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Abstract

This paper deals with the mathematical study of the small motions of a system formed by a cylindrical liquid column bounded by two
parallel circular rings and an internal cylindrical column constituted by a barotropic gas under zero gravity. From the equations of motion,
the authors deduce a variational equation. Then, the study of the small oscillations depends on the coerciveness of a hermitian form that
appears in this equation. It is proved that this last problem is reduced to an auxiliary eigenvalues problem. The discussion shows that,
under a simple geometric condition, the problem is a classical vibration problem.
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1. Introduction

The problem of the small oscillations of an incompressible inviscid liquid under zero gravity, in which the surface tensions determine the
character of the motion, is very important in the experiments in space laboratories. It is well-known that, in fabrication process under
microgravity conditions, such as crystal growth, the oscillations of the free liquid surface are often detrimental effect on the product.

This problem has been widely studied since many years by numerous researchers (Moiseyev 1968; Bauer 1982-1989-1993; Morand 1992;
Kopachevskii 2001; Langbein 2002; Capodanno 2001-2003).

In this work, the authors study the small oscillations of a system formed by a cylindrical liquid column bounded by two parallel circular
rings, the liquid being anchored at the external rim of the rings, and an internal cylindrical column constituted by a barotropic gas, under
zero gravity, schematizing an air bubble inside the liquid. From the equations of motion in linear theory, they deduce a variational formu-
lation of the problem. The study of the spectrum of the problem depends on a hermitian sesquilinear form that appears in the variational
equation and that represents the virtual work of the surface tension forces. The authors prove that the study of the coerciveness of this
form in a suitable Hilbert space is reduced to an auxiliary eigenvalues problem. After a careful discussion, they show that, if we discard
translations of the gas column orthogonal to its axis, and under a very simple geometric condition, the problem is classical vibration
problem.

2. Position of the problem

In the absence of gravity, in the equilibrium position, with respect to orthogonal axes Oxyz , the system is formed by
i) An incompressible inviscid liquid occupying the domain , defined by b <r =W§a , —h <z <h, whose the bases are
bounded by the circles ¢ , ¢/, ¢, c'. We denote by S (resp. S, ) the surfaces r=b, -h<z <h (resp. r=a, -h<z<h ). The
disks C,(resp. C; ) defined by (z =h ; r<a ),(z =-h r <a)arerigid.
ii) A barotropic gas, that occupies the domainQ (r<b, -h<z<h).

We denote by r the unit vector normal to S ands, , directed to the exterior of the domains Q and ©,. We introduce the cylindrical
coordinates r, 6 , z and also s=b@ , s, =a0 .

At the instant t , S (resp. S, ) occupies the position S (resp. S, ) defined by the equation r=b+¢(s,z,t) ( resp. r=a+¢,(s,.z.t)).
¢, ¢, and their derivatives will be considered as quantities of the first order with respect to the amplitude of oscillations.

We denote by « (resp. g ) the surface tension of S, (resp. S).

We suppose that:
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a) The liquid is anchored at the rims ¢, and ¢, of the disks C, and C/ , so that we have
£, =0 forz =th (1)
b) On the boundaries ¢ and ¢’ takes place the condition: the contact angle is constant.
The angle of the normal to S and the planes z =+h along ¢ and ¢’ is a right angle.
If M isapointof S _, its coordinates are
x =[b +§(s,z,t)]cos§ ;y=[b +§(s,z,t):|sin% 1 7=2
The component on Oz of the normal vector %x% is equal to b gé ¢, , so that the condition is
¢ =0 for z =+h (gz =%j @)
0z
We are going to study, in the framework of the linear theory, the small oscillations of the system about its equilibrium position.
3. Equations of motion
3.1. Equations of the liquid
If p, is its constant density, P, the pressure, i, the small displacement of a particle from its equilibrium position, we have
pU, =—gradP, in O, (Euler’s equation) 3)
diva, =0 in Q, (incompressibility)
From the last equation, we deduce by integrating between the date of the equilibrium and t
diva, =0 in Q, 4)
The kinematic conditions are, (1) and
Uoes, = d, - ﬁ\sn =¢ (5)
u,=0 for z=th ,b<r<a (6)

In the equilibrium position, P, is a constant denoted by P,
If the constant external atmospheric pressure is p,, the Laplace law gives

04
Pcs( =P, +E

1 1
P, P =—2 [F+F] '

1 2

During the motion, its gives
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Where R and R; are the principal radii of curvature of s

the surface as the liquid.
The calculation of a circular cylinder is well-known (Lamb 1932) and we have

P, =P =—a[1+(f;m e +%aﬂ
o a o a

Let us introduce the dynamic pressure p, by

regarded as negative when the centre of curvature lies on the same side of

ot !

