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Abstract

Sequences have been fascinating topic for mathematicians for centuries. The Fibonacci sequences are a source of
many nice and interesting identities. A similar interpretation exists for Lucas sequence. The Fibonacci number, Lucas
numbers and their generalization have many interesting properties and applications to almost every field. Fibonacci
sequence is defined by the recurrence formula Fy = Fy.1 +Fpp n>2and Ry =0, =1, where F, are an n™ number of

sequences. The Lucas Sequence is defined by the recurrence formula Lp = Lp.g+Lnp n>2 andLp=2, L1=1, where
Lp an nth number of sequences are. In this paper, we present generalized Fibonacci-Lucas sequence that is defined by
the recurrence relation Bp =Bp_3+Bp_2 , n>2with By = 2s, By = s . We present some standard identities and
determinant identities of generalized Fibonacci-Lucas sequences by Binet’s formula and other simple methods.

Keywords: Fibonacci sequence, Lucas Sequence, Generalized Fibonacci sequence, Binet’s Formula.

1. Introduction

The Fibonacci and Lucas sequences are well-known examples of second order recurrence sequences. The Fibonacci
numbers are perhaps most famous for appearing in the rabbit breeding problem, introduced by Leonardo de Pisa in 1202
in his book called Liber Abaci. As illustrate in the tome by Koshy [5] the Fibonacci and Lucas number are arguable two
of the most interesting sequence in all of mathematics. Many identities have been documented in an extensive list that
appears in the work of Vajda [12], where they are proved by algebra means, even though combinatorial proof of many
of these interesting identities. We introduced Generalized Fibonacci-Lucas Sequence and its Properties Fibonacci
numbers, Lucas number's and their generalization have many interesting Properties and application to almost every field.
The Fibonacci sequence [5] is a sequence of numbers starting with integer 0 and 1, where each next term of the
sequence calculated as the sum of the previous two.

i.e.,Fp=F1+Fp2 n>2,and Ry=0F=1 (1.1)
The similar interpretation also exists for Lucas sequence. Lucas sequence [7] is defined by the recurrence relation,
Lp = Lpg+Lpo n>2,andLo=2, 1=1. (1.2)

In this paper, we present various properties of the Generalized Fibonacci-Lucas
Sequence {B,} defined by B =Bn_1+Bp_2 n>2and B, =2b,B, =s (1.3)
The Binet's formula for Fibonacci sequence is given by

e _a"=p" _ 1 [(1+48) _(1+45Y
" a-pB 45 2 2

(1.4)


http://www.sciencepubco.com/index.php/GJMA
mailto:yogeshgupta.880@rediffmail.com
http://creativecommons.org/licenses/by/3.0/

Global Journal of Mathematical Analysis 161

1
Where ¢ = ——— = Golden ratio = 1.618

1-—

gl

And f = = Golden ratio = -0.618

Similarly, the Binet's formula for Lucas sequence is given by

Loma Z{(1+2\/§j _(1+2\/§]n

2. Preliminary results generalized Fibonacci - Lucas sequence

We need to introduce some basic results of Generalized Fibonacci-Lucas sequence

Generalized Fibonacci-Lucas sequence {B,} is defined by recurrence relation.

With initial conditions By = 2s and B; = s the associated initial Condition Byand B; are the sum of initial condition of
generalized Fibonacci-Lucas sequence respectively.

i.e. Fp+bLy=By and s (Fy+L;) =2B; (2.2)
The few terms of above sequence are 2D, s, 2b+s, 2b+2s, 4b+3s, 6b+5s and so on. The relation between Fibonacci
sequence and Generalized Fibonacci-Lucas Sequence can be writtenas B, =F, +bL,,n>0.

1+ \/g and
2

The recurrence relation (1) has the characteristic equation x?-X+1=0 this has two roots o =

_1-45
p==

Now notice a few things about & and [

a+ =1, a—ﬂ:\/gand aff=-1
Using these two roots, we obtain Binet’s recurrence relation

B, =%+b(@c"+ﬁ")

Y )

3. Generating function

Now we state derive generating function of generalized Fibonacci-Lucas sequence
_ 2b+(s—2b)x

C (1-x-x?)

