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Abstract

The purpose of this paper is to introduce a concept of generalized non_spreading and define a new algorithm for infinite families of gen-
eralized non_spreading and finite families of resolvent mappings. Also, We study the existence solution of variational inequality to a
common fixed point in Hilbert spaces. The main results in this paper extend and generalized of many known results in the literature.
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1. Introduction

Let K be a nonempty bounded closed convex subset of a Hibert space X. A mapping P: K — Kis said to be nonexpansive if [|P x —
Pyl < llx — yll, for all x,y € K. On the other hand anyimultivalued mapping G is called monotone if: < z; —z,,w; — w; > >
0vz; € D(G),forallw; € G(z;). And it is called maximal monotone, (M,.M), if for all (z,h) € XX X,{(z—w,h — k) = 0 andifor
all (w,k) € gph(G) then we get, h € G(z). The Monotone mappings play important role in optimization Theory see the books( [1]-[5]).
It has been shown that if X is uniformly convex then every nonexpansive mapping P : K — Khas a fixed point (see Browder [6], cf.
also Kirk [7]). In 1974, Ishikawa [8] introduced a new iteration procedure for approximating fixed points of pseudo-contractive compact
mappings in Hilbert spaces Note that the normal Mann iteration procedure [9], is a special case of the Ishikawa one. For a comparison of
the two iterative processes in the one-dimensional case we referithe reader to Rhoades [10]. For more details and literature on the con-
vergence of Ishikawa and Mann iterates we refer to [11-18]. Recently, Sastry and Babu [19] introduced the analogs of Mann and Ishi-
kawa iteratesifor multivalued mappings and proved convergence theorems for nonexpansive mappings whose domain is a compact con-
vex subset of a Hilbert space. The convergence of the iteration processes are studied by many researchers, see([20]-[29 ]). In this paper,
we generalize results of Sastry and Babu to uniformly convex Banach spaces. We also introduce both of the iteration processes in a
new sense and prove a convergence theorem of Mann iterates for a mapping defined on a non compact domain. Now, we recall some
definitions and lemmas which will used in the proofs. Lemma (1.1): [7]

If (a,) be a sequenceiof non-negativeireal numberisuch that:

apnyr < (1 —vyp)ap + Sy, n =0, where (yy,) is a sequence in (0, 1) and (S,) is a sequence in R, Y2, y, = o and Al_r}g supi—: <o0or

Y 1Sl < c0. Thena, —» 0asn — oo.
Lemma 1.2: [15] If (a,,) be a sequence nonnegative real numbers such that:
ans1 < (1 —vyp)ay + YuSn+Bn,n = 0, where (y,), {Bn) and (S, ) are satisfies the following:

1) yac[01]; X0l 1yn =
2) limsupS, <0 or X |ynSyl < o
n—.oo

3) Bn = 0foreachn > 0 suchthat Y0, B, < oo. Then lim a, = 0.
n—oo

Lemma 1.3: [16] Let C be a nonempty convex closed subset of real Hilbert space Xand 2 is non-expansive multivalued operator with
Fix(P) # @.If (x,,) sequence in C such that x,, = x and (I — P)x, = y,x,y € C .Thenwe have (I — P)x = y.

2. Main results

In this section, we define a new iterations for sequence of generalized non_spreading mapping and then study the convergence for these
schemes.
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Definition 2.1: A mapping P is generalizedinon_spreading mapping if for each x,y in D(P), there exists positive real sequence (z,, )
then the following inequality holds

[1Px-Py |1 < |Ix-y|I* + 20 <x—Pxy—Py>

Lemma 2.1: LetGy,Gz,,,,Gm; are M.M mappings, {f,) be a sequence of generalized non_spreading mapping on C. If ¥ a;,; = 1 and
PL =0 fu(®) + (1 —0) X2y an,i];'mi (x), where (e, ; ) be a sequences in (0, 1], (o, ) {0, ) be a sequence of positive real numbers
and (]Tin,i) be a sequence of resolvent mapping. Then .‘P}n are also generalized non_spreadingon C for alli = 1,2, ... .......,m.