PD = POsl + po 1
We have

po\so =-a (gﬁsosn + gozz + %é’o} (7)

3.2. Equations of the gas

Denoting by p° the density, P* the pressure, 0 the small displacement of a particle from its equilibrium position, we have in Q

P =Q(p") (equation of state) (8)
WhereQ is an increasing function of p°,

i =—gradP” (Euler’s equation) 9)

%deiv(p‘u‘):o (continuity equation) (10)

In the equilibrium position, P* is a constant denoted by P ; then, p" is a constant denoted by p and we have P =Q(p) . On the other
hand, the Laplace law gives

p_p =L
s 0ls b

and there fore

P:m+g+£.

a b
We are going to linearize the equations of motion.
We set
P'=P+p+... p=p+p+.,

Where the dynamic pressure p and p* are of the first order and the dots represent terms of larger order.
The linearized continuity equation can be written

op .o o
3 + dlv(pu ) =0,
then, by integrating
p'=-pdivi
the equation of state gives
P+p+...=

and then

p =-pc’divi (11)
Since gradP* =gradp , the linearized Euler’s equation takes the form

0 =c*grad(diva) (12)

The kinematic conditions are (2) and

f

nfs J'ﬁ\s:é’ (13)
u =0 forz=+h , r<b (14)
Uys =Ugys (15)

u
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The dynamic condition on S, is given, with obvious notations, by the Laplace law

. 1 1
P\S. _Po\s. :_IB|:_E+§55 +é’zz +Eé’i| ’

From which we deduce easily
1
P — Py =—ﬁ[§$+§,z+b—zf;) (16)

Finally, the volume of the liquid being constant, we must have
[;,6dS, - [, ¢dS =0 a7

We remark that, if the conditions of the Lagrange’s theorem are satisfied, u, and U are gradients.

4. Variational formulation of the problem

We define the space of the kinematically admissible displacements &, and ¢ by

0

-[So l]on\spdso - js l‘]n\sds =0.

This will stated more precisely in what follows.
We have

.[s:ﬂ pol‘Tu : |jod Qo = _.[ug gradpu : IJ~od Qo = _.[sa po\suuw\sndso + .[s po\su ds

onls

By using the Green formula,
[, Al -0dQ = [, pc*grad (div D) - ddQ =], p,d,,dS — pc*[, diva - divide,

where we have used the Green formula and (11).
Adding and using the condition (7) and (16), we obtain

L: pnljo 'Endgo +szﬁ -ng-%—pCZJ‘“diVIJ-diVEdQ—ﬂjs[gss +§zz +bizg)gds —(ZJ; [4’0505 +§Dzz +iz§oj'§odso =0
o o o a

We are going to integrate by parts the last two integrals.
For instance, we have

o, G5 =[0G s Je =16 & -, s e
i.e., in accordance with the periodicity of ¢, and £, :
.[sq é’ﬂsosa : é:odso = _J‘su gosu : QZOsodSo
Finally, after analogous calculations, we obtain the variational equation of the problem

f i, .90, + 1, -0+ pef divi-dividn a8, + 6.8 - S04 i (6 v 6 - el s =0, (18)

for all admissible d, , U .

Remark:
It is easy to give a mechanical interpretation of the last two terms of the equation (18).
Indeed, it is well-known (Moiseyev 1968) that the virtual work of the surface tension forces is given by the formula

1 1) 1 1),
M = ajsn {(Rf + @j T }dS0 + B, {[Rl + Ez]u“‘s }ds

Using the expressions of the mean curvatures and integrating by parts, we obtain the last two terms of (18).
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5. Study of the bilinear form associated to surface-integrals

5.1. We suppose that ¢, <H.(s,) , U(.)eVv and setting

: [2] that Z &X' ={Z <HI(S)OH(S): [,65, ] ¢ds 0}

that is a Hilbert space for the norm defined by
121 =L (40, + &0+ EORS (¢ 447+ 7S
We introduce the space
7 ={Zel?(s,)®L(S); [, 4,0, -[,£ds =0},
equipped with the norm defined by
2 [ 2 ﬁ 2
Z|,=— dS, +=[. S .
H H2 az Isngu 0+bz.[sé/
The embedding from X' into &* is classically continuous, dense and compact.
We are going to study the bilinear form

M (z ,z*):aLn(:%i% +¢,., —a—lzai)dsu +ﬂf{4£ +¢4, —bizgf}is :
on the space N'x\' .

