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Abstract
The purpose of this paper is to provide sufficient conditions for the existence of a unique best proximity point
for generalized Mizoguchi- Takahashi contractions.Our paper provides an extension of a result due to Gordji and

Ramezani[3].
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1. Introduction

Let (X,d) be a metric space.Denote by P(X) the set of all nonempty subsets of X and CB(X) the family of all
nonempty closed and bounded subsets of X.A point z in X is a fixed point of a multivalued map 7' : X — P(X), if
x € Tx.Nadler [5] extended the Banach contraction principle to multivalued mappings.

Theorem 1.1 (5) Let (X,d) be a complete metric spaces and let T : X — CB(X) be a multivalued map. Assume
that there exists r € [0,1) such that

H(Tz,Ty) < rd(z,y)
for all x,y € X,where H is the Hausedorff metric with respect to d.Then T has a fixed point.

The fixed point theory for multivalued mappings developed rapidly after the publication of Nadler’s paper [5]
in which he established a multivalued version of Banach’s contraction principle. A huge number of generalizations
of this principle appear in the literature. Particularly, the following generalization of Nadler’s fixed point theorem
due to Mizoguchi- Takahashi [4].

Theorem 1.2 (4) Let (X, d) be a complete metric space and T : X — CB(X) be a multivalued map. Assume that

H(Tz,Ty) < ¢(d(z,y))d(x,y) (1)

for all x,y € X, where ¢ is a function from [0,00) into [0,1) satisfying limsup,_s+d(s) < 1 for allt > 0. Then T
has a fized point.
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Recently, Amini-Harandi and O’Regan [1] obtained a nice generalization of Mizoguchi and Takahashi’s fixed
point theorem.Throughout the article, let ¥ be the family of all functions v : [0,00) — [0, 00) satisfying the follow-
ing conditions:

(a) ¥(s)=0 <= s=0,
(b) 1 is nondecreasing,

We denote by ® the set of all functions ¢ : [0,00) — [0, 1) satisfying limsup,_+¢(r) < 1 for all ¢ > 0.
Amini-Harandi and O’Regan generalized the Mizoguchi-Takahashi contraction condition (1) as follows:

Theorem 1.3 (1) Let (X,d) be a complete metric space and T : X — CB(X) be a multivalued map. Assume that

(H(Tz,Ty)) < o(¥(d(z,y)))(d(z,y))

for all z,y € X, where ¥ € V is lower semicontinuous with limsupSHOJrM < oo and ¢ € . Then T has a fired
point.

Very recently, Gordji and Ramezani [3] established a new fixed point theorem for a self map 7' : X — X satisfying
a generalized Mizoguchi-Takahashi’s condition in the setting of ordered metric spaces. The main result in [3] is the
following.

Theorem 1.4 (3) Let (X,d, =) be a complete ordered metric space and T : X — X an increasing mapping such
that there exists an element xg € X with xg = Txg. Suppose that there exists a lower semicontinuous function
Y eV and ¢ € ® such that

(d(Tz,Ty)) < ¢((d(z,y)))¢(d(z,y)).

forallz,y € X such that x and y are comparable. Assume that either T is continuous or X is such that the following
holds: any =<-nondecreasing sequence {x,} with x, — x implies x,, < x for all n. Then T has a fized point.

The aim of this paper is to give a generalization of the Theorem 1.4 by considering a non-self map T.

2. Preliminary notes

First, we present a brief discussion about a best proximity point.

Let A be a nonempty subset of ametric space (X,d) and T': A — X be a mapping.The solutions of the equation
Tz = x are fixed point of T.Consequently, T(A)NA# () is a necessary condition for the existence of a fixed point
for the operator T.If this necessary condition does not hold, then d(z,Tz) > 0 for any x € A and the mapping
T : A — X does not have any fixed point.In this setting, our aim is to find an element = € A such that d(z,Tx) is
minimum in some sense. A point z in A for which d(z, Tx) = d(A, B) is called a best proximity point of T.

In our context, we consider two nonempty subsets A and B of a complete metric space and a mapping T : A — B
satisfying a generalized Mizoguchi-Takahashi’s condition and find a best proximity point of T. We give an example
to support our result.