Proof
Forallx,y € C

. . 2 : ; 2
”:P;n (X) - ‘(Ptin (Y)” = ” On fn(x) + (1 — 0n ) 2{21 Ap i ]:”n,i (X) — 0n fn(Y) - (1 — 0n ) 221 an,i]:"n,i (Y)”
. . 2 . . 2
172,00 = PEL DI < [lon (Fa ) = o)) + A = 0n) T Upi =T D" < o 1) = a2+ (1 =
on) 221 O i ||H~n,i(x) - ]11~n,i (Y)”
=onlx=yl? + onzn <x=Pxy—Py> +(1 —o)llx=yl* = llx—yll* + 03, <x—Pxy—Py>

Theorem 2.2: let G4,G,,,,,Gn are M.M mappings, (f,) be a sequence of generalized non_spreading mapping on C and
N2 FENN(NR, G7H0) # @ forall i=12,........,m. If the iteration process (x,) defined as the following x,,; =
on fn) + (1 —0y) X an, ]ﬁn,i(xan) , Where (o, ) be a sequence of positive real numbers convergent to 0.Then there exist a solu-
tion of variational inequality

(A= £2)(Xnyy, )rXn, —X) <0 <0

Proof

Letv e (N2, F(f,)) N( N2, G7(0))

%ne1 = VlI? < o llfa(xe) = VI + (1= 00) B2 ans [[JF,iGa0) — v’

< onllx = VIIP+ 00 Zn (i — fux, vV = fav) + (1 — 00 ) ZiZy i I3 — VI

xir1 = VIIZ < o llx = vIIZ + (1 = on)lIxic = VIIZ 404 20 (x = fux, v = fyv)

Ixis1 = VI? < llx = vIP40n 20 (X — foX, v — fv)

Hence, ||Xi+1 — VIIZ < |Ix — V|2

So, (xi) is bounded sequence.

%11 — 221 an s ]Ii‘n,i x| = [lon faxi) + (1 — ) T2 o ]irn,i(Xk) =2 o ]irn,i(Xk)”
< oy ||faCxi) — 225 o ]irn,i(Xk) I

Since (f,( xi)) and (]irn,i(xk)) are bounded and (¢, ) be a sequence of positive real numbers convergent to 0, then as n — 0 we get
[l — Zi21 ani T3, | — 0, then we get

||xk+1 — ]irn_i xk” — 0,foralli=1,2,..........,m

Now, since (x) is bounded sequence then there exists (xy,) subsequence of (x;) such that

Xgn — X.Bylemma (1.3) = %€ ¢ () Vi=1.2,.......,m

Xiar — X =k(fa(x) = )+ A =R By ani (Jh,i xc =0

Using x, — X to make inner product, we get

lIxe = X112 = o {f () = X35 — X )+ (L= 03) B2 o L5 Xac — X, X — X))

<o (fn () =X, x— X )+ (1 —0p) X2 o (xe — X, % — X))

= o (fn (i) =X, 3 — X )+ (1 —o)llxx — X112
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on lxer = X7 <o {fn G ) =X, %, — X')

IxXeer = XM%< (f ) =X, — X))

S ) =) — X )+ (X)) =X, x,— X )

Ixerr = X<l = X2+ 2zl — X MAxe = fodie, ¥ = o)+ {fu B) =%, — X')

In particular,

[x+1yn — % ||2 < llxkn = X112 + 20 llxkn — . (tkn = frXien, ¥ — ) + (o F) = %, x40 — )
But x, — ¥, then||xg, — ¥||2? — 0asn — o

Now, since

w1 = fa(er1) = 0n fo(xi) = fo(2i) + fo (i) + fuCotirn) + (1= 00) X2y @i J5, i Xk

Hence,

Xns1 = fa ) = (fa(2i) + fo(Xir1)) + (00 = Dfa () + (1= 07) Ty @t 7, i ()

Xni1 = fo(in) = =L = 00) (fo = 1 J50) X + fo(20) + fo Xern)

Forallz € (N2, F(f2)) N( N1 G (0))

(tnr1 = fa O X = 2) = =1 = 03 ){f = Zi24 @i I ) X + (Fu(o00) + fu (K1), x5 —2) <0

(As (fu(xx) + fu(Xppr) + (fn — 2121y ];'n_i )(xx ) ) is monotone mapping. It is true for any subsequence of (x;).
And hence, as n;, — oo we get, ¥ is a solution of variational inequality

(I = f)Xnk41), Xnk — X ) < 0,asn - oo,
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