Let's apply power series to sequence {By;

Generating from isi B,x" (3.1)
n=0

Let 2b + SX + (2b+S) X2 +.vovvevenn = Z B, X" Where B, is n" term of sequence {B,}
n=0

This is called generating series of Generalized Fibonacci - Lucas Sequence {B,}

Now multiplying the generating series by the Polynomial

0 0 0 o)
(l'X'XZ) z ann: z ann* z ann+1* Z ann+2
n=0 n=0 n=0 n=0

o0 o0 [es}
=(BptBx+ ¥ Bpx")-(Box+ ¥ Bpx")- ¥ Bp_ox"
n=2 n=2 n=2
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o0
=Bo+ (B1-Bo) x + ¥ (Bp—Bp_1-Bp_2)x"

n=2
0.0
=2b+(s-2b) x + ¥ (Bp_1+Bpn_2-Bn_1-Bp_ox"
n=2
=2b+(s20)x+ 5 (Ox"
n=2
= 2b + (5-2b) X
Therefore, (1-x-x°) )" B X" =2b+(s-2b)x
n=0

Hence iB " = 2b+(s—2b)x
n=0 " (1_X_X2)

4. Properties of generalized Fibonacci- Lucas sequence

Despite its simple appearance the Generalized Fibonacci-Lucas sequence {B,} contains a wealth of subtle and
fascinating properties [4], [6], [9], [12].

Sum of First n terms:
Theorem 4.1: Let B, is the n™ Fibonacci-Like number, and then Sum of the first n terms of generalized Fibonacci -
Lucas sequence is

(Bl+Bz+Bg+ ........ Bn) = g: Bk = Bi2—5S (41)
k=1

Proof: we know that the follows relation holds:

Bl = B3 - Bz

Bz = B4- B3 (Sil’lce 83: Bz+ Bl)

B3 = B5 - B4

Bn-l = Bn+l - Bn

By =Bz~ Bowt

Term wise addition of all above equations, we obtain
(Bl+Bz+B3+ .......... Bn)= Bz - Bs

= Bn+2 S

Sum of First n terms with even indices:
Theorem 4.2: Let B, be the n™ Fibonacci-Lucas sequence, then Sum of the first n terms with even indices is

n
(Bz+B4+BG+ .......... BZn) =3 Bx=Boys+i-S (42)
k=1

Sum of First n terms with square indices:
Theorem 4.3: Let B, be the n™ Fibonacci-Lucas sequence, then Sum of the square of first n terms is

n
(B2+B3+BS+....... B%):kz BZ =BnBp_2 (4.3)

Sum of First n terms with odd indices:
Theorem 4.4: Let B, be the "™ Fibonacci-Lucas sequence, then Sum the first n terms with odd indices is

n
(B1+B3+B5+B7 +...cccc. +52n_1):kz Bok 1 =Bon —Bon_2 (4.4)

Now we state and prove some nice identities similar to those obtained for Fibonacci and Lucas sequences [1], [2], [4],
and [12]
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5. Some ldentities generalized Fibonacci- Lucas sequences

In this section, some identities of Generalized Fibonacci-Lucas sequence are presented which can be easily derived by
explicit sum formula and generating function.

Explicit Sum Formula:
Theorem 5.1: The explicit sum formula for Generalized Fibonacci-Lucas sequence is given by for positive integer n,

prove that
N (n
Ban= X Bn-m (5.1)
m=0\M

Proof: By equation (2.1), it follows that
B2n= Banat Bon

= (Ban2+ B2n3) + (Bana * Bana)

= Bonz + 2Bans+ Bang

= (Bana + Bana) + 2(Ban 4 +Bans) + (Bans +Bane)
= Bon.3 #3Bon.4 +3Bons + Bons

n(n2—1) N n(n —-1)

= By+nB+
0 1 2

BZ+ ................. Bn_2+an_1+Bn

n (n
=Bon = X Bn-m
m=0\M

N (n
Hence B,,= z[ ]Bn_m
m=0\M

Theorem 5.2: The explicit sum formula for Generalized Fibonacci-Lucas sequence is given by for positive integer n,

1 n
B, = B
n kZ:(; [k] n-2k

(5.2)

Theorem 5.3: For every positive integer n, prove that
B,.B,-B,.,B,,=(-1)"B, B n>1 (5.3)

m+1 m+1 m+1="n-m-1?
Proof: Let n be fixed and we Proved by inducting on m.

When m = 0, then

B:By- By Brus= (-1)" By By

S Bn_S Bn+l =-S Bn—l

S (Bn - Bn+1) =-3 Bn-l

S ('Bn-l) =-s Bn-l

=S Bn-l =3 (l+S) Bn-l

Which is true?

When m=1, then

B1a1Bn- Bia Bras = (-1)! B1a1 Boas

B2 By- By By = (-1)" B, By

BZ (Bn'Bn+l) = ('1)1 BZ Bn-Z

(2b+5) (By-Bnsa) = (-1)* (20+5) By

(2b+s) (-Bp2) = - (2b+s) B2

- (2b+s) By 2 = - (2b+s) Byy2

Which also is true?