5.2. This form is obviously symmetrical and continuous

In order to study its coerciveness, we use a method that we can find in the book (Roseau 1984), so that we will sketch the proof.
We set

al, (&2 +¢2 s, + Bl (¢ +¢7 s

A=inf p 1
= [, XS, + [ £dS
az angu a+bz J‘sé’

ZeN'

We can prove that there exist Z eN* such that 4 is the value of the ratio for Z =7 and that >0 .
By the definition of 1 , we have

af, (€5, + G0 S, + AL (¢ +¢ 1S —ﬂ[%fsnéjdsu +L g s } >0 vZ eN'(19)
Setting
Z=7+¢Z ,¢cR , 6Z :[54"}@@«“ ,
e
we see that this inequality is possible for each ¢ R only if the coefficient of 2¢ is equal to zero
V&G, eH (S,) » VS eH (S) , [, 64,08, —[,62dS =0.

Introducing a multiplier x associated to the last condition, we obtain

A X A » - A A

Lu{a[asﬁéoso 8.0, f;mﬂjw{o}dso ‘] {ﬂ(a&a s fb—z&zij}ds “0 (20)

Vs, eHL(S,), VoL eH (S)

Since 2(S,)<=H.(S,), 2(S)=H'(S), the equation (20) is valid for each &¢, € 2(S,), 6 2(S), so that we have

b +b r 2 0 in 2(s,) 1)
a o

P . ,

+¢, +Fg_§=o in 2(s) (22)

And by virtue of a Schwartz theorem on the elliptic equation (Schwartz 1966), in the classical sense. Therefore, the solutions of (21), (22)
are C~.
Turning to the equation (20), we can integrate by parts; we find easily

o] G- 2t oz i g e e o mforos [ (s Mo (am) - (oo (5. o
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V&, eH (S,) » VS eH'(S).
The first line is equal to zero by virtue of the equations (21) and (22).
8 (s,h) and & (s,—h) being arbitrary in L*(0,27b) , we obtain
£ =0 for z ==h
Eliminating 4 by using the condition (17), we obtain
2ma| 2 ] . 1
=k a’ - - - -
H oa .[o [é’m (sa'h) é’uz (Su' h)}jsu 'Wlth ku [33 ba) .
4zh| —+—
a p
Finally, we obtain inf 4 by solving the eigenvalues problem P, :
A K, > om
gos,)sg +é’0u +¥é’o —;03. ju [4‘01 (so' h)_é’m (So’_h )}‘so =0 (23)
2, k 27a
CotCutpad 2L [Cu (50h)=Co (50 =) s, =0 (24)
¢, (resp ¢') 2za- periodic in s, (resp 2zb - periodic in s )
¢, (sy;th)=0 (0<s, <27a) (1)
¢ (s;th)=0(0<s<27b) )
.[so é’odso 7.[5 gds =0 (17)
and A is the smallest eigenvalue of this problem.
5.3. For solving the problem p , we use the method of separation of variables
We seek the solutions in the form
$=5,(5,)Z,(z) 5 ¢=8(s)Z(z)-
Carrying out in the equations (23), (24), we obtain
$7Z,+8,20+2%8,2, - Kear s (s,)0s,[ 2/ (n)-Z.(~)] =0 (23")
0= o0 0= o az 0= o a 0 0 0 0 0 0
” " ﬂ“ ko 2 (2ma ’ ’ )
SZ +SZ +b—zsz +Ea 178, (s,)ds,[Z;(h)-Z;(-h)]=0 (24°)
and the conditions (1), (2), (17) give
Z,(zh)=0 (1)
Z,(+h)=0 (2%)
1778, (s,)ds, - [, Z,(z)dz =["S (s)ds - [, Z (z )dz (25)

The discussion is long, but not difficult, so that we sketch it.
We must distinguish four case.

o Casel:[;"S,(s,)ds, =0 ; [;"S(s)ds=0
The condition (25) is satisfied and we deduce easily from the equation (23”), (24°)

SO’ZO+SO(ZD"+§ZOJ:O i Z,(xh)=0

Sz +S(Z”+bi22)=0; Z,(xh)=0

a) At first, we study the problem for the pair (S, z,) .

