig.7: Time series graph of Prey population for Sub-Model and Main Model around the equilibrium points
E21 = (i‘, O, 0) and Ell(i', O, 0, T, U, O, 0)

—— Prey (Sub Model)
— It

Fig.8: Time series graph of Prey and Intermediate Predator populations for Sub-Model and Main Model around
the equilibrium points Ees = (Z,7,0) and F12(Z,5,0,T,U,V,0).
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Fig.9: Time series graph of Prey, Intermediate Predator and Top Predator populations for Sub-Model and Main
Model around the equilibrium points E3; = (x*,y*, 2*) and Ejg(a*, y*, 2%, T*,U*, V* W*).
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Fig.10: Variation of x, y and z with respect to time ¢, corresponding to different values of ¢ in Main Model.

6. Conclusion

In this paper we have proposed and analyzed a nonlinear mathematical model for the effect of toxicant in a three
species food-chain system with “food-limited” growth of prey population. It is concluded from the stability of E};
of Main Model that only the prey population will survive and intermediate predator and top predator populations
would tend to extinction. From the stability of Ey; of Sub-Model we derive the same dynamical behavior of prey
and predator populations as observed for E}; of Main Model with the only difference that equilibrium level of prey
population is reduced due to the presence of toxicant (see Figs.1, 4 and 7). It is concluded from the stability of
E15 of Main Model that the prey population and intermediate predator populations will survive and top predator
population would tend to extinction. From the stability of Fas of Sub-Model we derive the same dynamical behavior
of prey and predator populations as observed for E;5 of Main Model with the only difference that equilibrium levels
of prey and intermediate predator populations are reduced due to the presence of toxicant (see Figs.2, 5 and 8).
The interior equilibrium points of both the models are locally and also globally stable showing the co-existence of
all the three populations of prey and predator species. However, from the equilibrium values it is seen that the
equilibrium density of top predator reduces due to the presence of toxicant in prey and intermediate predator (see
Figs.3, 6 and 9). It may be also noted from the equilibrium of the intermediate predator population that the level
of intermediate predator population may increase due to the decrease in the top predator density on account of
toxicant (see Figs.9, 12, 14).

From Table 1, it may be observed that if we increase the toxicant input rate then both the predators may tend
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Fig.12: Variation of z, y and z with respect to time ¢, corresponding to different values of B2 in Main Model.

to extinction and if we decrease the toxicant input rate then the equilibria of all the three species will increase.
Further, it may be noted from Table 1 that at a particular value (¢ = 4.25) of food-limited parameter, all the three
species will survive but in the presence of toxicant the top predator may die out. Also, it may be pointed out from
Table 1 that at particular value (Qp = 2.988) of toxicant input rate all the three species will survive but if we
increase the value of food-limited parameter then the top predator may die out.

From Figs.7, 8 and 9, it is observed that in all three cases of equilibria, the densities of prey and predator
populations decrease in the presence of toxicant in the system. From Fig.10, it is noted that as the value of
food-limited parameter increases the equilibrium levels of all the three species decrease and for a particular value
(¢ = 15.25), the top predator even may die out. From Fig.11, it is observed that as the value of the death rate
of intermediate predator due to toxicant increases, the equilibrium level of prey population increases due to the
decrease in the intermediate predator population and the equilibrium levels of predator populations decrease and at
a particular value (17 = 24.1), the top predator even may die out. From Fig.12, it is observed that as the value of
the death rate of top predator due to toxicant increases, the equilibrium level of prey and top predator populations
decrease and intermediate predator population increases due to the decrease in top predator for which intermediate
predator is prey. From Fig.13, it is noted that as the toxicant input rate into the environment increases, then the
equilibrium level of all the three species decrease and for a particular value (Qo = 9.988), the predator populations



Global Journal of Mathematical Analysis 141

Table 1: Simulation experiments of main model for different values of parameters ¢, Bi1, B22, Qo and a4.

Figs. Parameter Equilibrium Values of
x Y z

Fig.10 c=04.25 0.8320, 0.6076, 0.4477
c=10.25 0.5571, 0.4525, 0.0442

c=15.25 0.5021, 0.3647, 0.0000

Fig.11 £11=01.1 0.8320, 0.6076, 0.4477
f11=16.1 1.0246, 0.5169, 0.1952

(11=24.1 1.3746, 0.3983, 0.0000

Fig.12 (20=01.15 0.8320, 0.6076, 0.4477
B22=16.15 0.6934, 0.6901, 0.1455

(oo=24.15 0.6751, 0.7024, 0.1042

Fig.13 Q0=02.988 0.8320, 0.6076, 0.4477
Q0=06.988 0.6351, 0.4915, 0.1226

Q0=09.988 0.5194, 0.3398, 0.0000

QQ0=14.988 0.3330, 0.0000, 0.0000

Fig.15 Q0=2.988 0.8320, 0.6076, 0.4477
QQ0p=1.988 0.8851, 0.6294, 0.5417

Q0=0.988 0.9418, 0.6479, 0.6437

Fig.14 as3=04.21 0.8320, 0.6076, 0.4477
as=08.21 0.8181, 0.6152, 0.4258

as=16.21 0.8050, 0.6224, 0.4053

Fig.16  ¢=04.25, £1;=01.1  0.8320, 0.6076, 0.4477

¢=10.25, f11=16.1

0.7496, 0.3431, 0.0000

Fig.17  ¢=04.25, B22=01.15 0.8320, 0.6076, 0.4477
¢=10.25, B22=16.15 0.5374, 0.4667, 0.0000
Fig.18 ¢=04.25, v=02.988 0.8320, 0.6076, 0.4477

¢=10.25, Qo=06.988
c=15.25, Q0=09.988
c=24.24, Qu=14.988

0.4981, 0.3149, 0.0000
0.4305, 0.1315, 0.0000
0.3330, 0.0000, 0.0000

may even die out. On the other hand if the toxicant input rate decreases then the equilibria of all the population
would increase (see Fig.15). From Fig.14, it is observed that as the toxicant transfer rate from intermediate predator
to top predator increases, the equilibrium levels of prey and top predator populations decrease and intermediate
predator population increases and this may happen because of the decrease in top predator population density.
From Fig.16, it is noted that as the values of food-limited parameter ¢ and the death rate of intermediate predator
due to toxicant (11, simultaneously increases then the equilibrium levels of all the three species decrease and for
particular values of ¢ and (11 (¢ = 10.25, 811 = 16.1), the top predator may even die out. From Fig.17, it is
observed that as the values of food-limited parameter ¢ and the death rate of top predator due to toxicant (a9,
simultaneously increases then the equilibrium levels of all the three species decrease and for particular values of ¢
and (a2 (¢ =10.25, fa2 = 16.15), the top predator may even die out. From Fig.18, the synergistic adverse effect of
food-limited parameter ¢ and the toxicant input rate Qg on all the populations in the system is observed. Because,
it may be noted from Table 1 that when both the parameters, i.e., ¢ and @y increase then the equilibrium levels
of prey, intermediate predator and top predator decrease more as compared to the equilibrium levels thus obtained
after increasing ¢ and Qo separately.
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Fig.16: The values of x, y and z with respect to time ¢ when ¢ and 311 are simultaneously increased in the case of
Main Model.
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