Now assume that identity is true for m = k+1, then by assumption

By Bn - Bk Bpir = (-1) " By Bnk (5.4)
Bk Bn - Bt Bner = (-1) " Biy Broker (5.5)
Adding equation (5.4) and (5.5), we get

Bk Bn + Byt By - Bk Biat - Bt Bris = (-1) "By B+ (-1) " Bt

(Bk* Bi1) Bn- (Bk* By1) Brai= (-1) " (B Bk + Bet)

By+1 Bn- Bys1 Bria = (-1) " Bye1 Bkt

Which is precisely our identity when k =m

Hence B, ,B, —B,.,B,, =(-1)"B, ,B n>1

m+1 m+1 m+1~"n-m-1?
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Theorem 5.4: For every positive integer n, prove that
Bon = Bons1 - Bont (5.6)

Proof: we shall have proved this identity by induction matched over n.
For n=0

Baxo = Baxo+1 - Baxo-1

BO = Bl - B-l

2b=s - (s — 2b)

2b=s-s+2b

2b=2b

Which is also true for n=0

When n =1 than

Box1 = Baxa+1 - Boxaa

Bz = Bg- Bl

(2b+s) = 2b+2s5 -5

2b+s = 2b+s which is also true forn=1
Forn=k

Bok = Baks1 - Boa

For n =k which is also true.

Now assume that identity is true for n =1, 2, 3....k and
We so that it holds:

For n = k+1, then by assumption

B2 (k1) = B2 k+1) +1 - B2 (k1)1

Bak+2 = Bokss - Bawst

= (Baks2 + Bos1) - Bokst

= Baks2 + Baker - Bakes

= Boks2

Which is also true, for n = k+1

Hence, the result is true for all.

Theorem 5.5: For every positive integer n, prove that
SFn—1: Bn'Bn—Z n=2 (57)

Proof: we shall Prove this identity by induction over n, for n= 2
S Fn_2 = SF2_1 =S Fl

=s.1

=s

= Bz-Bo

Now suppose that identity hold for n =k-1, n = k-2

Then,
SFy2 = Bya- Brs (5.8)
S F.3 = Bi.2- Bis (5.9)

On adding equation (5.8) & (5.9) we get,
S Fiz + 8 Bs= (Bt + Big) - (Bia + Bis)
S (Fiz + Bys) = Bk- By

S Fr1= Bk~ Bk

Which is true for n = k,

S Fn—1: Bn'Bn—Z nz2

Theorem 5.6: For every positive integer n,

B,+B; +By +....+B,, = %[B3n+2 —(2b+5s)] (5.10)

Proof: By using Binet’s formula, we have
B3+Bg+Bg+.... +B3p

:O{i}f+b( 3—ﬂ3)+M+b( 5 B°)+..... +M+b(a3”—,83”)
=i5[(a3+a6+a9 ..... aS”)—(ﬁ3+ﬂ6+ﬂ9 ..... ,63”)+b[(a3+a6+a9 ..... a3”)—(ﬂ3+ﬂ6+ﬂ9 ..... ﬂ3“)]
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3n+3 3n+3 _ 3 3n+3 _ 3 3n+3 _ 3
1l(a _/5’3,6’+ba3a+ﬁ3ﬁ
J5 a’® -1 £ -1 a’ -1 £ -1
3n+2 3n+2 _ 2 3n+2 2 3n+2 _ 2
_1lla ﬂ BN, | @ ma? B
J5 2 2 2
3n+2 3n+2 2 2
:l a—+b(a3n+2+'83n+2) +b M+b(a2+ﬁ2)i|
2|7 5 75
1
=+(Ban+2-Ba)
1
== [Bsn.. —(20+5)]
This is completes the proof.
Theorem 5.7 : For every positive integer B, +B;+B, +....... +B,,., =M (5.11)

Proof: By using Binet’s formula, we have
Bg+Bg+B11+....... +B3ni2
8

ROy SR & —ﬁzb( ) %(/3)

o™ — b - ’Bsms —,35 b o™ — b N ,Bsms —,85
a’ -1 p° -1 a’ -1 p° -1

_ {aanm —at _(ﬁsnm —,34 ]}_‘_b{asnm P . ﬁ3n+4 —,34:|

2 2 2

:%{a%“l\/—gﬁsn% +b(a3n+4 +ﬂ3n+4):|+ {a’ \'/"_,B (Oc +ﬂ4)}

_(B3n+4-B4)
2
_ [Bana—(4b+3s)]
2

This is completes the proof.

Theorem 5.8: For positive integer n, prove that
=(-1)""sB,, n>1 (5.12)

This can be derived same as theorem

Theorem 5.9: For every integern >0 , prove that
B,, =F,, +bL,, n>0 (5.13)

This can be derived same as theorem

Theorem 5.10: For every integer n >0 , prove that
B,=F,+bL, n>0 (5.14)

This can be derived same as theorem
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6. Connection formulae

In this section, connection formulae of Generalized Fibonacci-Lucas sequence, induction method are presented.