We have

A
o Zi+—Z, :
_Sfoziazconstant:n— ,
s z a’

At first, we obtain

n integer >1 , by virtue of the periodicity of S (s,) .

n - n
S,(s,)=A,, cos s, +B,, sins, (A, B,, constants)

The problem for z, is possible only if 2-n?>0. Setting 2=n?+m?a* , we have the well-known eigenvalues problem
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Z)+m’Z,=0; Z,(xh)=0.
The boundaryconditions give

m:k—” . m:(Zk 71)72'

; k=12,..
h o (k=h2e)
S0, we have obtained a set of eigenvalues of the problem P, :
. ket (k-1
A=n"+ o ;A=n +T (n=12..; k=12..)

These eigenvalues are double and strictly greater than 1.
The corresponding eigenfunctions of P, are

ns, . kz_ .. ns, . krx
cos—+sin—z ;sin—sin—z ,
a h a h
ns, (2k-Uz_ . ns, (2k-1)z
€0S—2C0S——+—2Z ;Sin—2C0S~———7Z
a 2h a 2h

i)  Now, we study the problem for the pair (S,Z).
Like above, we obtain

S(s)=A, cosgs0 +B, singsO (n=12..)
Setting 2=n*+m"b , we have for z (z) the eigenvalues problem
Z"+m"”Z =0; Z'(xh)=0.
At first, we consider the case m’=0.

For the problem P, , we have the double eigenvalues 1=n* and the eigenfunctions sings , cosgs (n=12.).

But,here, we remark that ¢ + ¢, +b’1—2§ is equal to zero if we replace ¢ by sin% , COSE . If these functions are solutions of the problem,

we must discard them, because we are no longer in the framework of the linearization.
The case m’'=0 can be treated like above and we obtain the set of eigenvalues of P,

k*zb ;i:n2+(2k -1) 7

A=n’+
h? 4h?

(N=12,.; k=12,..)

Which are double and strictly greater than 1.

o Casell: [™S,(s,)ds, =0 ; [["S(s)ds=0
Itis easy to see that S, (s,)=constant and that, for z (z) , we have the problem:

A _ Zﬂ'azko I:

- » z,(h)-z;(-h)]; z,(¢h)=0

While the condition (25) gives
['Z,(z)dz =0

Integrating the differential equation from —-h to h , we obtain

(1- 2720 22 ) z: ()]0

[24
from which we deduce, using the definition of k, :

2)(n)-2{(~h)=0
Finally, we have well-known eigenvalues problem

z;+§zu=0 1Z,(£0)=0; [1Z,(z)dz =0

Kk zﬂ,zaz

2

The eigenvalues are 1= , the eigenfunctions sin kh—”z (k=12..) .



Global Journal of Mathematical Analysis 11

Since S, =constant, they are the corresponding eigenvalues and eigenfunctions of P, . Obviously, the smallest eigenvaluest is ”h—? .
It is easy to see that the problem for the pair (s,z) is the problem treated in the case | and, consequently doesnt introduce new eigenval-

ues.

e Caselll: [["S,(s,)ds,=0; ["S(s)ds=0
At first, we consider the problem for the pair (S,z).
We find easily

z"+é§z =0 ; Z'(h)=0

and S (s)=constant .
Finally, for the problem P, , the eigenvalues are

B K 2z%h? (Zk 71)2 7h?

A VA= k=12.),
hZ 4h2 ( l' )
The associated eigenfunctions being
kz_ .. (2k-1)z
coOS—z ,sin——27 .
h 2h
The smallest eigenvalue is obviously % .
Now, we consider the problem for the pair (S,,Z,).
We obtain
Y ZD"+iZZD n?
—Zo=— & —constant=— (n=12,..)
S z a

0 0
This problem was solved in the case I; therefore, it dosent introduce new eigenvalues.

e CaselV:[["s,(s,)ds,=0; [["S(s)ds=0
Let us consider the problem for the pair (S,z).
The equation (24°) gives

z "+bizz = constant , denoted by C ,

and if S (s) = constant .
st
S -1 s (s)ds
27h *°

The case Z =Cte being possible since z'(+h)=0, we must distinguish two cases.

