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Abstract
The main object of this paper is to investigate the problem of majorization of certain class of meromorphic p-valent
functions of complex order involving certain integral operator. Moreover we point out some new or known conse-

quences of our main result.
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1 Introduction

Let f and g are analytic functions in the unit disc A = {z € C: |z| < 1}. Due to MacGregor [8], (also see [7]) we
say that f is majorized by g in A and we write

f(z) < g(2),(z € A) (1)
if there exists a function ¢, analytic in A, such that
6(2)] < 1and f(2) = 9(2)g(2), = € A. 2)

It may be noted here that (1) is closely related to the concept of quasi-subordination between analytic functions.
Also we say that f is subordinate to g denoted by f < g (see [9]), if there exists a Schwarz function w which is
analytic in A with w(0) = 0 and |w(z)| < 1 for all z € A, such that

F(2) = glw(2)), 2 € A
We denote this subordination by f < g. Furthermore, if the function g is univalent in A, we have
f =9+ f(0)=9(0) and f(A) Cg(A).

Denote by S*() and C(v) the class of starlike and convex functions of complex order y(y € C\ {0}), satisfying

the following conditions
M;é()and%ﬁ(ul {Zf (2) 1]) >0
z 7L f(2)




Global Journal of Mathematical Analysis 147

and

z ”(Z)

f’(z)#Oand%%(l—F}y[f(Z)

D >0,(z€A)

respectively. Further,
S*((1 = 8)cosh =) = §*(5,\), |A| < g; 0<s<1

the class of A— spiral-like function of order § investigated by Libera [4] and
* —1A * ™
S*(cosA ™) = 5*(N), |Al < 5

the class of spiral-like functions introduced by Spacek [10]( also see [11]).

A mojorization problem for the class of analytic starlike functions have been investigated by MacGregor [8] and
Altintas et al. [1]. Recently Goyal and Goswami [3] extended these results for the class of meromorphic functions
making use of certain integral operator.

Let X, be the class of p—valently meromorphic functions which are analytic and univalent in the punctured unit
disk

A" ={zeC:0<|z| <1} =A\{0}

of the form
| " np
flz)= > + E Ap—pz" P (3)
n=1

with a simple pole at the origin.
Due to Aqglan et al. [2] (see [5]), we recall the integral operator J§ p for meromorphic functions f € X, as given
below,

jﬁofp:EpﬂEp
. atB-1\ 1 [, t.. B
jﬁ,pf(z)< 51 )pr /(17;) 1 4B+p lf(t) dt (4)
0
f(2) a=0,0>-1,peN, fek,
T5pf (2) = oo (5)
’ '« I'(n _
=+ (F(;)ﬁ) n2=:1 F(n(Jr:i)ﬁ)an_pz" P, a>0,>-1,peN, fex,.

The following relation for Jg', f(2) can be obtained by simple calculation,

AT = (0 = DT5 () = 0+ B+ 0= DT, IC). o

Using (6), the below recurrence relation for Jg, f(2) can be obtained easily,

2(TGp ()T = (a4 8= 1)(T5  F )P = (a+ B+p+q—1)(T5,f(2)?. (7)

In the present paper we investigate a majorization problem for the class of p—valently meromorphic starlike
functions of complex order associated with the generalized integral operator due to Aglan [2] and Murugusun-
daramoorthy and Magesh [6].

Definition 1.1. A function f(z) € £, is said to in the class MZ”%(%A, B) of meromorphic functions of complex
order v # 0 in A* if and only if

1 [ 2(Tg, /(=) 1+ Az
12| 2=22pr 77 - "
+p+q| < 1+ B2

Y | e, 1)@ ®)

where z € A* p,q e Ng=NU{0},8>-1,a>0,y€ C\ {0} and -1 < B< AL
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For simplicity, we put
MEL (7,1, =1) = ME%(v),

(o3

where MY %(v) denote the class of functions f € X, satisfying the following inequality:

1 eI, s () ey
%< 7[ (5,1 )>0 )

where z € A* p,q e Ny =NU{0},5> -1, > 0,7 € C\ {0}.

+p+gq

Example 1.2. Putting v = (p — 6)cosA e~ |\ < 55 0<60 < p the class
MZ’,%(V) = MZ”%((Z? —0)cosh e”) = M’;”qﬁ(& A)

called the generalized class of A—spiral-like functions of order 6(0 < § < p) if
2(Tgpf (2) Y

e'i)\
%< (75,7

where z € A*,p,q € Ng =NU{0},8 > —-1,a > 0,7 € C\ {0}.

+4q

) < —6 cosA (10)

Example 1.3. Putting v = (p—0);0 < 6 < p the class M7 (p—6) = MP%(6), the generalized class of p—valently
meromorphic starlike functions of order §(0 < 6 < p) if

2(Tgpf (2) D)
R| 22 —0 11
( T, ren@ 1)< )
where z € A* p,g e No =NU{0},6>—-1,a> 0,7y C\ {0}.

Remark 1.4. By taking ¢ = 0 in Example 1.3, Mi’%(p —9) = Miﬂ((ﬂ the class of p—walently meromorphic
starlike functions of order §(0 < § < p) if
(TS f(2))
%< (75,4 >’><_5

(T, (2))

where z € A*, 3> —1,a > 0,7 € C\ {0}.