Let A and B be two nonempty subsets of a metric space (X,d). We denote by Ay and By the following sets:

Ag={x € A:d(z,y) =d(A, B) for some y € B},
By={y € B:d(x,y) =d(A,B) for some x € A},
where d(A,B) = inf{d(z,y) : x € A and y € B}.
In[6] authers present sufficient conditions which determine when the sets Ay and By are nonempty.

Definition 2.1 Let A, B be two nonempty subsets of a metric space (X, d). A mapping T : A — B is said to be a
generalized Mizoguchi- Takahashi contractions if there exist ¢ € ® and ¢ € ¥ such that

Y(d(Tz, Ty)) < p(v(d(z, y)))v(d(z,y))
for any x,y € A.



46 Global Journal of Mathematical Analysis

Definition 2.2 (6) Let (A,B) be a pair of nonempty subsets of a metric space (X, d) with Ay # (. Then the pair
(A,B) is said to have the P-property if and only if for any x1,22 € Ay and y1,y2 € By,

d(z1,91) = d(A, B)
{ d(l’z,zz):d(A,B) } = d(w1,22) = d(y1,12).

3. Main results

Theorem 3.1 Let (A,B) be a pair of nonempty closed subsets of a complete metric space (X,d) such that A
is nonempty. Let T : A — B be a continuous generalized Mizoguchi- Takahashi contraction mapping satisfying
T(Ap) C By. Suppose that the pair (A,B) has the P-property. Then there exists a unique =* in A such that d(x*, Tz*)
=d(A, B).

Proof. Since Ay is nonempty, we take xg € A.As Txg € T(Ay) C By, we can find z1 € Ay such that d(x1,Tzg)
= d(A, B).Similarly, since Tx; € T'(Ag) C By, there exists x5 € Ay such that d(zqe, Tz1) = d(A, B). Repeating this
process, we can get a sequence {z,} in Ay satisfying
d(xpy1,Txy) =d(A,B) for any ne N
Since (A,B) has the P-property, we have that
d(xpn, Xpt1) = d(Txp-1,Txy,) for any n € N.

Taking into account that T is a generalized Mizoguchi- Takahashi contraction, for any n € N, we have that

Y(d(n, Tny1)) < QY (d(Tn—1,20))) Y (d(@Tn-1,T2))
< p(d(zn—1,2n))

Since v is nondecreasing, we obtain

d(Xpn, Tpa1) < d(Tp—1,Tn)

This means d(z,, z,+1) is a non-increasing sequence of positive real numbers.Hence there exists p > 0 such that
Uimy—0od(Tp, Tpy1) = @

Since ¢ € @, we have limsup,_.,¢(r) < 1.Then, there exist o € [0,1) and € > 0 such that ¢(r) < « for all
r € [u, n+ €). We can take ng € N such that p < d(2y,, 2nt1) < p+ € for all n > ng. Then for all n > ng, we have

P(d(zn, Tny1)) < G (d(@n—1,20))) Y (d(@n -1, 20))

Letting » — oo in the above inequality,we obtain that

() < arp(p) (2)

Since a € [0, 1), this implies that 1 = 0.Thus, we have

limpy—ood(Tp, Tpt1) =0 (3)

Now we claim that the sequence {z,} is a Cauchy sequence.Since lim,_,ood(Zn, Tn1) = 0, it is sufficient to prove
that {xa,} is Cauchy sequence.

Suppose on the contrary that {zs,} is not a Cauchy sequence.Then there exist e > 0 and subsequences {xa,, }
and {zom, } of {za,} such that ng > my > k and

d(mekaxan) Z € (4)
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and
A(T2my,» Ton,_,) < € (5)
Now, from (4) and the triangle inequality, we get

e < d(x2mk 5 x2nk)

S d(mek ) I’anfg) + d(Ian,z i x27lk,1) + d(Ian,l bl IQn)