Theorem 6.1: For positive integer n, prove that
2b Fri=Bny1-Bho,n >3

Proof: We shall prove this identity by induction It is easy to show that for n=3

2bFn_1: 2bF3_1: 2bF2

= 2bF2

=2b.1=2b

= Bz _ Bl

Now suppose the identity holds n = k-1, n = k-2. Then,
2b Fyo= Byo - Bys

2b Fy5= Bis- By

On adding equation (6.2) and (6.3), we get
i.e. 2bFy» + 2bFy 3= (By.2* Bis) - (Bi.3+ Bia)
2b (Fy2 + Fis= Bya- By

2b Fi1= Bia- Bi

Which is precisely our identity when n = k
Hence 2b Fry =Bpy-Bpy N 23

Theorem 6.2: For positive integer n, prove that
2b|_n_1 = Bn -B 1, N =2

Proof: We shall Prove this identity by induction over n. for n = 2
2b|_n_1: 2b L2_1: 2b L]_

=2b. 1

=2b

= Bz - Bl

Now suppose the identity holds for n = k-1, n = k-2. Then,
2b Lyp = By1 - Bk

2b Ly3= By - Bis

Adding equation (6.5) and (6.6), we get

i.e. 2b (Li2+ Lis) = (Bis + Bi) - (Biat Byes)

2b Liy = By - By

Which is true for n = k,

Hence2bL,;=B,-Bn; n=2

Theorem 6.3: For positive integer n, prove that
SLn1=Bpi-Fna n>2

Theorem 6.4: For positive integer n, prove that
S Ln-l = Bn - Bn-Z, n=>2

Theorem 6.4: For positive integer n, prove that
B,s= 2b Lo+ Fn_3y n=>3

Theorem 6.5: For positive integer n, prove that
2b Fn-l = Bn+1 - ZBn_l, n>2

7. Some determinant identities

Global Journal of Mathematical Analysis

(6.1)

(6.2)
(6.3)

(6.4)

(6.5)
(6.6)

(6.7)

(6.8)

(6.9)

(6.10)

Determinants have played a significant part in various areas in mathematics. There are different perspectives on the
study of determinants. Problems on determinants of Fibonacci sequence and Lucas sequence are appeared in various
issues of Fibonacci Quarterly. Many determinant identities of generalized Fibonacci sequence are discussed in [12]. In
this section some determinant identities of generalized Fibonacci-Lucas sequence are derived. Entries of determinants

are satisfying the recurrence relation of generalized Fibonacci-Lucas sequence and other sequences.

Theorem 7.1: Let n be a positive integer. Then
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Bn Fn 1
Bnii Fnsl 1=[FnBns1-BnFn41]
Bn+2 Fns2 1
Bh F 1
Proof: Let A=|Bpy1 Py 1 (7.2)
Bn+2 Fns2 1
And assume B,=a, B,;1=b,Bro=a+b (7.2)
Fan=P, Fra=0,Fni2 =p+q (7.3)
Now substituting the value of equation (7.2) & (7.3) in (7.1), we get
a p 1
A=| b q 1
a+b p+q 1
a-b p-q 0
ApplyingR; -R1—-Ry A=| b q 1
a+b p+q 1
a-b p-—q 0
ApplyingR, >Ro2-R3 A=b-(a+b) g—(p+q) O
a+b p+q 1
a-b p-q O
A=| —a -p 0
a+b p+q 1
A=[pb—aq] (7.4)
Again substituting the values of the equation (7.2) and (7.3) in (7.4), we get A=[FpBp11—B nFn1]
B, Fn 1

Hence |Bni1 Fni1 1 =[FnBpn+1—BnFn4a] similarly we can derive following identities:
Bn+2 Fns+2 1

Bn  Bn#l Bn+2

Theorem 7.2: For every integer n > 2, prove that B2 Bp  Bpii|= 2(Br3, + Bgﬂ) (7.5)
Bn+1 Bn+2 Bnp
Bn  Ln
Theorem 7.3: For any integer n >0, prove that [By41 Lpns1 1=2(LpnBpns1—Bnln+1) (7.6)
Bn+2 Ln+2
Bn+Bni1 Bn41+Bn+2 Bni2+Bn
Theorem 7.4: For every positive integer n, prove that | Bp.o Bn Bhit [=0 (7.7)

1 1 1

1+Bn  Bnya Bni2
Theorem 7.5: For every positive integer n, prove that | B,  1+Bpi1  Bpy2 |=1+Bp +Bpi1+Bpa2 (7.8)

Bn Bnt1  1+Bns2
The identities from (7.1) to (7.4) can be proved similarly.

8. Conclusion

There are many know identities established for this paper Fibonacci and Lucas sequence. Their paper describes
comparable identities of Generalized Fibonacci-Lucas sequence, Fibonacci sequence and Lucas sequence respectively.
It is easy to discover new identities simply by varying the pattern of know identities and using inductive reasoning to
guess new result.
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