2 Majorization problem for the class M‘Z”qﬁ(% A, B)

’tIi‘Lheorem 2.1. Let the function f € ¥, and g € MZ%(v, A, B) if (jﬁc‘,pf(z))(q) is magjorized by (jgjpg(z))(Q) in A*
en

(T8 ) D] < (T8 92D, 2] < 7, 12)

r1 =11(A, B,«a, 8,7, p) is the smallest positive root of the equation

(a+B-1)B-~(A-B)|r®—{(a+B-1)+2pB| } r*
- {la+B8-1)B—-~vA-B)|+2p} r+(a+8-1)=0, (13)

where z € A* p,q e Ng=NU{0},8>-1,a >0,y C\ {0} and -1 < B< AL

Proof. Since g(z) € Mz’f‘é(% A, B), we readily obtain from (8) that, if

1 [ 2(J8,9(2) @D 1+ Aw(z)

1— = =T 7\%/
v | T@g,e @ TP T T Buz)

where w denotes the well known class of bounded analytic functions in A and

w(0)=0 and |w(z)| <|z|, (z€A). (15)
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From (14),we get

2T5,9() T (p+g) + [(p+ ) B+ (A - B)w(2)

= _ . 16
(5,90 T+ Buz) 1o
Using (7) in the above equation, we get,
jel () — (OL + ﬂ — 1)[1 + Bw(z)] a—1 (q) 1
it = 5D+ [+ - DB (A= B) w() ow I "
Hence, by making use of (15), we get,
« (q) < (a—’_ﬁ_l)[l—i_‘Bl |Z|] a—1 (q) ) 1
Since (jﬁojpf(z))(q) is majorized by (jgfpg(z))(q) in A* from (2), we have
(T8 S ()@ = 6(2)(Tgp9(2)
Differentiating the above equation w.r.t z and multiplying by z, we have,
2AT5p ()T = 28/ (2)(T5,9(2)' D + 26(2)(T59(2) .
By using (7), we get,
(T N = ———— ¢ (2)(T5p9(2)@ + 6(2) (T, g ()@ (19)
B,p a+p-1 8.p9 sp 9 :
Noting that the Schwarz function ¢(z) satisfies
' 1—[¢(2)?
19 (2)] < T (20)
and using (18) and (20) in (19) we have
(Tgy ()]
= (|¢>(Z)| + U e DT |z|) (T8 9(2) @]
which upon setting
|z2[ =7 and [¢(z)|=p, (0<p<1)
leads us to the inequality
_ 0 o
(T (=)@ < ) (T8 9(2) ), (21)

(I=r){(a+B-1)—|(a+B—1)B—~(A—DB)|r}
where
0(p) = p(1 =r){ (@ + 5 —-1) = |(a+ B -1)B—~y(A—=B)| r} + (1= p*)(1 + |B| r)r
takes its maximum value at p = 1. Furthermore, if 0 < o < 7y, the function ¢(p) defined by
e(p) =p(l =) { (a+8-1) = [(a+B-1)B=~(A~B)| o} +(1-p*)(1+|B| 0)o
is an increasing function on (0 < p < 1) so that
p(p) <p(l)=(1—-0*){ (a+8-1)—|(a+8-1)B—~(A-B)|o}. (22)

Therefore, from this fact, (21) gives the inequality (12). O
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3 Corollaries and Concluding Remarks

By taking A =1;B = —1 and p =1 in Theorem 2.1, we state the following corollary without proof.
Corollary 3.1. Let the function f € ¥, and g(z) € M2 () if (Japf(z))(‘” is majorized by (Japg(z))(‘” in A*
then
(T3, F NP1 < I(T55 92N @, 2] < o
where ro = ro(a, B,7) is the smallest positive root of the equation
{{la+B-1)+29r° —{a+B8+1}r* —{[(a+B—-1)+29[+2}r+ (a+ B —1)=0, given by
L=/ —4a+8-1+[e+5-1)
2a+ 8 -1+ 27|
and Ly =a+F+14+|a+5—14 29|

T2

By setting a = 1 in Corollary 3.1, we state the following corollary.
Slorollary 3.2. Let the function f € ¥, and g(2) € M%(7) if (jﬂlmf(z))(‘n is magjorized by (jﬂlmg(z))(‘” in A*
en

(FEND] < (g0 D], 2] < 7,

where rs = r3(1, 3,7) is the smallest positive root of the equation
1B+2vr* — (B+2)r* = {|B+2v|+2}r + B =0, given by
Ly — /L3 —4B|B + 29|
28 + 27|
and Ly = B+ 2+ |8 + 27|
By setting a =1,8 =1 and v = p — d in Corollary 3.1, we state the following corollary.

(Zorollary 8.3. Let the function f € %, and g(z) € MY 5(0) if (T, f(2) @ is majorized by (J,9(2))P in A*
then

[(FEND< (gD, (2] <
where r4 = 14(1,1,(p — §)1) is the smallest positive root of the equation
T+2(p—0)|r® =32 = {1+2(p— 8| +2}r+1=0, given by
py = L= VIS~ AL+ 2(p 0]
2114 2(p — 9)|
and Lz =3+ |1+ 2(p — 9)|.
Remark 3.4. By takingp =1 and ¢ =0, Corollary 3.3 yields results of Goyal and Gosami[3].

ry =

By taking v = (p— &)cos Ae™™ (|A| < £,6(0 < & < p), in Corollary 3.1, we state the following corollary without
proof.

ggrt(})Lllary 8.5. Let the function f € %, and g(2) € ML %(a, ) if (j[g’jpf(z))(@ is magorized by (jléfpg(z))(q) in
en

(T8 F (ND] <1 T8 (9(2) @], 2] <
where r = r(T, \) is given by

T —\/T?—4fa+B—1+2(p—6)cosA e (a+ 1)
" 2+ 8 — 1+ 2(p — §)cosA e~

and
T=(a+B+1)+|1+2(p—08)coshe™ ™.

Concluding Remarks: Further specializing the parameters «, 0 one can define the various other interesting
subclasses of 3, involving the various integral operators and the corresponding corollaries as mentioned above can
be derived easily.
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