= —S =constant .

a) S (s)=constant, Z =constant
Then we have

A 1 o
S"+—|S—-———["S(s)ds |=0.
+ (s —5m IS (o))

Because the periodicity, we must have A=n* (n=1,2,...) and we obtain

S(s)=A, coss +B,sints+D ; D =ijj”bs (s)ds
b b 27b

Consequently, for the problem P, , we have the eigenfunctions
n .. n
=C0s:-s ; {=sin— =12,..),
e cosbs e smbs (n )
The eigenvalues being 2=n”.

These results were found in like case I ; therefore, we don’t obtain new eigenvalues.

Obviously , in accordance with a previous remark, if cos% , sin% are solutions of the problem, we must discard them.

b)  S(s)=constant . It is easy to prove that S, is constant and the condition (25) gives

278S, ;"2 dz =27bS 7" Zdz
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S, and S being arbitrary, we have
[*zdz=0;["zdz =0,

and we obtain the following problems
zg+§20:0 ; Z,(+h)=0; [["Z,dz =0;
" ﬂ’ . ’ . 27a
z +b—ZZ =0; Z'(¢h)=0; [;"Zdz =0

The first was solved in the case Il, the second in the case IlI.
They don’t introduce new eigenvalues.

5.4. By virtue of the results that we have obtained for the eigenfunctions of the problems concerningthe pairs (s,z), (S,.Z,), we
found,by the method of separation of variables, all the eigenfunctions and all the eigenvalues of the problem P, .

8 % are strictly greater than 1 ifh <%

5.5. Since a>b the smallest eigenvalues

h? '
5.6. On the other hand, we must discard the solutions ¢ :cos% , g:sin% corresponding to the eigenvalue 1=1.
But we can give a mechanical interpretation of these solutions: they correspond to small translations without deformation of the internal

cylinder along the axes Ox , Oy .

For instance, g:gcos% (|£] small) corresponds to a displacement ¢x along Ox .

v

Indeed, the equation of the new cylinder is

(x =€) +y*=b,
or, neglecting the terms of the second order

r’—2&rcos@-b’=0
and finally

r=b+<&cosé .
5.7. Therefore, we introduce the space
N° ={N eN’; jsgcossds =0; [ cjsin%ds =0}

Then, if h <% , We have

P A CRLey o A Coad sy N
2, cias,+ L cas

ZeN

We are going to prove that the bilinear form M (Z ,Z) , obviously symmetrical and continuous on 8°xX° ,is X° - coercive.
Indeed, with 0<e&<1 , we have by using the precedent inequality:
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M (Z,2)2 g[ajso(gjso +CL S, + Bl (2 + ¢S ]+[(1—g)1’—1][§j50 £is, +bﬁzjs s }

Choosing 0<&<1-2"" , we see that M (., .) is X° - coercive. Consequently, [M (Z,Z)]M define on X° a norm that is equivalent to

the norm of X" or N'.

6. The problem is a classical vibration problem

i) Letus introduce the space

G, = grady, ; woeﬁ‘(Qn)i{woeH](Qo); [, #dQ, =0} ; divd,=0; u, =0for z=%h; b<r<a;

def

i =gradg ; peh(Q) {(peH‘(Q); jngadQ:O} ;u =0for z=+h; r<b; u

ons

equipped with the hilbertian norm defined by
W[ =L, o do,+], pl[ dQ+M (Z,Z )+ [,|diva[ dQ,
And H completion of vV for the norm associated with the scalar product
(L), =], p0,-GCAQ,+], AT -GdOQ

Setting

a(UU)=M (Z.Z)+ pc’,divi - divid Q,

we obtain the variational equation of the problem:
To find U ()ev such that

(UU), +a(u.u)=0vU ev (26)

ii) For proving that it is a matter of a classical vibration problem, it is sufficient to use the method introduced by (Sanchez Hubert
1989 : pp 65-68),we must prove that:

a) [a(U.U)]" definesonV anorm equivalentto |U, .

b) The embedding,V —H obviously dense and continuous, is compact.
We omit the proof that is analogous to the proof in (Sanchez Hubert 1989),distinguishing here obviously the problem for ¢, and the prob-
lem for ¢ .

c) Finally, if we discard both solutions that correspond to displacements without deformation of the internal cylinder along the axes
Ox and Oy , the problem (26) is a classical problem of vibration(Sanchez Hubert 1989).

There is a denumerable set of positive real eigenvalues «’ such that

O<@ <& <..<@f <., —+o When n -+,

n

The eigenelements {U } form an orthogonal basis in H and an orthogonal basis in vV equipped with the scalar product a(U ,U~).
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