Letting k — oo and using (3),we get

limp—ood(T2m,, , Tan, ) = € (6)
By the fact

|d(x2mk ) x2nk+1) - d(x2mk ) x2nk)| < d(x2nk ) x2nk+1) (7)
|d(m2mk—1 ’ mQTLk) - d(xQ'mk ’ man)‘ < d(xQ'f’Lk—l 5 'rQ'fVLk) (8)

using (3) and (6), we obtain

limp— oo d(T2my_ 1> Ton, ) = limi—ood(T2m, , Ton, ) = € (9)
Moreover, from

|d(Z2my,_ 1> Tongyy) = A(@2my_y s Toang )| < d(T2n, s To2ng ) (10)
and combining with (3) and (9), we conclude that

limp— oo d(T2m,_ 1> Tong,,) = € (11)
from (9), we coclude that

limg—ood(TTom,_,, TTon,) =€ (12)

¢(d($2mk y L2njp1 )) = 1p(d(T"Eka—l ) Txan ))
< (b(w(d(mek—l ) xan)))w(d(x2mkf1 ’ x2nk))

Letting k — oo and using (2) and (12), we have
() < arf(e)

a contradiction.Therefore, {x,} is a Cauchy sequence.Since {x,} C A and A is closed subset of a complete metric
space (X,d), we can find z* € A such that =, — z*.

Since T is continuous ,we have Tz, — Ta*. Taking into account that the sequence (d(zp+1,T2,)) is a constant
sequence with value d(A,B),we deduce

d(z*,Tz*) = d(A, B).

This means that x* is a best proximity point of T. For uniqueness, suppose that x7 and x5 are two best proximiy
points of T' with z1 # xo. This means that

d(Ith’l) = d(A, B)
d(.]?Q, Tl‘g) = d(A, B)

Using the P-property, we have

d(x1,29) = d(Tz1, Tx2)

Again, T is generalized Mizoguchi- Takahashi contraction, we have
P(d(z1,22)) = P(Tx1, Txg) < p(P(d(x1, 22))) Y (d(21, 22)) < atp(d(x1,22))

a contradiction.Therefore, z1 = x5.
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Corollary 3.2 Let (A,B) be a pair of nonempty closed subsets of a complete metric space (X,d) such that Ag is
nonempty. Let T : A — B be a continuous mapping satisfying T(Ao) C Bo, and Mizoguchi- Takahashi contraction
condition d(Tx,Ty) < ¢(d(z,y))d(z,y) for any x,y € A. Suppose that the pair (A,B) has the P-property.Then
there exists a unique x* in A such that d(x*,Tx*) = d(A, B).

Example 3.3 Consider X = R? with the usual metric.
Let A and B be the subsets of X defined by

A ={0} x[0,00) and B = {1} x [0,1).

Obviously d(A,B) = 1 and B is not closed subset of X.
Note that Ag =0 x [0,1) and By = B.
We consider the mapping T : A — B defined as

d(0,z) = (1 ) for any (0,z) € A.

x
"1+x
In the sequel, we check that T is generalized Mizoguchi- Takahashi contraction.
In fact, for (0,z),(0,y) € A with x # y, we have

d(T(0,2),T(0,9)) = d((1, ——), (1, ——))

14+ 14y
S
142 14y
_ |i|
(o)l +y)
|z —y|

T 14z -yl
Where (t) =t fort >0 and ¢(t) = m with limsup, _4+¢(r) < 1 fort > 0.
Notice that the pair (A,B) satisfies the P-property.

Indeed, if

d((O fﬂl 1 yl \/ CEl - yl d A B

d((oamQ)a(LyQ)) = 1+(‘T2 _yz) :d(A7B) =
then x1 = y1 and x2 = yo and consequently,

d((oaxl)a (07:172)) = |.T1 - IE2| = |y1 - yQ‘ = d((layl)a (1,?/2))

By Theorem 3.1, T has a unique best proximity point.
Obviously, the point (0,0) € A is a unique best proximity point for T, since

d((0,0),7(0,0)) = d((0,0), (1,0)) =1 =d(A, B)

If (0,2) € A is a best proximity point for T, then

= d(A, B) = d((0,2). 7(0.2)) = d((0.2), (1. T5—)) = \/1 o= )
and this gives us

(z——2)=0 (13)

14+

the solution of (12) is x = 0 and is unique. Hence (0,0) € A is unique best proximity point for T.
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